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Numerical methods for partial differential equations

Part 1

Introduction to PDE



Introduction to PDE

Focus on transport phenomena:
* Mass transport
* Momentum transport

* Heat transport
Transported variable (unknown): I'(x(t),t)

PDEs describe the space/time evolution of the
transported variable (via partial derivatives)



Introduction to PDE

PDEs provide a local description of the
dependence of I' on x(t) and t.

If I" depends on a single variable, then the
evolution equation is named ODE.

In some cases, one PDE can be de-composed
into a system of ODEs: More equations, but
easier to solve.



Introduction to PDE

Ingredients:

Physical problem: transport phenomena

Mathematical model: PDE (or ODE)

Numerical method: PDE/ODE solver



Introduction to PDE

General form of a PDE:

a¢+Ba¢+ ¢ ¢ ¢+F¢+G 0
08> daEm o’ a& an
where:

¢ =¢(&5,m) dependent variable
En independent variables



Introduction to PDE

Classification of a PDE:

<0 Elliptic PDE (diffusive)

B2-4AC — =0 Parabolic PDE (damped wave)

[1]

>0 Hyperbolic PDE (convective)



Introduction to PDE

This classification works only for ¢ = ¢(&,1) |

If ¢ = @p(&E,1m,7) then one must write the PDE for
either ¢ = ¢(S,1m) or ¢ =¢(S,y) or ¢p=¢(n,y)to

classify it according to [1].

Knowledge of the PDE “type” is crucial to select
the proper BCs and the most suitable numerical
solution method.



Introduction to PDE

Examples:
1. Laplace eq. for steady 2D heat conduction

PRIy

0x” Jy”

A=C=\, B=0 -> B>-4AC=-4A <0

Elliptic PDE!



Introduction to PDE

Examples:
2. Unsteady 1D heat conduction

be oT _, 9T
P ot ox*

A=A, B=C=0->B*-4AC=0

Parabolic PDE!



Introduction to PDE

Examples:
3. Wave equation

ot* ox”

A=1, B=0, C=-c?* -> B2-4AC=4c*>0

Hyperbolic PDE!



Introduction to PDE

Examples:
4. Unsteady 2D heat conduction

2 2
aT_)L(aT aT)

—_ + —_
Ot x> 9y’

pc,

In space: A=C=A, B=0 -> B2-4AC < 0 -> Elliptic PDE!

In time: A=pc,, B=C=0 -> B*>-4AC = 0 -> Parab. PDE!



Introduction to PDE

Examples:
5. Unsteady 2D energy equation

0T  oT  OT (°T  0°T)

pc,| —+u,—+u, =Al —+—
ot ox  dy \ax Jy” )

Parabolic Hyperbolic Elliptic



Introduction to PDE

Examples:
6. Unsteady 2D NS equation

p(%_l_u (mi\ 8P+M82ui
ot Tox; ) ox, o ox;

! J

Parabolic Hyperbolic Elliptic



Introduction to PDE

Boundary conditions: Ref: energy eqn.
1. Dirichlet ¢, = f,(&}) ty =1(Sp)
ot
2. Neumann 99 = 1,(&;) -A—| =g,
on |z on|g

0P
3. Cauchy a(&,)-9+b(&,) —=| = f,(&,)

on |z

i =a(r-1,,)
on|,




Introduction to PDE

Initial conditions:

1st-order PDE  ¢(5,0)=F(&)

nd_order PDE ¢(E,0) = F(E) + 2—?(5,0>=G<§>



Introduction to PDE

To specify BCs and ICs one must ensure that the
problem is mathematically well-posed:

1. solution exists

2. solution is unique

3. solution is a continuous function of initial and
boundary values

Numerically, one must ensure that the scheme is
stable



Introduction to PDE

Another possible classification is based on characteristics

Characteristic are curves along which the PDE becomes
an ODE.

Mathematically, a characteristic curve is called

hypersurface: manifold or an algebraic variety of
dimension n - 1, embedded in an ambient space (e.g
Euclidean space, or affine space or projective space) of
dimension n.

—> See notes!



Numerical methods for partial differential equations

Part 2

Finite Difference (FD) Discretization



Numerical methods for partial differential equations

Finite Difference (FD) Discretization

Principle: derivatives in the PDE are approximated by
linear combinations of function values at grid points

1D: 2= (0,X), u; ~u(x;), 1=0,1,....N
orid points x; = 1Ax mesh size Ax = %
) e ® ® ® ® ® o X
Lo I Ti—1 Ly T4l IN-1 TN

First-order derivatives

ou , _ u(z + Az) — u(x)

(7) = lin _ in u(z) — u(z — Az)
Ox . N Aizn—1>0 Ax B Aill_l}() Axr

T+ Ax) —u(Z — Ax
i u(Z + Ax) — u(a )
Azxz—0 2Ax

(by definition)




Geometrical interpretation:

Uu

Numerical methods for partial differential equations

Finite Difference (FD) Discretization

. forward
central = backward
& i ==l
i i :
| : : T

’ 3 l | exact
} : Ar Ax i
! r“—"l :
i 5 : :
‘ : : ,

Forward

au _ u;l+1 _u;l
_ax_j Ax
Backward:

a_u" =g
| 0x |, Ax
Central:
ou | _ u;'l+1 _u;l-1
| 0x |, 2Ax




Numerical methods for partial differential equations

Finite Difference (FD) Discretization

Recall Taylor series expansion:

= m i m 1" 00 m B m n
" (9 U n+l At a U
i = E v m 4 = E y m
m=() m' _ax -j m=0 m. -at _j
In space in time
; l/t’.H_l
tn+ """""""""""""""""""" fl J
S i
ty g it
tn—l L ’ :.‘ IE
Ax:
0 ¢ ° ° ‘: ‘: s o X
To 1 Ti—1 Ti  Tiq TN-1 TN



Finite Difference (FD) Discretization

Apply to unknown:

Uy =u; +Ax|—

U
L 0X |,
0X |

2

_axz_.

2

- o u

_8x2_.

_ax3_.

- o u

_8x3_.




Finite Difference (FD) Discretization

Forward FD (from T1):

oul' i, -ul Ax|o'u
5] Ax 2 _axz_j
Backward FD (from T2):
ou]'_wiy - Ax[atu]
| 0x | Ax 2 _axz_j
Central FD (from T1-T2):
u]_uwi—un (A
ox),  2Ax

o

_ ox’

- o u

6 _8x3_.

_ ox’

n



Numerical methods for partial differential equations

Finite Difference (FD) Discretization

Forward FD (from T1):
oul| u,-u




Numerical methods for partial differential equations

Finite Difference (FD) Discretization
Forward FD (from T1):

n n




Finite Difference (FD) Discretization

Forward FD:
a2 " 2[ 231"
popitd il G0 L) T N
2 | 0x I 6 |ox I
Backward FD:
a2 " 2[ 3. 1"
TE = &% (”2‘ _An) ‘“3‘ +... xO(Ax)
2 | 0x I 6 |ox |
Central FD:
2 43 71"
rE= 8191 xoAry
6 |ox I




Finite Difference (FD) Discretization
ou 0°uU
of  ox°

> Exactsol. u(x,t)=sin(srx)-exp(-m’t)

Example:

U’ -2U"+U" )

j+l Jj j-1

-> Num. sol. U}”l =U;? +At-(

Leading TE is O(Ax)” in space (with central FD) and
is O(At) in time (with forward FD)



Finite Difference (FD) Discretization

Note:

1. If the leading TE is O(Ax)"or O(At)" then the
discretization method has order m

2. Allterms in the PDE should be discretized with the
same TE (not always possible...)

3. Sometimes TE depends on Ax / Af rather than just
Ax or At

More schemes on the notes...
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Part 3

Properties of a numerical method
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Properties of a numerical method

Consistency
Stability
Convergence
Conservation
Boundedness
Realizability

Accuracy



Properties of a numerical method

1. Consistency:

lim (PDE-DDE) = lim TE -> 0
Ax->0 Ax->0
(At->0) (At->0)

where DDE = Discretized Diff. Eq.
TE =Truncation Error
Ax = Grid spacing
At =Time step

In other words: Discretization of the PDE should become
exact as Ax->0 or At->0 (truncation error should vanish)



Properties of a numerical method

2. Stability:

Numerical errors (typically round-off and truncation) generated
during the solution of discretized PDE should not be magnified

In other words: a method is stable if the total variation of the
numerical solution at a fixed time remains bounded as At -> 0.

Stability is sometimes achieved by adding numerical diffusion
(fictitious damping of the numerical solution as compared to

the exact solution)



Numerical methods for partial differential equations

Properties of a numerical method

2. Stability:

Example of numerical diffusion:

tn+2

Fa )
\J/
4
4
m
L/

PDE (linear advection eqgn)

D D Va Pany o+l
Ut —I_ CI’UZC — O At
Fan an Uilr X 7 th
;-(;-1 \)-(jj kfj+1 )
DDE (FTCS)
n+1l  7rrn n __JIn
U; Ui alUi, —UiLy) —0

At | 2Ax
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Properties of a numerical method
2. Stability: 4 °°I°° 'Uo(g:)lz sin(l27rx)'
Example of numerical diffusion: 7| “ i

PDE (linear advection eqgn)

Solution @ t=3, N=100 1
DDE (FTCS) 0.4 ) 06 08 1
n—+1 n n n

| 7+1 7—1 —0
At | QAT




Numerical methods for partial differential equations

Properties of a numerical method

2. Stability:
Why is the scheme unstable albeit consistent?

Because the exact solution moves to the right for a>0, but the
FTCS scheme takes information from both left and right!

] J+1
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Properties of a numerical method

2. Stability:
Example of numerical diffusion:
PDE U+aU, =0
Urtt—ur  a r
DDE (FTCS) J . Ui = Ui~ =0
At 20\
DDE (Upwind scheme) numerical diffulsion (or viscosity)
n—+1 n |
Uj B Uj 4 a'( j+1 Jn—l) _ |CL’ ( no_ ormn 4 [ )
At A oAx It 3T

|



1.5 T L !
" —e— Upwind scheme
0 ‘ ® — Exact solution 0.8
i o[ 11\ Resps
1 n‘vlll, (& S\\o 0.6
11 CRE
e %
0.5 o° :
J6 “ 0.2 f
of ‘;;‘ 3
)
'ltl | | o2
0.5 V ' i Y | .’ V
-0. l l offl§ ¢ —0.4f
: “‘ ] Wk
1 & ! ¥ R i Avﬂ' -0.6
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Numerical methods for partial differential equations

Properties of a numerical method

0.4

—e— Upwind scheme
— Exact solution |

0.2 0.4 0.6
X

0.8

Note: At/Ax is an important parameter for stability!

At

‘a|Aw

<1

CFL condition




Properties of a numerical method

3. Convergence:

The numerical solution should approach the exact PDE solution
and converge to it as Ax->0 (and/or At->0)

Lax equivalence theorem: stability + consistency = convergence
(only valid for a consistent FD method and a well-posed linear
Initial Value Problem - IVP).

Note: consistency is straightforward to verify, and stability is
typically much easier to show than convergence!

What about non-linear IVP? Let’s get empirical (find space/time-
independent solution through successive refinements...)



Properties of a numerical method

4. Conservation:
Underlying conservation laws should be respected at the

discrete level (avoid artificial sources/sinks)

5. Realizability:

The method must ensure physically realizable solution

6. Boundedness:
Quantities like density, viscosity, temperature, concentration,

& TKE should remain non-negative and free of spurious wiggles

7. Accuracy:

Affected by modelling + discretization + convergence errors



Numerical methods for partial differential equations

Part 4

Finite Volumes (FV)



Numerical methods for partial differential equations

FV method

This method solves for conservation egns in integral form

]

[ I| ‘-'i" fil " |r - j | A Iln - ’ C/Ul\:(o::o Bz C /’}ﬂ/:j
- Wav 4+ | m-t+, d8 = Y. J\/ OCIPUT, _
o ST Tl B G L7
g.-f M'::-.'-" ch_ 47w |
- v g
Rate of Flux through Production .
change CV face within CV I
Equations are discretized ' —+ —*.Z
through Control Volumes X l ')
Each CV (and the entire domain) o

must satisfy conservation properties

To obtain a linear system, integrals must

be expressed in terms of mean values



Numerical methods for partial differential equations

FV method

Definition of CVs:

Vertex-centered FVM Cell-centered FVM

1D Ui 1D Ui
Uit1 Uit1
Uj—1 I o) Uj—1 ®
{ B% W | v,
P P Py
Ti—1 L Tq J Li+1 Ti-1| Ti-1/2 | T4
Ti—1/2 Ti+1/2

2D 2D

& l / \} ] f
/ Y,

N ———

Different grids / control volumes can be used for different variables (v,p,...)



Numerical methods for partial differential equations

FV method

Ilﬁ H . . .
| =2 7= 0! .\ Approximation
] F efig Z ( g 6{5\ : : |
J.. 1 K < / of surface integra
'1.-..} ke ﬁ\*_N
mw /LC;Z ﬁl’* me
S,=k-th CV face . o ’«AT
N=number of s
CV faces 5 A
i L -
In 2D, N=4 | 4’7—‘—~ — ~—-vﬁ"‘)E
In 3D, N=6 = »
S g
~. \ V y

FE=fF;dS1 ) FN=andS2’,,, \\& _ -#\ ‘%/—\4&6
St S, |



Numerical methods for partial differential equations

FV method

Quadrature rules provide possible surface/volume integral
approximations (see notes for details):

* Midpoint rule (in 2D: 2"%-order accurate in space)

—FC dSe = T 9’7 Qg Fe (ﬁéy)'Ay

Je "))

° Nz

‘ ..,

b  J—

0 4
@ Jj(x)dx & (bﬂa).g(o R B - The __%e_ 1 J‘AV
ceath M L +y1._4

2

Sw¢

In 2D: 5= Ay |
In 3D: S_= AyAz




Numerical methods for partial differential equations

FV method

Quadrature rules provide possible surface/volume integral
approximations (see notes for details):

* Trapezoid rule (in 2D: 2"9-order accurate in space)

®
Y s |
_TedS. & Ze [Me ﬁe] “ \

° Nz

..,

| J—

Sw¢

In 2D: 5= Ay
In 3D: S_= AyAz




Numerical methods for partial differential equations

FV method

Quadrature rules provide possible surface/volume integral
approximations (see notes for details):

* Simpson’s rule (in 2D: 4th-order accurate in space)

g'Se
b

-~ — p . 2
@Lﬁ%ﬂx * §-M +%T

In 2D: 5= Ay
In 3D: S_= AyAz

Fe faﬁge = §£<—Fwe_ i (-{3:& +?§€
6

VW
l\,°

nw

° Nz

..,

Sw¢

| J—

o)
I
y'-/i



FV method

Problem: solution only available at CV centers, BUT
function values are needed at quadrature points!

Disadvantages:
 Requires integration but also interpolation

 Difficult to implement high-order (3™ or higher) FV schemes for
evaluation of fluxes/integrals in 3D problems

Advantages:

 Conservative by construction

* Physically grounded

 (Can be used with complex grids
* Easytoimplement



Numerical methods for partial differential equations

Part 5

Finite Elements (FE)



FE method

This method is very popular in structural analysis but is
so used in heat transfer, fluid flow, mass transport, and
electromagnetic potential BVPs for PDEs.

Q)

The FEM formulation:

 subdivides the targeted problem into smaller, simpler
parts called finite elements

* for each FE, typically results in a system of ODEs (for
unsteady problems) or of algebraic equations (for
stationary problems) that yield approximate values of
the unknowns at discrete points over the domain



FE method

VON eSS

(Ml srtinie)

i The FEM shares similarities

10000 |

roum with the FVM (CVs replaced
—E] by FEs)
" B \ain difference: conservation
- eqns solved for each FE are

multiplied by weight function
before integration

Pros: applicable to complex geometries (unstruct. grids)
Cons: typically requires solution of large sparse systems of
linear algebraic eqns (computationally expensive!)



Numerical methods for partial differential equations

FE method

Galerkin formulation (aka Weighted-Residual Method)

' F ( VNN
Consider a PDE: :}I = 79T ¢<x)
L K2 ¢(x - Sinl§7X)

Assume the PDE admits an approximate solution:
N

_ E
(K2 204 &P (x,4,2)

——

\ (xl\d,%‘ﬁ)

where:
* T,=part of the solution that satisfies BCs/Ics
* ajt) = unknown coefficients (to be determined!)

*  ¢(xy,2t) =trial functions (known analytical functions @
e.g. polynomials or trigonometric functions)



Numerical methods for partial differential equations

FE method

Galerkin formulation (cntd)

Define the eqns’ residual, R:

Ty o — . |'/,-,:| T 2— —— .
K{T): &L _ 497 if T = exact PDE solution
! :}% - = )
R(T) - 2 2T if T= exact PDE solution
Ll J = - o %£ O
L - L

Coeftfs. a,(t) can be oietermined Imposing:

Hg Wi (X1Y,2) R dxdydz = O
L& t 43 = 07 ==
\/m:/L,.... M

/



Numerical methods for partial differential equations

FE method

Galerkin formulation (cntd)

Define the eqns’ residual, R:

Y — )T d— — .
K(T)- &L _ 497 if T = exact PDE solution
i ,}% - oy 1-—-"'
Hx
R(T) - 2 2T if T= exact PDE solution
l'-. Fi - i — A __1{_ C:‘
L r &

Coeftfs. a,(t) can be oietermined Imposing:

weight
ﬁSW> Rexdydz = O



Numerical methods for partial differential equations

FE method

Galerkin formulation (cntd)

Selection of weights:

[/\/m (X,L(/t%) = %w ()(’/\d, Q)

Other formulations use different expressions for W, ....

See notes for an application of the Galerkin-based FE
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Part 6

Time-marching methods for ODEs



Numerical methods for partial differential equations

Time-marching methods for ODEs

Consider the following system:

eP¢U}/) _ ODE
= - Jf(%, acy

. 2,
Dk t) - IC
We want to compute:

Tyt 4
¢n‘4r4: }Z’”f f f[{'/{/(f))d%’
tm

A wealth of methods is available!



Numerical methods for partial differential equations

Time-marching methods for ODEs

1. Euler methods |
1.1 Forward = O(At) F

B B (t, B") A
1.2 Backward = O(At)

1+ o 1,
¢/)4 'f: }me— {'{%nH!j“ )L‘L‘t

)

2. Midpoint rule = O(At)?
f

M+ 4 ., o 3 / /?,Im{—';l N
¢ - }Z - W{LJEW; D )4
) 2 ! /

-> base for Leapfrog method (see last slides...)




Time-marching methods for ODEs
3. Trapezoidal rule = O(At)?

—_—

Mt 4 o . o -
™ [ /1 _;f'\.nwa. {
¢ B Q i %{L*it'l.vb )"L'J"":thus\l"/ /| A
o .

-> base for Crank-Nicholson and Adams-Moulton

These are examples of two-level (n & n+1 or n-1), one-
step methods, which typically work well for small At.

Note: Small At -> Stiffness -> Stability -> Boundedness...

Stiff problems are characterized by a range of length and
time scales (typical examples: turbulence, atmospheric
chemistry)



Time-marching methods for ODEs

If 7, and 7, are the longest and the shortest time scale
over which the solution of the PDE varies, then:

Stiffness S=1, /7

DDE solvers generally require At = 7.but solution must be
integrated over time periods AT = 1,

Hence: N, &5

Ex.: atmospheric chemistry problem
solution for long-lived species over AT =1 year = 3E+7 sec
species lifetime At = 1 sec



Numerical methods for partial differential equations

Time-marching methods for ODEs

Stability of Euler methods: Im(z . %)
1. Explicit

I’ i 9 2163 s

2. Implicit

A
A4 — At %
|

ZAN
Y




Numerical methods for partial different

al equations

for ODEs

I
[

\

Time-marching methods

Stability of Trapezoidal rule: -

o 0

A AL S

A dae 2| s

- o4

_ A a9k oA

"R 7
Note:

1. Trapezoidal rule produces bounded solution regardless
of At if %j . © -> UNCONDITIONALLY STABLE!

2. Euler méthods are always CONDITIONALLY STABLE

because boundeness of solution depends on At and Z’f

/



Time-marching methods for ODEs

Explicit methods are:
e easyto code

e computationally cheap (in terms of required memory
and computational time)

* unstable for large At

Implicit methods are:

* J|ess easy to code

 computationally expensive (wrt explicit methods)
* require iterations to compute the solution

* much more stable
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Time-marching methods for ODEs

Predictor-corrector methods = O(At)?
' ¥ , ' 4 ‘ xplici
ém-rai = ¢n+](({’n.,¢m)‘£t Eu?elzrt
. i , m ’ * rapezoi
]L ¢m+1 5 ;i\ +i— [{[“an ¢”")+ g(tnw{ ’ ¢w+1 ) :ulep |

Multi-point methods (aka Adams methods):

* At least, 2-nd order accuracy

At least, 2 time instants

* based on polynomial fitting (e.g. Lagrange polynomials)
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Time-marching methods for ODEs
Adams-Bashforth methods:

AB1 ¢m+1 _ SZM + A‘E - «g [fn ’ \,é > ) (same as explicit Euler)

AB2 gzﬁm = gﬁm# %‘9[% Ll g7) - {me-d,?jm)]
B3 ™' . " 25T e ) A6t b BT

N2
4 +9 'f ('GM'Z; ¢m’1 >_’
TE o« O(At") Lc. time
|/§ l I' o o — +
AB-R -> T.E o« O(At™") ;%TAT\J

ERRE
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Time-marching methods for ODEs

Adams-Moulton methods:

; 1
AM1 ¢M+4 = >ﬁ m-% ]t ( -t,’n“, : @M )' At (same as implicit Euler)

(same as

AM2 - ™ At th, £ F e )] e
AM3 P - ¢“+ [6{0%1 7« &4 e, #)
l ~ f lon-q, 9" ]

T.E «x O(A?)

AB-R -> T.E o« O(At™?)
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Time-marching methods for ODEs
Runge-Kutta methods:

RK2 M half-step predictor
Ch-rl % A{j }élv ¢ ) (explicit Euler)

(expl.)

m+1 m P .
¢ _ ¢ A ,F ['{Tn-rlg , ¢m+'z> hal.f step corrector

(midpoint rule)
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Time-marching methods for ODEs
Runge-Kutta methods:

RK3 ¢ o - ¢m ¢ %@r _)f[.%m( }Z”l) predictor

(expl.) P % (explicit Euler)
*x M ¥
¢ 2 < 52 + ‘Q'—é"e . ‘gj ( €V)+ ,/3 7 @n--}l/g ) prediCtOr
m+ {3 3 e

X x

%mﬂ— . gm;. %_?_ﬁe )[ ({:h 12 | ¢m+2/3 ) corrector

+ %'{(fh’*"{/‘g; ¢mt$3>
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Time-marching methods for ODEs

Runge-Kutta methods: ¢

RK4& &S5 _ 0 ! N |
(expl.) sz.éml/z - 7é T %irr {(ﬁ,, ¢m) {* predictor

/17
¢ . SA ¥ & { (‘é’m,q, ’“zi)( predictor

" xx
-4
PPy m |~ XX !

¢m+4 - 55 + AJC ;: ("'Lmﬂ/z/ ¢m+’/z> predictor

P P B 2 2 e A

RKS ves corrector



Time-marching methods for ODEs
Other methods:

1. Leapfrog ¢ <", ](C{.M’?f»)u oy

 Midpoint rule applied to 2At instead of At
 Good for hyperbolic PDEs, unstable for parabolic PDEs

M4 4

* Used in meteorology/oceanography

 Unconditionally unstable for unsteady problems, yet
instability is weak for small At and can be controlled by

Imposing:
¢ M

N\A,

m 4+ ¢m+4>



Time-marching methods for ODEs
Other methods:

2. Lax-Wendroff: 2"9-order accurate (in space and time)
two-step method based on FD and developed for
hyperbolic PDEs -> see notes for details

3. Du Fort — Frankel: modification of the unstable Leap-

frog scheme. This method is explicit and unconditionally
stable for the wave equation -> see notes for details
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