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Lax—Wendroff method - Wikipedia, the free encyclopedia http://en.wikipedia.org/wiki/Lax %E2%80%93Wendroff _method

lofl

V.
=T

The Lax-Wendroff method, named after Peter Lax and Burton Wendroff, is a numerical method
for the solution of hyperbolic partial differential equations, based on finite differences. It is
second-order accurate in both space and time.

Suppose one has an equation of the following form:

(3¢(1 t)  Og(¢(z,t))
ot Oz

where x and { are independent variables, and the initial state, ¢(x, 0) is given.

The first step in the Lax—Wendroff method calculates values for f(x, 1) at half time steps, zn+ 15

and half grid points, xj+ /o In the second step values at i, qare calculated using the data for t od

il + 1

and {, o

First (Lax) step:
f~n+1 /2 fin + -ﬁ;i{—l

2 91— 9 . ol ok
‘ ; = ! Uses eldla ot T G D A
(1/2) = At Ax (Vses o> %”!?1 .

Second step:

n—+1 7 n+1 ,."'2» n+1/2
i, [ 4y — g‘__ X
f1 = f‘l — 91+1,/2A:1: 1 1/2. (u‘ses doba of b wesl {_VH"/Z)

This method can be further applied to some systems of partial differential equations.

05/19/2010 04:38 PM
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2.2 The Du Fort—Frankel Scheme

= N\ -
This is an example of an ezplicit and unconditionally stable scheme f@t = by B
The problem with schemes like forward time, centered space is that they-are stable for by = bk/h?

IA
N

which puts a terrible 1estuct10n¥k £ & K;n the timestep. The Du Fort-Frankel scheme,

- o ’ ; m+1 m'1>
ol — g = 2bp(vjy — (VT ol )+vﬁl_1),<¢n e &% ,//""\t =

1+ 2bu) m = (1= 20p)vp = 2bp(py g 4+ V1) =
( M+ m-'l
To study the stability, we substitute v, = g"e™BL 4o get = i J +4 (\ﬁ

(1 +2bp)g® — (1 — 2bps) = 2bp(e™é + e~ ¢)g, /_\>< & /

which implies

2bp cos(hé) + \/1 — 4b%u2 sin (hE) @ ; m
g,
1+ 2bu -4

The scheme is not dissipative since g_(7) = —1. To determine stability we consider two cases:

9+ =

2 2 2bu| cos(hé)|+v1 20p4+1 _
o 1 —4bp ZO=>|g:t|S T+2bu = 1+2bu_1'

(2bucos(hf))2+4l)2u2 cos?(h&)—1 U e 20p—1 <1

2,2 2 __
o 1—4b*p® <0=[g+]* = T+2bu — OF2m)? T 142 =

In addition, we do not want double roots on the unit circle. Double root occurs when 1 — 4b%42 = 0, but
2b hé
then |g4| < W <1l
So we have stablhty for any value of y. But how is that possible? The catch is in the consistency. In
order for the scheme to be consistent we must have k/h — 0, as we will now demonstrate.
Rewrite Du Fort—Frankel as
O R ¥

2k N h? h?

then expand in Taylor to see that it approximates

k2 2 k2 k4

1
up + 5 e = b(Usz + T Uawes) — b(h_Qu 12h2

12 Utm)

Now think numerically. For hyperbolic systems we could (at best) hope for % ~ 1. However, if we use Du
Fort-Frankel with such a timestep, & = h, the solution will not converge to the solution of u; = bug,, but
instead to the solution of buy; +wu; = bug, (i.e., the solution to a wave equation) This was not the purpose of
the exercise. So the scheme will only converge to the solution of u; = bu,, if £ %+ — 0. Even so the truncation

error will be dominated by b—;u“, which is not small unless ,—’”; is constant, but then we are back where we
started—with the same restrictions as the ones for forward in time centeled in space.

We, of course have two explicit schemes—backward in time, centered in space (which is O(k + h?) and
dissipative) and Crank-Nicolson (which is O(k? + h?) and not dissipative if % is constant.).
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