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Process Fluid Mechanics E

1.1 INTRODUCTION

Fluid mechanics is a branch of applied physics that js concerned with the
motion of fluids, liquid or 8as, and the forces associated with that motion.
Fluid mechanics plays a role in most enginecring disciplines, and certain
underlying principles are common to all areas of application. The cemphasis
differs within cach arca, however, and certain topics in fluid mechanics take
precedence over others in each qiscip!inc.

This book is an introduction o process fluid mechanics, in which the
emphasis is on those areas of fluid mechanics which are required for the
solution of problems associated with the process industries and which form a

tenis of the book would comprisc a one-semester, three-credit course in
process ftuid mechanics, with additions or delctions as appropriate to take
into account the prior study in the area and in related subjects.

1.2 MACRO-PROBLEMS

Problems of processing intcrest can be roughly categorized as macro- and
micro-problems. (The ca(cgoriza;{ion should not be taken too seriously, but
it 15 helpful for our preliminary discussion.) This division reflects two rather
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and drafis of the firg stxteen chapters have been used in that course since
1972, Portions of the text have also been used in the first half of a one.
semester course offered to first year chemical engincering graduate Students
at Delaware in order Lo provide a common framework for the more advanced
material subsequently covered.

The goals of the book are described in Chapter 1, but a few words are
appropriate here. Process engineers have jwo somewhat distinct needs for

ler course, but the modern engineering curriculum allows no more time for
the subject, Process Fluid Mechanics is an Aempt 1o provide an orderly

structured, though Placing a greater demand on the student’s Quantitative
ability.)
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Macro-problems ape those in which the end result is some overall char-
actertstic of the motron itself, often the ENEIRy requirement, with no interest
in the detailed structure of the flow field. The following examples illustrate
typical macro-problenys.

1.2.1 Pipeline Flow

A luid with known physical properties is to be pumped from point A to

point 8, Flow rate and Pipe sizes are specified. Determine the power required
to pump the fluid, and hence the pumping cost. An interesting corollary
problem. which we shall solve in Chapter 3, is to determine the optimal pipe
sire in order o minkmize the sum of operating and investment costs. (Larger
pipe costs more per unit Jength but requires less pumping encrgy.)

1.2.2 Packed Beactor
|

Many chemical reactions are carried out in packed reactors, as shown
schematically in Fig. 1-1. Gas or liquid flows through a solid packing; the
solid may catalyze the reaction, it may lake part directly in the reaction (as
in a coal gasification Teactor), or it may simply be an inert packing which is
present for other reasons, such as Improving the heat removal. The pressure
drop from one end of the reactor to the other is required as an important

Figure 1-1. Schematic of a packed bed reactor.

1.2.3 Fiber Drawing

shown in Fig. 1.2, Molten polymer flows from the last of a series of reactors
MO an extruder. The extruder is a screw pump, identical in <oncept to the
familiar home meat grinder. As liquid polymer is forced axially along the

Sec. 1.2 Macro-Problems 5
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Figure 1-2. Schematic of process for mzking polyester fiber.

screw it builds up in pressure; this pressure js sufficient 1o force the fluid
through a filter and then to force a liquid filament out through a small hole
called a spinneret. The filament solidifies some distance from the spinneres.
The solid fitament s taken up at a faster speed than the liquid filament is
extruded, so the filament is drawn down in area. Nearly all of the drawing
takes place in the liquid filament prior to solidification.

outlet plate of a mcat grinder?) Thus, the first set of problems consists of
designing flow distribution systems which will ensure cqual flow to al]
branches.

Finally, the Properties of the drawn filament are determined by alf the
Processing variables, particularly the drawing speed and tension. The rela-
tion among throughput, liquid properties, drawing speed, and tension is
required for design and control purposes.



1.3 MICRO-PROBLEMS

Micro-problems are those in which the detailed structure of the low field is of
importance. This information is often required for the subsequent analysis
of other physical processes; in this regard, fluid mechanics provides an
essential foundation for the study of heat transfer and mass transfer. The
formulation and solution of micro-problems is often different from, and often
mere complex than the solution of macro-problems. Some typical micro-
problems are discussed in the following paragraphs,

1.3.1 Heat Transfer Cosfficient

A liquid flowing in a PIpC is 1o be cooled by removing heat through the
wall. The detailed flow pattern near the wall is required in order to calculate
the heat transfer coeflicient (the ratio of heat removal per unit surface area
1o temperature difference from the inside to the outside of the pipe). The
reason that the flow pattern is required can be seen by reference to Fig. 1-3a

OO0

(2} (b}

ERE

Figuwre -3. Possible flow patlerns ncar a wall.

If the flow pattcrn shown schematically in Fig. {-3a prevails, fluid which
$larts at a given distance from the wall never gels any closer to the wall;
whereas for the case shown in Fig. 1-3b, fluid moves from the pipe core to
the wall and back again. The latter is an cffective means of heat transfer,

because hot fluid is convected Lo the colder wall, cooled, and returned Lo

contact the hotter fluill again. In contrast, when the flow lines are straight
and no circulation occurs, heat can be removed from the center of the pipe
only by conduction to;the wall. Conduction is a molecular process and is a
much slower way of removing heat than the convective recirculation.

1.3.2 Particle-Fluid Mass Transfer

Particle-fluid mass transfer is simjlar to the wall heat transfer coeficient
problem and is relevant to packed reactors like that in Fig. 1-1 when the
solid is a catalyst. For ilustrative purposes it is more convenient to consider
an isolated spherical particle, as shown in Fig. 1-4. The flow patterns shown in
Fig. 1-4a and b can occur, as can other patterns densndine on averall Aaw

Chap. 1 Bibliographical Notss 7
conditions which will be discussed in later chapiers. Clearly, the rate at
which reactants move from the bulk fluid to the catalytic surface depends on
the nature of the flow patterns; if the chemical reaction is rapid, the rate at

which the catalytic process occurs is conirolled by the rate at which reac-
lants move to the surface, and hence by the fluid mechanics around the

rmfﬁdc'//X //Q
N NG

(a) ()

U

1J

Figure 1-4. Possible flow patterns around a solid sphere.

1.4 CONCLUDING REMARKS

The purpose of these mtroductory remarks has been to define some of the
problems that require a knowledge of fluid mechanics for solution and to
indicale the broad scope of the subject. The distinction between macro- and
micro-problems is a convenient one which we shall retain for a significant
portion of the text, although we shalt ultimately find that macro-methods are
sometimes required for the solution of micro-problems, as well as the con-
verse,

A word about the structure of the remainder of the text is in order here.
The introductory portion (Part 1) continues with the next chapter, “Physical
Propertics.” Part I, “Dimensional Analysis and Experimentation,” and Part
I, “Macroscopic Balances,” treat the solution of macro-problems and the
essential interplay between analyis and experiment. Part 1V, “Microscopic
Balances,” and Part v, “Approximate Methods,” treat the solution of micro-
problems and are more analytical than the preceding sections. Many of the
phenomena introduced cxperimentally in Part I arc obtained from basic
principles in Parts 1V and V. Part VI deals with more advanced topics and
builds on all previous sections.

BIBLIOGRAPHICAL NOTES

Readers of this book will often find it uscful to refer to The Chemical Engineers'
Handbook, published by McGraw-Hill and often referred (0 as Perry's Handbook.

The most recent aditian availahis af the tioem of ohin .. . o
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Covering a substantial portion of the material in this text and at approximately the
same level, but with different points of view, are:

BenngTT, €, O, and Mseyers, J, E, Momentum, Heat and Mass Transfer, 2nd ed.,
McGraw-Hill Book Company, New York, 1974,
Bikn, R.B., STEWART, W. E., and LighTroor, E. N., Transport Phenomena, Yohn

Witey & Sons, Inc., New York, 1960, P hySZ.CaZ P 7 0pe /4 ZL Z‘es 2

DeNevers, N, Fluid Mechanics, Addison-Wesley Publishing Company, Inc., Read-
ing, Mass., 1970,

Kay, J. M, and NEnDERMAN, R, M., Fluid Mechanics and Heat Transfer, 3rd ed.,
Cambridge University Press, New York, 1974, :

WHITAKER, S., Imtroduction o Fluid Mechanics, Prentice-Hall, Inc., Englewood
Cliffs, N1, 1968,

2.1 INTRODUCTION

A treatment of fluid flow requires an underslanding of the physical prop-
erties of a fluid which affect the motion, and an appreciation of the units
in which these properties are measured. The two most important fluid prop-
erties are the density and the viscosity. Density is a familiar concept and is
treated only briefly, althougl there is one subtlety thal requires attention.
Viscosity is a concept that is gencraily understomd intuitively, but some
detaifed consideration is necessary in order 1o establish a precise and uselui
definition.

2.2 UNITS

Every physical quantity has characteristic dimensions. tength (L), mass (A1),
time (©), and combinations thereof. Velocity, for example, has dimensions
of length per time, 1. © . Measurcmcnllofu physical quantity is carried out
by using a system of wnits to characterize the dimensions: the units are
arbitrary and do not affect the results and application of a measurement as
long as everyone agrees on the means of converting from one set of units to
another. For example, time may be measured in seconds (s} or in hours (h),
because the conversion factor is universally agreed to be T h - 3600s. Time
cannat be micasured in months for scientific purpases because there is no

PEECISE conversion factar heatwenn monihe el Ather 1irae arnge
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A number of systems of units have been in common use throughout the
world during the period of development of modern science, and a famil-
farity with all systems is essential in order 10 read the screntific and engi-
neering literature. Most scientific writing through the first haif of the twen-
ticth centory used the metrie cgs (ccnlimclcr—gram—sccom[) system of units,
while engineering literature from North America and Great Britain often
used the imperial or English (pound-foot-sccond) system. Both systems
have now been replaced by ST {syst¢me international, or international sys-
tem) units, the accepted warldwide standard for scientific and engineering
V_vork. SI units are required in the publications of the American Institste of
Chemical Engineers and the American Socicty of Mechanical Engincers, and
they are used throughout this book .

SIis a mctric system that uses the meter (m) to measure length, the
kilogram (kg) to measure mass, and the second (8) 1o medasure time. The
prefix “milli™ to denote one-one thousandth js retained, and small lengths
may be measured in millimeters {mm). Derived units for other commonly
measured quantities have special names, which are given in Table 2-1. Con-
version factors from the common €gs and imperial units are given in Table
2-2. Table 2-3 contains some Very approximate cquivalents between 51 and

Tante 2-1
Deriven S1 Ungrs

Measuremens Perived unit Bayic units
Force , newton {IN) ! kg-m/s?
Pressure, stress ! pascal (Pa) ENfint = { kgfm.s2
Work, energy Joule (1) I Nem = 1§ kg-m1/s2
Power walt {w) PIs — o kg-m2jg3
TaBLE 2-2
CONVERSION FACTORS FOR UniTs
AYS gs Imperial

meter 102 centimeters 3.281 1t
kitogram 133 grams 2.2046 Ib,,
newlon 103 dynes 0.2248 1o,
pasca! 10 dynesjem? 1450 x 10—+ Ibyfin.2
Joule 0.2388 calorie 9.478 x 104 Buy

107 ergs 0.737 fi-1b,
watt 107 ergs/s LME % -t hp

0.737 ft-Ib, /s

kg/m3 1073 gramsfom? 6.242 x 1-2 ib,. /112

17
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imperial units which might be helpful to North American readers who are
stili unaccustomed to visualizing quantities in SI units.

Tante 2-3
APPROXIMATE EQUIVALENTS BErWELN ST AND
hvpeErial. Unirs

ST uniy

Approximate imperial equivaleni
meter 102 more than 31t
kifogram 10%, more than 2 1b,.
newion 10%h less than 0.25 thy
pascal 10°3% atm
joule 1073 R

wall vne-third more than 10 ? hp

2.3 CONTINUUM HYPOTHESIS

The density provides a convenient means of Hustrating the continuum
hypothesis, which is one of the fundamental principles wtilized in fluid
mechanics. Deasity is defined as mass per unit volume, and it is commonly
determined hy measuring either the mass of a known volume or the volume
displaced by a known mass. We recognize, however, that density can vary
with position in a process, and a more precise definition is to consider a
series of small volumes AU, with corregponding small masses AM, and to
define the density p by the limiting prockss

AL 1

Alternatively, if the density p is a function of position, £(x, y, z), then the
mass contained in a specified volume is the integral of the density over that
volume:

I == Ip(x, ¥, D dU == '”J' plx, ¥, ) dx dy dz 2.2)

Now, Egs. (2.1) and (2.2) have implicitly used the continuum hypothesis,
for they assume that the density is a concept that has meaning for any volume,
no matter how small. Yet we know that when the volume is of molecular
dimensions we have very rapid spatial variations between dense and non-
dense regions, depending on how close we are to a molecule. Hence, the
notion of a density function that can be defined by a limiting process such as
that of Eq. (2.1) is questionable. The continuum hypothesis assumes that
mathematical limits for volumes tending o zero are reached over a scale that
remains large compared to molecular dimensions. Thus, variations on a
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molecular seale can be ignored, since they average out over al) length scales
of 1erest, Clearly, nolresult dertved using the continuum hypothesis should
be expected (o 3 ¥ 1o a rarified ras, where the distance belween mole-

cules may be large.
———> Mdy be large.

2.4 VISCOSITY

A usetul definjtion of a fluid is 4 material that cannoy Sustain a shearing stress
in the absence of motion, This definition includes Irquids and ases.

The most tmportant physical Property of a fluid from the point of view
of ummm 15 the viscosity. The viscosity is the property
that Jelermms the case with which a fluid wi flow. Viscosity is a term and
MWCCM lubricating oils are
rated by viscosity, for cx'ampfc. Honey is far more viscous than water; hence,
hoeney pours more slowly from a pitcher than does water. This mtuitive

notion of VISCOSIY iy not adequate for our purposes, however, and we
Tequire a precise definition.

241 Operational Definition of Viscosity

An operational definition is one that defines a quant; n terms of an
experiment that can be performed to measure the value of the uantity. Only
defing the viscosily here in terms of one experiment; we shalt leave it for
subscquent discussion to'dcnums!mtc that the quantity so defined g truly a
general property of the fluid, and not a very specific response to g particular
experiment.

The experiment is shown schematically in Fig. 2.1, wﬁat
plates of area 4 are ke 1 parallet and are separated by a lwd Taver of unsform
thickness #7. We require that ff « ~ A, in which €ase such an arrangement is

' T —r——-
U

Figure 2-1. Schematic of shearing experiment,
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sometimes loosely referred to as “infiniter parallel plates.” One pialitsrum‘\fc‘f‘
in a straight line relative Lo the other at a consianl. spccd,. LA arfd the Or::;d
reguired to move the plate at a constanl_ speed s commuousl){ﬁinc:;s_t 1;;
Following 2 rapid transient at the start of the experniment, Fis found in 2 ﬂ

cases lo approach a constant value in time. The following results are observed
experimentally when the transient Deriod s past:

: is i ortional to the area, E_l
I. For constant U and #, the force is al%____ F o« A.ﬁpﬁ

A.

2. For constant 4, the force is a_unigue, monotonically mereasing F o

function of the ratio L/H.

it is convenient to define the shear stress and shear rate as follows

. L fi‘f.‘f&') (2.3)
shear stress: 7, F (urca
- { I
shear rate: F, - 77 (iiﬁ\é) (2.4)

{The symbols y,, 7, and & are also used for the shear rate, and the subscript

5 is often omitted.) From the two cxperimental observations we can then

write

(2.5)
(2.6)

Equation (2.5) states that the shear stress for a given ﬂuid_ [ 4 unigue Fun'c_t.s;:n
of only the shear rate, and L. (2.6) states that the funclion 15 monotonically
asing .
mcrli?gb::c\; 2-2, 2-3, and 2-4 show plots of 7, versus T, .mcasurcd in 0;“.-
laboratory for three liquids, two aqueous and one organic. Nowj that l—m
data for three different values of M fall on the same fine when F is u.sed”as
the ordinate. Note also the temperature sensitivity of the organic oil m‘ Fig.
2-3, where a small effect of a 0.3°C lemperature difference is evident. .Sorm;
systematic deviation s also evident in Fig. 2.-4, whu:trc ic.mpcralur_e contro
was less careful. The experimental scatter in Fig. 2.4 js lyplc.:a] .of' results to be
expeeted for a shear stress cxperiment using most commercial 1:15!rup1cnl§.
The shear stress-shear rate curves in Figs. 2-2 and 2-3 are straight hncfs
passing through the origin. Such response ts ofien observed and mof-
vates the definition of viscosity as the ratio of shear stress to shear rate-

. . T,
VISCOSily : gp,== S

(2.7)

{The symbol u is also used for the viscosity. The fluidity, which is the recip-

rocal of viscosity, is used on occasion.) Viscosity is measured in pascal-

Yy
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Figure 2-2. Shear stress a function of shear rate, 82.4 wi % plycerine in
waler.
20 r“'“\r‘ T T T T
NBS 00l J, Lot 10O
®H=-274mm, Temp = 24 2
ts & He L.37 mm, Temp= 23 g*C
g
- 10 -
-

0 100 200 300 400 300 €00 700

sy

Figure 2-3. Shear stress as a function of shear Fate, NBS Gil J, Lot 100.

mcasuri:?g ‘jiscosily was the poise (p), after the French scientist Poiseuille, or
the centipoise (cp, one-one hundreth of a poise). 1 Pa.g = [0p
Much of the reference lt,!e?raturc uses these units, The viscosity of liquid
water at room temperatyre is approximately I cp or 10-? Pa.g.

[543
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25 T T ¥ H T ¥ TTTETT T

070 wt % Poly(ethylene oxide ) in Wallcr_ Teamp = 24°C /

. @ H~ I 37mm
20 O H=206mm
A H«274mm

0 1

1 H s 1 L I} 1 1
0O 200 400 600 800 1000 1200 1400 1600 1800

Fy (a5

Figure 2-4. Shear siress as a function of shear rate, 0,70 wt S poly{ethyl-
ene oxide) in water at approximaitely 24°C.

2.4.2 Newtonian Fluids

Fluids for which the sheat stress-shear rate relation is a straight line
Passing through the origin are called Newionian, for such a relationship was

hypothesized by Newton, The viscosity of a Newtonian fiuid is indcpcndcni
of shear rate a_ggj“_d‘epggt__j_;g_gn_lx‘ on temperature and, 10 a much Jesser extent,
on pressure. A viscostly independent of shear rate (usually calted a “con-
stant viscosily,” with the understanding that the constant depends on tem-
perature and pressure) is a property of only some liquids, as Fig. 2-4 clearly
indicates. Typically, low-molecular-weight liquids and ail ases have con-
stan! viscosities and are Newtonian, High-molecular-weight liquids, inclad-
ing solutions of high-molecular-weight polymers in tow-molecular-weight
solvents, are often non-Newtonian, in that the viscosity. changes wit chang-
ing shear rate. We will cmphasize Newtonian fluids in this first course in
fluid mechanics for the pragmatic reason that basic principles are more
easily developed for these fluids and, except in the processing of polymers
and slurries, we may reasonably expect to handle Newtonian fluids. The
study of non-Newtonian fluid mechanics uses Newtonian fluid mechanics
as a starting point in all cases.

Figures 2-5 and 2-6 show the viscosity as a function of temperature at
atmospheric pressure for some common Newtonian liquids and gases,
respectively. The viscosity scale js logarithmic for the liquids and linear for
the gases. Note that the viscosity is a decreasing function of temperature for
the liquids, and in some cases the temperature dependence is very strong,
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Crude oil, specific grovity = 0.86
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Figure 2.5, Viscositics of commoen hquids gt atmaspheric pressure as
function of femperature,

32107 T
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I'lgur-e 2-6. Viscosities of commen BAses at atmospheric Pressure g g
function of lemperature.

Tl_l‘g:‘_yj‘sgos_jsy s an inCreasing function of iemperature for

the gases, but the
behavior for gases

temperatyre dependence g very weak. The Qualitative
can be predicted from clementary molecular thegries,
The effect of Pressure on the viscosit

Sure correfations

may be found in Perrys Handbool: roughly, a temperatures more than

Suc. 2.4 Viscosity 1/

four times the boiling point in “K, the pressure dependence of gus VisCOsiy
1s weak for pressures less than 10 times the critical pressure,

243 Non-Newtonian Fluids

High—molecu[anwcight iquids, slurries, and suspensions are often non-
Newtonian, in that the viscosity is a function of shear rate. The viscosity of
the aqueous poly(ethylene oxide) solution from Fig. 2-4 is shown in Fig,
2-7; the individual data pobtts have not been reproduced, and the viscosity

0.060

0050

0040}

T

0.030

Stope =-1/3

n (Pos) {log scoie)

0020}

Q015

_%%.L_._._*H“ | S ka__ﬁ___.J
20 50 100 200 500 000 2000

L(s ™ (iog scale)

Figure 2.7, Viscosity as a function of shear rate for (.70 wi ol polylcthy-
ene oxide) in walter af approximately 2477, computed from the line drawn
through the data in Yig. 2-4.

function is calcutated from the line in Fig. 2-4. Note the tog-log scale, which
is the way that viscosity data are usuaily presented. Figure 2-8 shows data on
a polymeric system that were obtained over an extremely wide range of
shear rates: the approaches to constant values of the viscosity at low and
high shear-rate Tanges arc sometimes referred to as upper and lower New-
lonian regions, respectively, The shape of the curve in Fig. 2.8 is typical of
data for polymer solutions and melts, but experimental difficulties at low and
high shear rates often Prevent measurement of the upper and lower limiting
vajues. i

When the viscosily is a function of shear rale, we can rewrite g, (2.7)
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F'sgure 2-8. Viscosity as a function of shear rate, 0.4 wt “a polyaceylumide
1 water at room temperalure, Diyla of D.V. Boger.

to take the functiony| dependence explicitly into account :

T, = g, (2.8)
{The fﬂnf:txon' r,v(‘l",) Is sometimes called the apparent viscosity, reserving the
name “viscosity” for the constant that characterizes Newtonian fhueids, but

there is no clear advanta is distinet: . o
i g€ 10 this distinction. ) Substitution of E 2.8)4
Eq. (2.6) then leads 10 a useful inequality, 4 (28) anto

dr, o dnil
ar, = G I,y 1 ) (2.9)

or, equivalently,

dinm(l)
din T, 7~

I}:;[::’;}n_i lE.og—log scale, the viscosiy function cannot drop off faster than

) It is useful 1o note at this peint that shear stress and shear rate are both
dlrccuo_nal.quanliiies; in the plane of the paper, Fand U are positive when
Ihe:y pointin a positive coordinate direction and they are negative when the
point in a nf:ga!ivc coordinate direction. Thus, if the velocily of the iat:
chan_ges n direction from right to left but retains the same magnitude !:hm
the sign of the force, and hence of the shear stress, must also change wi’th no

1 (2.9b)

.

Sec. 2.4 Viscosity ‘
i

Viscosity data for polymeric systems frequently falt on a straight line on a
log-log scale for a decade or more in shear rate. This indicates a power rela-
tion between viscosity and shear rate that is often represented in the cmpic-
ical power law equation:

power law (emprical): gp(i7,) - K|, ¢ {2.10)
K is called the consistency factor and n the power luw index. {1 readily
follows from Eq. (2.9) that 5 = 0. The data in Fig. 2.8 show a power law
region with n == 1/2. Molten polystyrene is typically processed in a regIon in
which n = /3, which is about the lowest value of n usually observed. The
Newtonian fluid ts represented by the limit 0 - + 1. The power luw is the most
common empiricat function used to represent polymer viscosity functions
for two reasons: first, most processing does in fact take place 1n a shear rute
range where the power law fits the data quite well. Second, power functions
have convenient analytical properties for differentiation and mlegration. A
number of other empirical and semi-empirical functions are sometimes used
in the polymer processing literature.

In contrast to the “shear-thinning™ (i.e., decreasing) viscosity-shear rate
behavior of polymeric systems, slurries and suspensions often tend to be
“shear thickening.” Figure 2.9 shows typical suspension viscosity data; the
apparent growth to an inlinite viscosity at a finte shear rate probably indicates
the development of internal structure in the suspension and a transition to
solid-like properties. Viscosity data on slurries and suspeasions are mean-

3
10 Y T L]
_ 30.0
™ 425
§ Tesa® 208
L+
=
= B3
o
o 10+ 7
i--
EOO 1 X 1
10! 102 10®

T, (1) (log scate)

Figure 2-9. Shear stress as a function of shear rate for suspensions of
TiO; in a 47.1 wi% sucrose solution. The viscusity of the sucrose soly-
tion is 0.017 Pa+s. The number next to each curve is the vofume pereend
of Ti0; in the suspension. Data of Metzner and Whatlock, Trans, Soe,
Rhevlogy, 2, 239 {1958), Copyright by John Wiley and Sons, Inc: Fepro-
duced by peremission.
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]
ingful only when the average particle size is ver
plate spacig, Ff, so that the system can be consi
smgle phase. In addition, particle migration awa

Y small compared to 1he
dered to be a homogenous

text. Somc tiquids, primarily suspensions, are time-dependent, in that the
VIscosity changes in time with steady shearing, ’
tural changes. Other Iiquids, including mayonnai
f;how a yield stress; that is, a shear stress-shea
Jn.!crccpt al zero shear rate. Typical data are shown in Fig. 2-10. A mate izl
with a yield stress actg like a solid and does not flow until 3 crit;m! i
exceeded; beyond the critical stress typical fiquid ‘
shear stress-shear rate function is linear beyond
are called Bingham Pastics,

generally because of stryc-

stress is
behavior prevails. When the
the yield point, such fluids

Figure 2-10. Shear Sress as a function of she
at 77°C. Duaia of 3. V. Boger.

ar rate for a megy extract

244 Kinematic Viscosity

The VIscosity and ihe densit
M«L@Thrs uaptity, which has units of m? S, is known as the kine.

manic viscosity and is often tven the symbol y. To avoid confusion in ter-
minelogy, some authors refer to p

as the shear viscosity,

/L(k,_o :/"e*z Pé"—‘

R ,
/Hza el VN A 1. P

In developing a feeling for orders of magnitude of physical quantities, it
is useful to refer again to Figs, 2-5 and 2-6. The viscosity of water is two
orders of magnitude greater than thut of air at room temperature and atmo-
spheric pressure. The density of water, however, is three orders of magnitude
greater than that of air at these conditions, Thus, the kinemutic viscosity of
air Is an order of magnitude greater than that of water; the Xinematic vis-
cosity of the latter is approximately 10- m?/s.

The kinematic viscosity is sometimes recorded in the literature in the cgs
unit stoke, named for the English scientist Stokes. One stoke equals I ¢cm?/s.
The kinematic viscosity of water is approximately | centistoke.

Sec. 2.4 Viscosity

2.4.5 Measurement

Finally, we must deal with the practical implementation of the experiment
described in Fig. 2-1. It would be exceedingly difficult (o keep two farge
plates at a constant uniform gap width, and after a short time the plates
would have moved relative to one another a sufficient distance to introduce
unacceptable error inte the determination of the surfuce area 4. Both of
these problems are alleviated, however, by noting that infinite parallel plates
can be approximated by concentric cylinders in which the gap, M, is very
small compared to the inner radius, R, as shown in Fig. 2-11. Suppose that

Flgure 2-11. Concentric cylinders with a small gapfradius 1utio as an
approximation to infinite parzlie} plates.

the inner cylinder is turned with an angular velocity £ and the outer cylinder
is fixed. Then the linear velocity, U, is R, and I, - RO/H. The area, A, is
equal to 2 RL. (The area of the outer cylinder is larger by a factor [ - HIR,
which is nearly equal to unity in the approximation HIR -~ 0.}

Force is a vector quantity, and the direction of the force changes con-
tinuously about the circumference in this cylindrical system; indeed the net
force is zero, since equal and opposite forees cancel for points 150 apart. In
& cylindrical system it is the torque that must be considered, and this requires
a very shight alteration in our approach.

Consider the differential area dd == RL df in Fig. 2-12. The differential
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!'ngure 2-12. Schematic for cakeulation of torque on rolating concentric
cylinders.

force dF acting on this area is the product of the shear stress and the areq
dF T dA. gl dA q(f;?)m. 0 .11

The direction of the force s langential. The differentia] tlorque d¢ s the
prodect of the force and the lever arm, &-

;- RLO
dG = R dF -. ,,(_7}__) 40 2.12)

Torg ue is a vector whose direction 15 determined by the cross product of the
rzu?rus :.md force vectors. The right-hand rule shows (hat the torque vector
points in the axial direction; hence, the differential torques at all circum-
ferential positions point in the same direction and can be added together.

Thc total torque, which is an easily measured experinmental quantity, is
obtained by summing {integrating) al] the small contributions «G (o oblajn,

Ix
G- f dG - f RILON 1o 2mpRMLO
. "( H ) 4 i (2.13)
or
.. GH
U mRIG 2.14)

The length L can bc. increased until end effects are negligible, or other
methods, not appropriately described here, can be employed to remaove the
effect of a finite length. The data in Figs. 2-2, 23, and 2-4 were taken in a

device of this type, sometimes called a Couette viscometer, with R =2 5631
57.00, and 5768 mm and L2 41.0 mm, '

.

2.5 VISCOELASTICITY

The initial transient in the shearing experintent described in Secs. 2.4, 1
and 2.4.5 cannot be observed for a Newtonian fluid, but it can be estimated
from molecular arguments to be of the order of 1012 . Any transient scen
experimentally is an artifact which results from the inertia of the instrument,
since moving parts cannot be set in motion mstantancously. Thus, for
Newtonian fluids the transient can be completely ignored.

The transient cannot be ignored in polymeric systems, where the initial
transient can be quite long because of the need of the long polymer chains to
rearrange. Figure 2-13 shows data for molten low-density polyethylene; here,

0.15 [ T 1

_ o0 g

h=1

a

S .05 ~1
O i ) i
(o8] H 10 100 1000

Time (3] {iog scale)
Figure 2-13. Shear stress during initial transient, T, . 1571 Data for

cight samples of a low-density polyethylene (LDPE A} fall within the
shaded region. Reported by Meissner, Pure Appl. Chem., 42, 353 (1975).
Copyright by Int. Union of Pure and Applied Chemistry; reproduced by
permission.

the time of the trunsient is of the order of seconds and is compurable to the
lime that might be required in a processing operation. The transient in a
dilute polymer solution will be shorter, perhaps 1072 or 1072 5, and even these
time scales can be significant in some flow fields.

Ia polymeric liquids the time scale of the transient can be shown to be a
property of the material and not an artifact of a single experiment. The
finite transient time is a consequence of a solidlike response of the material.
(Think of silicone play putly, which is sold as a novelty toy. When it s
stretched slowly, it appears to be a viscous Ii'quid, but it fractures like a
brittle solid when stretched rapidly.) Materials that show both fluid- and
solidlike behavior, depending on the time scale of the experiment, are called
viscoelastic. Viscoelastic liquids are characterized by a viscosity, n, and a
relaxation time, A.

The refaxation time can be measured from the initial lransicnt in shear,
as described here, but it is more convenient 1o use other measurements,
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described in Chapter 19, where viscoelasticity is treated quantitatively,
Viscoclastic measurement is a part of the field of rhealogy.

Viscoelasticity should not be confused with the time dependence of the
viscosity for some fluids that was described briefly in Sec. 2.4.3. In the latter
case, there is no steady state, while for viscoelastic liquids there is a well-
defined transient which does go to a final steady state from which a time-
Invariant viscosily can be determined,

2.6 INTERFACIAL TENSION

The interfacial tension, or surface tension, is a property of a liquid -gas or
liquid-liquid interface. 1t is shown in texts on physical chemistry that work js
required 1o create interfacial area, and that the differential change in free
energy 1s equal 1o o dd, where the interfacial tension o has dimensions of
energy per area or force per length. 1t is readily established that the interfacial

tension caus €& 3cross a static curved surface equal to
1 ]
P o (R: } R (2.15)

Mere, R, and R, ure the principal radii of curvature of the surface, In the case
of a spherical bubble or dropiet, the two radii of curvature equal the sphere
radius, R, and the pressure inside the bubble or droplet exceeds the pressure
outside by an amount

— ow > ©= spherical bubble or droplet: Ap == T {2.16)
(4

Interfaciaf tension effects can sometimes be quite important 10 two-phase
flows, such as those discussed in Chapter I8, and in certain free surface flows
discussed clsewhere in the text. We shall point out those situations where
interfacial tension may play a role, but we shall only deal in this text with
physical situations in which interfacial effects may be neglected without
SCTIOUS CIForT.

2.7 CONCLUDING REM!ARKS

We have introduced a number ‘of concepts in this chapter in order to define
the scope of fluid characterization through physical property measurement,
The viscosity is the property that is of the greatest concern 1o us, particularly
the constant viscosity that characterizes Newtonian fluids. This is because of
the emphasis on Newtonian fluids in this introductory treatment. It s impor-
tant to understand the meaning of the viscosity and to develop a feeling for
relevant magnitudes. In the next two chapters we shall see how this physical
property enters into the analysis of fluid flow problems of engineering interest.
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PROBLEMS

2.1. The following shear stress-shear rate data were obtained on a 6 weight percent
solution of a sodium cellulose sulfate polymer in water at 24.5°C:

Sheur rate (371) Shear siress (Pa) Shear rate Shear siress
0.23 5.5 , 5.8 52
0.29 7 ' 7.2 57
036 8.5 9.1 63
0.46 11 115 69
0.58 13 i 14.5 74
0.72 15 18 30
0.91 17.5 23 85
1.15 20.5 29 92
1.45 24 RY) 100
1.8 275 46 108
2.3 31.5 58 13
29 36 72 120
16 41 91 130
46 46
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Pipe Flow 3

3.1 INTRODUCTION

Flows in pipes and other straight conduits occur often in process applica-
tions. A great deal can be learned about pipeline flow from the results of a
small number of experiments, These experiments are motivated by the use of
dimensional analysis, which is an important tool in any c¢xperimental
program.

We begin this chapter with a brief mtreduction to dimensiona| analysis,
This is followed by an illustration of the use of the technique in order to study
the relation between the flow variables and physical properties in pipeline
flow of a Newtonian fluid. The remainder of the chapter includes some
engineering applications and extensions to related problems,

3.2 DIMENSIONAL ANALYSIS

Dimensionai analysis is a toof that is of considerable use in experimental
design. The basic principle can be stated as follows:
A physical process involves a relation between U variables,

xp == function of (x;, x,, . .., xy) (3-H

If the U variables require O dimensions {length, mass, time, ¢tc.}, then the

variables can be combined into G =T - D independent dimensionlesy
i
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sufficiently small to enable us to neglect the addipional parameters describing

iivi ties.
temperature sensitivity of these proper o . 53
'lgablc 3-1 contains six variables (D = 6} and three dimensions (0 )

i i = 0 D == 3)
thus, there are three independent d1men51ontes's groups (§ _~“'U D )]
Thcs,c can be determined most easily by mspection, as follows:

Broups® of the form Ny = xvxgxn X0, Ny = Xpxbxte x, and 50
on. Equatjon (3-1) can then be written in the form

N, = function of (M., NS, . .. » Vy) (3-2)

This statement js sometimes known as the Buckingham Pi theorem.

The vsefulness of dimensional analysis follows from the fact that jt
reduces the number of variables that must be studied from Vto G andit
indicates whay grotupings of physical variables affect the process. Thus, it
may be possible to limit the scope of ag experimentat pProgram and, as we
shall see subsequently, to design experiments On one physical scale that are
appropriale (o process problems occurring on an entirely different physical

The application of dimensional analysis will be demonstrated i the next
section and again in Chapter 4. We shall ot present a proof of the pi theorem
here, but simply note that it is a rather elementary consequence of the prig.
ciple that each lerm in an equation must have the same dimensions. The
proof is a constructjye one, in that it provides a precedure for determining
the Broups N, N, . .. » Ng. The formal procedure is rather tedious, however,

3.3 SMOOTH PIPE FLOW,
NEWTONIAN FLUID

3.3.7 Dimensionless Groups

the equation v = 40/ D The absolute valye signs about the pressure dif-
ference Ap are used Lo enable ys 10 use the common terminology “pressure
drop,” which is a positive number; since fow occurs from a higher 1o g

*There are rare CXCEPLIONS 1o this rule. Sec the specialized texts on dimensioned analysis
cited in the Bibliographica} Notes for details.

TapLe 3-1
VARIABLES AND DIMENSIONS ¥OR Pire Frow

Farigble Dimensions
D Jength L
L length I o
|Ap| forcefarea i ML—: =
v length/time Le
s mass/volume ML
” {forcefarea) « Jime MLt G-}

] s il sionless.
?l‘:i’u:rye’s::ien:;gpl,}ﬂi[;bl,ci':‘m:};"ce per area, which is dr'n.zm_.u'w;ull';; 1/1;
sarne as a stress. From the discussion of viscosil Y and shear .?'zfe_sj[ rg C M}p{) eror
it is clear that yo| D has dimensions of stress. Thus, |Ap| divided by nuf D,

(s il sionless. o
[Apil'f;/zz,!;v‘:f;‘;z not used thus far is p. The quantit )f jpvtis kmencI :r;g:ii
per unit volume, whick is dimensionally the same as .s‘.rre.s's (c‘:ner;{:y. crqua e
times distance, so energy/volume is the same d:mcnsnon;ﬁ[ly as force .
Thus, pv*/| p| is dimensionless. So, too, are pv‘D/r;‘v and pv iLMUAH hees can

Only three of the groups listed abovc_can be mdcpc:ndmf. ) o L s "
be obtained by combinations of three independent groups. !orhcxampz)st,
P LInv is the product of pu/| Apjwith |Ap|D/nv and L/ D. The three m

convenient groups 1o use are
tap}  Dvp L

puvt ] D

In that case, according to Eq. (3.2), we can write

1821 . fusciion of (D””, L) (3.3)
po? n'D

Now, why have we selected these three groups, rather than. somc“olt‘)c@;
since we have an infinity of choices? LiD is a nah?ral choice bccags;icls
involves only geometry, thus placing all flow an_d physical propc.rl.yi vafn.: les
in the two remaining groups. We wili often wish to go[vc explicit ;r;)rThe
pressure drop, so {Ap| should not appear on both sides of Eq. (3.3).

i
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in determining the

S:IUF}C;B“"}}[%{%E :a second reason will be introduced subsequently Finally
€ chowce [Aplipot i arbitrary but ig dictated b ion: | :
would serve equally as wejl, Y convention: et
N Eqpa[xon (3.3} contains all the mnformation available from dimensiona}
fmc?fys:s. A more useful result ¢an be obtained by the tse of some physical

each of these i(.femica! Pipe sections wil] be the same. Thus, the pressure dro
over .boxh. sechions together will be double that pver each individua] scctior?
fie,if £ iy replaced by 27 iy Eq. (3.3) the value of the function i doubled]

Equivalently, the function on (he fight hand of Eq. 3.3y is directly propor

tional to L. Since 7, appears only in the rat; i
oo be s ¥ ¢ ratio L/ D, it follows thas Eq. (3.3)

) E('}UZI[[O.H (34)is now relation between only rwo dimensjonless groups
oth of which oceur often and have names. The Broup Dupfn is known 4.
the Reynolds number, after Osbarne Reynolds: e

Reynolds number- Re s Qi’ﬂ__D”
=T 2.5

The group 1Ap|D/2p02 L i kpown as lheﬁ'i('u'onfa('ro..;-"'

friction facior: i ]f\ﬂ D
S et T (3.6)
The factor of 2 i introduced into the d in; i ;
(34) can thon b o ¢ denominator by convention. Equalion
S = f(Re) (3.7)

Thd[ ;s, .rbe Jriction fuctor iy a unique function of the Reynolds nurmber for
smooth pipe flow _"f all incompressiple Newtonian Fluids. This is a result of the

, *“The friction l'z?ctor defined by Eq. (3.6) is sometimes call
1 sOme tcx.ts. particularly books on hydraulics, the friction factor is defined as (Apiiiput)

! {iog scote)
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3.3.2 Friction Factor-Reynolds Number Data

Dimensional analysis can indicate what dimensionless variables are
related, but it cannot provide any information about the form of the rela-
tion. This must be determined either from experiment or from a more funda-
mental analysis of the process.

The relation between friction factor and Reynolds number is shown in
Fig. 3-1. The data shown are typical of those of many investigators, and the

L Ty T TR T T T YT T YT T

10°
£ @ Hagen ({839) water D= 40Imm

- © Bogue {1360} water D=504 mm

- ® Bogue (1960} water D=27.3 mm

- 4 Bogue (1960} sugar sol's | 7+ 0.016-0.080 Po s, D=273 mm
O Nikuradse {1932) water D= 10 mm

© Nikuradse {1932) woter D2 50 mm

v Nikuradse (1932) water D = 100 mm

1

T lllll!i

H Tltl'lll

£20.079/Re! B ~

~
~

2100

3 [N N EEY| doa gl Lt asaia) b st IR e RS

10
102 103 104 103 108 Tsl

Re {log scale} ¢

Figure 3-1. Friction factor as a function of Reynolds number for incom-
pressible Newtonian fluids.

available data cover a broad range of viscosities, densities, and pipe diam-
eters.® Note that there is overlap for data from all pipe sizes and over the
entire viscosity range, and the data cover more than four decades in Re.
Clearly, the friction factor is a unigue function of the Reynolds number, as
indicated by Eq. (3.7).

The data in Fig. 3-1 suggest two distinct regions of flow behavior, sepa-

*Some of the data in the lterature were taken with air as the Quid. This is the only way
in which a range of densities can be obtained. A gas may b¢ considered to be incompressible
in an isothermal flow as iong as the pressure drop is less than about 10 o 2077 of the
mean pressurc, as shown in Sec. 5.4.4, Other complications enter unless the velocity is much
smaller than the speed of sound in the fluid (Mach number much smatler than unity); see,
for example, Sec. 6 11.
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rated by Re in the range 2100 to 4000. The region with Re < 2100 is called
Iaminar flow; in this region the f-Re function is a straight line with a slope of
—1. At higher Re, above about 4000, the flow is called turbulent; the friction
factor-Reynolds number dependence is weaker here. TFhese two terms are
quite descriptive and foliow {rom an experiment first carried out by Reynolds
in 1883 and reproduced in Fig. 3-2. A thin filament of dye is injected into

Figure 3-2. Re-creation gf Reynolds’ dye stream experiment. {a) Laminar
flow, Re == 1500, dye stteam is undisturbed. {b) Turbulent flow, Re =
3000, dye stream is dispersed. Flow is from left to right in both photo-
graphs. Photographs by D, Smith, provided courtesy of the Chemical
Engincering l)cpar(mcm', Monash University.

a fluid stream in a pipe. In the laminar region the die retains its identity
and rcmains at a fixed position relative to the wall, which shows that the
fluid moves in concentric lamina through the pipe without motion normal to
the wall. In the turbulent region the flow is chaotic and the dye is rapidly
mixed, indicating substantial motion normal to the wall.

Turbulent flow is clearly a more favorable regime for some processes
because of the intense mixing. The transition from laminar to turbulent flow
may vary somewhat from apparatus to apparatus, and the f~Re function is
not well defined experimentally in the transition region. Laminar flow
usually ends at Re = 2100, between Re = 2100 and about 4000, the flow
seems to pulsate between laminar and turbulent portions. Fully developed
turbulence begins at Re of about 4000. In some very careful experiments,
however, where special precautions have been taken 1o keep disturbances out
of the system, laminar flow has been maintaincd as high as Re = 50,600.
This is a Yaboratory curiosity, and in practice the transition can always be
1aken as Re = 2100.

Sec. 3.3 Smooth Pipe Flow, Newtoman Fluid , 35

The friction factor-Reynolds number relation in the laminar region
follows the equation

6
laminar, Re << 2100: [ = }l{c (3.8)
Using the definitions of fand Re we can rewritc this equation as
DI
laminar, Re < 21000 Q = {3 L‘lf:}’— (3.9)

Equation (3.9) is known as the Hagen-Poiseuille equation, and we will derive
it from first principles in Sec. 8.4. Note the fourth-power dependence of flow
rate on tube diameter and the absence of theldensity from the equation.

In the range 4000 < Re <2 10°, the data closely follow the Blasius
equaltion:

turbulent, 4000 << Re < 107 f= 0.079Re" "t (3.10)

or, solving for Q,
417
wurbulent, 4000 < Re < 10°: Q@ = 2.26(1.‘}{3) (pim) DY (341)

The Blasius equation is empirical and has no theoretical basis, but it s in a
convenient form for application. The entire turbulent region is well repre-
sented by the von Kdrman-Nikuradse equation:

turbulent, Re = 4000: -:/1-],- =z 4.0 1og,, (Rc«/ff) - 0.4 (3.12)

This equation has a theorelical basis, which we shall discuss in Sec. 16 4, i.)ut
the two numerical parameters must be obtained by experiment. The equation
is implicit for £, but it is explicit in the vetocity, since the product Re/ [
is independent of v.

3.3.3 Capillary Viscometry

There is a significance to the success of the friction factor-Reynolds
number corrclation in Fig. 3-1 which may not be immediately obvious. We
defined the viscosity operationally in Chapter 2 in terms of a particular
cxperiment, the shearing of a fluid between two plates. We had no guarantee
that the quantity which we were defining, was truly a general property of the
fluid, rather than a specific response 10 2 specific experiment. We find, how-
ever, that this measured quantity serves 1o define behavior in an entirely
unrelated flow situation. Thus, we can be considerably morc assured that
viscosity is an intrinsic physical property of a Newtonian fluid.
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The Hagen Poiscuille equation, Eq. (3.9), provides the basis for a parti-
cularly simple method of viscosity measurement, the capillary viscometer.
The cquation is rearranged to the form

R lapt 0 (3.13)
128 L @

The pressure difference is measured over a length L for a known flow rate
and the viscosity is determined directly. Alternatively, the flow rate may be
measured for a fixed pressure drop. Thus, if a separate flow meter is available
in a process bine undergoing lamihar flow, a pressure drop measurement can
provide continuous on-line measurement of viscosity, which can be useful
for control purposes. The equivalent relationship for non-Newtonian fiuids
15 derived in Sec. 19.6.

Example 3.1

A pressure drop of 200 Pa is measured over a I-m length of [0-mm-diameter
tubing. The flow rate is recorded as 60 mm?3fs. Compule the viscosity.
From Eq. (3.13),
L R A0Pa {10 Tm)t
T 428 T &0 % 1079 mi/fs
I1 15 necessary to check that Re <. 2100 so that the equation applies. If the
density s of order 102 kg/m?, Re is readily computed 10 be of arder 10-2,

= .82 Pa-s

3.3.4 End Effects

The observation that the pressure drop. 1 Ap |, is proportional Lo length 7,
which was used 10 pass from Eq. (3.3) to (3.4}, depended on the fact that two
lengths of pipe were mdistinguishable from one another. Thal is certainly
truc away from the cntrance or exit of the pipe. There is a short region near
the entrance ta a pipe where the flow is still adjusting and the relations given
m this chapter do not apply. This entry leagih, 1.,, is given approximately by
the relations

L

Re < 2100: L+~ 050 | 0055Re (3.14a)
Re > 2100: ‘;-) A 40 (3.14b)

We will establish a theoretical basis for these values in later chapters. The
contribution to the total pressure drop from the entry length is greater than
the contribution from a comparable length of pipe in the fully developed
flow away from the entrance. The region of flow adjustment near the exit is
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quite small and usually does not need 10 be comsidered; it is about one
radius in length at low Reynolds numbers and vanishes for Reynolds num-
bers greater than about 100,

The entry and exit regions are of little importance in most applications,
since they usually comprise only a small portion of the total length of pipe
and hence contribute only a minor fraction of the total pressure drop. One
important exception is some commercial capillary viscometers for measuring
the viscosity of very viscous liquids. The capillary lengths are often short
because of the very large pressure drops, and ¢orrections must be made for
the entry and exit contributions to |Ap|. The procedures for doing so are
discussed in specialized texts on viscomelry. |

3.3.5 Physical Meaning of the Reynolds Number

it is helpful to have a physical interpretation of the Reynolds number.
This can be done crudely by reference 10 Fig. 3-3. A bit of fluid of mass m

= L

Figure 3-3. Schematic of the motion of a fluid clement near a wall,

moves with velacity v ¥ the fluid were Lo be decelerated to zero by hitting a
wall a distance A away, the fluid would exert a force on the wall and the wall
would exert an equal and opposite force on the fluid. This is because the Auid
has inertia, and hence a force is required to change its uniform motion, The
force is equal to the rate of change of momentum: since the momentum
changes from mv (0 2¢ro in the time Af required to move distance AL, the rate
of change of momentum is mv/Ar. We can estimate At by assuming that the
fluid mass moves at velocity v until it strikes the wall_in which case Af
Alfv, Thus, the force associated with fluid inertia, F,, is estimated to be

: | EST1rtATE of THT

Fy = EL”I FoRE AssoctATED  (3.15)

WITHM Fe i INGTTLA

If the same particle is taken to be moving parallel o the wall, on the
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other hand, it experiences a shear stress /A€ and a viscous shear force

R = Z%A (3.16)

A 1s the area of the fluid element that 35 acted on by the shear stress.
The ratio of inertial 1o viecous forces 15

Fo o mo2/Al
Fo o omudlAl T i
If we take o 1o be the characterienic dimension of the space occupied by the

fluid element, so that A4 is of order ¢ and the volume of the element is 2pProx-
imately Ad, then mfA ~ pd, and

(3.17)

(3.18)

Equation (3.18) has the form of the Reynolds number, except that the
dizmeter D s replaced by some characteristic dimenston of a fluid element.
Thus, excepr for a scaling Jactor to account for substitution of D in place of
the much smaller quantity d, the Reynelds number can be interpreted as the
ratie of the inertial 10 viseous forces at work in the fluid.

A similar type of interpretation can be placed on the friction factor. The
net imposed force on a Raid particle 10 cause flow in the axial direction is
proportional to |Apid?®, while the inertial force is again proportional to
pd*vi To within a scaling factor the friction Juctor is therefore the rutio of
the net imposed external force 10 the inertial force.

These interpretations make it possible to explain the friction {actor-
Reynolds number behavior in the laminar region. If the fluid particles always
move at & constant velocity in a straight line parallel to the wall, their
momentum s never changed and there are no incrtial forces. But Eq, 3.7
can be written

[Ap| D* = proportional 1o Ff(g) (3.19)

Since there are no inertial forces in the laminar region, the right-hand side
must be independent of F,. The only way that F,f(F,/F,) can be independent
of F} is for the function f o be proportional to F,/F, or, equivalently, for f
to be proportional 1o the reciprocal of Re. Thus, the absence of mertiaf
forces in the laminar region implies that :

laminar: == proportional to Re! (3.20a)
or

laminar:  fRe == constant (3.20b)

This is the form taken by the experimental data. The Hagen-Poiseuille equa-
tion can thercfore be deduced (except for the value of the numerical factor

e T " S .

. — e ———
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#/128) as a direct consequence of the constant linear motion of fiuid particles
parallel to the pipe wall.

3.4 POWER
3.4.1 Power Input

The power P required to pump an incompressible Newtonian fluid
through a straight length of pipe can be computed from the definition of
power as the rate of performing work. The force acting upstream (position
1) to push the fluid into the length of pipe is the pressure limes the arca,
pi{m D4} At the downstream location (position 2) the flutd outside the pipe
is exerting a force p,(m D?/4) on the fluid in the pipe. Thus, the net force acting
on the fluid in the length L is |ApinDi/4.

The work done to move the fluid in the pipe a distance AL is | Ap|(x D3/
4)AL. This takes place over a time A, so the rate of doing work is | Apl(n DY/
4)ALJAD. But AL/AL == v, and Q == {(nD*f4)v, so we have the equation for
power mput,

power mnput: P = QlAp] {3.21;

3.4.2 Dissipation

The power input is the rate at which work is being done on the flowing
system. According to the principle of conservation of energy, this work must
80 into increasing the energy of the system, or it must be removed as heat by
some heat cxchange mechanism at the wall.

It is useful to estimate the maximum increase in fluid temperature that
can result from pumping power. The maximum will occur in an adiabatic
pipe, with no heat removal by cooling at the walls. It is usually reasonable to
assume that axial conduction of heal is negligible, in which casc the cnergy
balance for an incompressible fluid at steady state simply reduces to an
cquality between the rate of work done on the system and net rate at which
the additional internal energy flows from the system. This equality is
expressed as

PC.QAT = P = Qlap] (3.22)
or

AT = 182} (3.23)
pc

Here, AT 1s the adiabatic increase in temperature and ¢, is the heat capacity
per unit mass at constant volume. For liquids, ¢, and €,, the heat capacity at
constant pressure, are almost equal numerically.

In stcady pipe flow the power input does not increase the kinetic cnergy
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of the fluid. In this sense jt represents a degradation in the quality of the
energy, since the energy put into the system cannot be recovered in the form
of useful work. This type of power input is sometimes referred to as fost worlk
Or ¥iscous foss. The power per unit volume that goes only into viscous losses
is often referred 10 as viscous dissipation; for steady pipe flow this is simply
PHrD L) 1t is useful to have this relation for steady laminar pipe flow,
which follows from Fys. {3.9) and (3.21) as

laminar pipe fow; dissipation - L = _|q(gy)2 (3.24)
rDIL}4 T N D
The grouping 857 D is the shear rate at the wall in laminar pipe flow.*
Example 3.2

Compute the adiabatic temiperature rise for the conditions in Example 3.1,
assuming that g — 10% kg/fm? and ¢, = 3.5 x 103 Jikg-"C.
{Ap| s given as 200 Pa. Thus,
. 200 Pa PN
AT o ma s by 107 kg e = 06 > 1074 °C

This temperature rise js clearly negligible. Were the tubing 1 mm in diameter,
the fourth-power dependence of {Ap| on D would have resulted in a temperature
rise of 0.6°C over a 1-m length. Were the viscosity of order 103 Pa.s, as might
occur for polymer melts, but the diarmeter still ) mm, AT would be of order
7°C. A polymer melt in a smaller diumeter andfor with a higher flow rate could
clearly experience cxtremely large adiabatic temperature increases, necessitating
efficient heat removal,

3.4.3 Optimal Pipe Diameter

We have sufficient information to estimate the optimal size of pipe (o use
i a given flow situation. The economic trade-off in this problem is between
the increased capital cost of large-diameter pipe and the increased cnergy
cost in pumping through small-diameter pipe.

Figure 3-4 shows the cost per meter in 1973 of standard (Schedule 40)
steel pipe for diameters ranging from 19 to 300 mm (} Lo 12in). The costs
are well represented by a straight line on log-log coordinates. Thus, we may

*The shear rate is the shear stress divided by the viscosity. In steady pipe flow the Auid
in the pipe experiences a net force |Apl{= D2/4) in the direction of flow. The equal and oppo-
site force acting on the fluid is the product of the wall shear stress and the wall area, x DL,
Thus, '

RDLz, == xDLHT,) = (n D4R Ap|
It then follows from the Hagen - Poiseuille eyuation, Eq. (3.9), that for faminar pipe flow,
T, = 8¥/D. ’
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Figure 3-4. Cost per linear meter of standard steel pipe in 1973 U8,
dollars.

write

cost of pipe = xu(g)'z- (3.25)
]

where Ky = cost/meter of pipe of diameter D,
D, Dy —= pipe diameter, reference diameter
L. = pipe length
B = parameter, equal to 1.37 for standard steel pipe
Il the pipeline is to have a useful life of N years, and we assume straight-line
depreciation for simplicity, we have

early cost of pipe = ug (-Q)LL (3.26)
yearly AV

The cost of construction will be refated to the pipeline size and hence to
the cost of pipe. Thus, we can take the depreciated cost of construction asa
multiple of the depreciated cost of pipe and write

yearly cost of construction = A, x yearly cost of pipe

Similarly, the cost of fittings will be directly related 10 the cost of pipe, and

we have _ o
yearly cost of fittings — Ay x yearly cost of pipe

Yearly maintainance will be taken as some fraction of the total cost of
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construction,
yearly maintainance s« A, % total cost of construction

Thus, the total annua) cost of the piping system for capital and malintainance,
denoted Coiper 15

t
Cope = L AL Ay AK(F) 'L (.27)

For simplicity we Combine all parameters into a single dimensional param-
cter, A, and write

Coipe = AD"L (3.28)
The yearly cost of power is equal to the product of the power requirement, P
the hours of operation per year, #; the hourly cost of power, K : and the
reciprocal of the efficiency of the pumping device, £:

. PHK, QiApIHKP
pewor T TSz _"'_'E“—"—

€3.29)

Here, we have used Eq. (3.21), P == OlApi.
The pressure drop is related to the operating variables through the fric-
tien factor,

I
[ap] = ?'ffg’i’ (3.30)

We will use the Blasiys cquation, Eq. (3.10), which is valid in the range
4 x 102 < Re < 104

S5 0.079Re 1+ (3.10)
in which cuase we can write

Q_—lg-llgnﬂiyl-,?jnﬂ.ll

IAp] == Ry - {3.31)
Thus, the annual cost of power can be written

_‘_ 44173 hrK L 0.735440.21-32.75

Coone == 0.16(;—) At L_Ei)ﬁ.jgm__
L2 g N

4.73
where 4 is a dimensional cost coefficient for the power cost.
The total annual cost, C, is the sum of pipe and power costs,
0.75,,0.25 32,74

€ Cotoe 1 Cpo = ADL 4 2L 270225027 (3.33)

D
The first term is a monotonically creasing function of D, while the second
15 a monotonically decreasing function of D, Thus, the function becomes
infinite in the limits of p BOIRE 10 2ero and infinity, and there is a minimum
Cost at some intermediate value of D, We can find this point by setting dCidD

Sec. 3.5 Commercial Pipa 43
{o zero:
0.73,0.23)2.73
%g e nAD VL - 4750800 g.,-_-ﬁ(:---- 2.0
or .
D e (‘iz/z_% po.nrlo.lst.n)”“'n ! (3.34)
n

It would be unusual for ithe optimum to correspond exactly o an available
pipe size, and in practice the nearest regular pipe sizg would be used.

It is extremely instructive to invert Eq. (3.34) in order to solve for. the
velocity when the optimum pipe size is used. Usingv - 4Q/n D, we obtain

ST tn D.733/2.73

The velocity is virtually independent of viscosity and is essentially indepen-
dent of density for all liquids. For n of the order shown in the figure for steel
pipe, the diameter dependence is D®2, Thus, v will change by less than a
factor of 2 for an order-of-magnitude change in D As a result, we ex pect to
find the velocity in alt liquid pipelines to lic in a VeTy marrow range for eco-
nonvc reasons. This observation is borne oul in practice. The linear Ycloc:ly
m oil pipelines of all sizes, for example, is nearly alwuys approximately
1.5 m/s.

3.5 COMMERCIAL PIPE
3.5.1 Relative Roughness

The friction factor-Reynolds number data in Fig. 3-1 were taken in drawn
tubing with a very smooth inner surface. The section o.f pipc .shnwn sche-
matically in Fig. 3-5 represents an opposte extreme, in which the inner sur_fan‘:c
varies in a regular manner. In such a case it is evident that the characlt':rlsuc
size of the surface roughness, &, needs to be tuken into account in the dimen-
sional analysis. This will lead to one additional dhinenstoniess group, K/ D,
which is known as the refative roughness. The consequence of dimensional

—— e e o i -

) i
Figure 3-5. Schematic of pipe with walls of uniforns, regulur roughness.
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analysis is then

rsfoe )

The wleal situation shown in Fig. 3-5 was studied experimentally by
Nikuradse, who glued sand particles of nearly equal size to the inner walls of
smooth tubes in order to obtain uniform and known values of &/ D. His data

are shown 1 Fig. 3-6; at the fargest value of &/ D, the sand particle thickness
wits 6.777 of the pipe radius.

(3.36)

™17 T LI | T T T | S

D=986x10%
= 1.98 x 103

T
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Figure 3-6. Friction f‘:iClOl‘i for sand-roughened pipes as a function of
Reynolds number. Data of Nikuradse, NACA Tech. Memo, 1292,
November 19350 (translation of original German 19313 publication).

i

In laminar flow the friction factor is independent of /D over the entire
range studied, as is the transition to turbulence. For each relative roughness
there is a region of turbulent flow in which the friction factor follows the
curve defined for smooth pipes in Fig. 3-1. This region 15 referred to as
hydraulically smooth, since the J-Re relation is unaflected by the surface
roughness.

For each relative roughness there is a critical Reynolds number at which
the friction factor data deviate from the smooth pipe line. Following a short
transition, the friction factor becomes independent of Reynolds number.
The region of constant friction factor js often calied complete turbulence,
although this terminology has no physical significance. When the friction
factor is constant, the viscous forces in the fluid play no measurable role,
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since they cater only through the Reynolds number, and the pressure drop
comes entirely from the inertial forces.

3.5.2 Pipe Roughness

The use of a single roughness factor works well for Nikuradse's sand-
roughened pipes because there 1s only one additional length scale, since both
the height and spacing of the roughness are uniform and both are equal to
the size of the sand particles. Thus, the dimensional analysis accurately
reflects the true experimental sitvation. The surface of real pipe, however, is
quite irregular on a wmicroscopic scale, and the irregularities cannot be
characterized by a single number. Nevertheless, motivated by the sand-rough-
ness experiments, data for real commercial pipe are commonly analyred in
terms of a single roughness, and the approach works reasonably well for
clean pipes. i

Figure 3-7 shows a chart of friction factor versus Reynolds number
prepared by Moody for commercial pipe. Typical values of k given by Moody

for various types of pipe are shown in Table 3-2. The curves in Fig. 3-7

[P

represent experimental data to within about § 1097, and they follow the

}JE“ R S B 431 B B 0 01121 S N1 N N SR 1) et TTTIT)
0.025 | -1
0020} Jo.05
0015 - 0.03
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= —= 0.01
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I 0.004 /0
0.006 - A 0.002
0.003 - 0.001
0.004} 0.0004
I~ 0.0002
0003+ 0.0001
i 0.00005
0.002 |- 0.0000!
0.00000 3
= Q.000001
coon L vl vyl versd e vvequl 1 1
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Figure 3-7. Friction factor as a function of Reynolds number for rough
pipe. The lines are a graphical representation aof the empirical Colebrook
formula, Eq. (3.37).
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empirical Colebrook Jormuly,

1 l k 4.67
—m = ) ] bl —_— Y.
Wi OELO(D + Rch) F2.28 (3.3D

A rough explicit expression for typical commercial pipe in the range 4 x [0}
<. Re << 2 x 107 with typical velocities is

4000 < Re £ 2 x 107 S == 0.04Re 010 (3.38)

TapLe 3-2
SURFACE ROUGHNESS FOR VARIOUS MATERIALS

Material K {1y
Drawn tubing (brass, lead, glass, ete) 1.5 > 1072
Comumercial steel or wroug‘h: iron 0.05
Asphalted cast iron .12
Galvanized iron 013
Cast iron 0.46
Wood stave 0.209
Conercte 0.3-3
Riveted stee! 099

If the optimal pipe diameter caloulation is repeated using Eq. (3.3%) in
place of the Blasius equation, the result is only slightly different from tha
given previoushy. :

The curves for commercial pipe show regions of hydraulic smoothness
and complete turbulence, as in the sand-roughened experiments, but 1he
transition between the two regions is much more gradual. The relative
roughness given in Table 3-2 is determined by comparison of the com-
pletely turbulent friction factor with the corresponding sand-roughencd pipe.
Thus, because of the gross irregularities, the equivalent & may (and usually
will) be quite different from the average value that would be estimated from
careful observation of the surface,

Example 3.3

Water at 20°C is pumped through a 50-mm commercial steel pipe at a velocity
of 1.5 mfs. Determine the pressure drop per unit length.

The physical properties of water are approximately B =133 Pa.s and p ==
10% kgfm?. Thus,

= Dep . 130 % 1072 (LS evs)(10% kgjmo)
Re =3 0 7Pas =75 A 00

From Table 3.2 we have 4 o= 0.05 mm, so 4/D == 10-3, Thus, from Fig. 3-7

1
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or Eq. (3.37), / = 0.0058. From the definition of f, we obtain

%EJ = ZP[_';Z == gilo_“;(;‘&)‘:rl;;)f_i_g,ﬂiﬂz (5.8 % 1073) - 520 P/

If we use the rough approximation, Eq. (3.38), instead, we have
£ 004075 5 104010 o 0.0067
In that case we estimate | Ap YL 10 be 600 Pajm. The lower value is probably
slightly more reliable, although the two estimates do not differ significantly within

the £ 109 uncertainty on the curves in Fig. 3-7.
The corresponding friction factor in a smooth pipe is 0.0047, giving a much

lower pressure drop of | Ap /L = 420 Pa/m.

3.5.3 Nominal and Real Diameter

There is one additional factor with regard Lo commercial pipe that needs
to be taken into account in doing practical calculations. The diameter of
commercial pipe is a nominal size. The actual inner pipe diameter will depend
on the designed strength of the pipe, as manifested by the wall thickness.
Table 3-3 shows the diameter for various types of “50-mm” pipe. All have an

TABLE 3.3
WaLL THICKNESS AND INSIDE DiaMETER OF NOMINAL
30-mm ("2-in™) Pipe

Wall thickness

Inner diameter

Schedule number {mm) {rr1een)
55 1.65 57.02

105 2.77 54.79

405T, 408 39 . 52.50
30ST, 80S 5.54 49.25
1)) 8.74 42.85

XX 11.07 3818

outer diameter of 60.33 mm. (At the time of writing, pipe is still sold in the
United States in inches. The numbers given here are for nominal 2-in pipe.)
Complete data are contained in handbooks.

3.6 NONCIRCULAR CROSS SECTIONS

1
There is an empirical method for predicting flow rates and pressure drops in
conduits with noncircular cross sections that js quite eflective. The method
defines a pipe diameter that is “equivalent” to the noncircular conduit and
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then makes uwse of the {riction factor-R
round pipes. '

A cylinder of diameter D and length £ has a volume RDL{4 and a surface
ared welted by the fluid of 7 DL Thus, we can write

cynolds number refation for smooth,

D <-4 % volume of liquid
surface wetted by liquid

For any other conduit we define the Avdraulic diameter, Dy, by analogy:

hydraulic diameter: Dy = 4‘)5":)“["5’—9{—“9"5“!— (3.39)
surface wetted by liquid o
For channels of constant but noncircular area, an

; equivalent and somewhat
more commaon definition s

—. 4 X cross-sectional area
D, = T2 FOFseClional arca (3.40)
wetted perimeter
For example, for a rectangular chan

, J nel with sides g and b, the area is ab and
the perimeter s 2Aa t b). Thus,

] i . Mab H [y !

rectangle: D, - 5(5._5_2!;) - z(.&. | 'b) (3.41)
For conduits whose cross sections are “ne

of small aspeet ratio and triangles,
coreclation developed for turbulent flo
tittle ervor when 13, is substituted for . This is demonstrated in Fig. 3-8 with
data for a conduit with an equilateral triangular cross section. The laminar—
turbulent transition also occurs at a Reynolds number in the range 2100 10
4000. The data in the laminar regime foliow the relation f Re — constant, but
H.lc tonstant may differ a great deal from the value 16 characteristic of round
pipes. For the triangle, the constant docs have a value cqual to about 16,

arly circular,” such as rectangles
the friction factor-Reynolds number
w in round pipes can be applied with

107!
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Figure 3-8. Friction factor as a function of Reynolds number for incom-

pressible Ncwlonian fluid flow in a conduit with an equilateral trigngular
Cross section. f and Re are calculated using the hydraulic radius, Solid
tines are for smooth, round pipes.
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Other cross sections have values both greater ahd smaller than 16; a theo-
retical basis is described in Sec. 8.6.

The hydraulic diameter concept, although based on a slight conceptual
foundation for turbulent flow, is an empirical tool of great use and is widely
employed. 1t provides a consistent means of introducing a unique conduit
size for analysis purposes when the actual flow situation might be extremely
complex.

There is one point of confusion in the use of the hydraulic diameter
concept. The kydraulic radius, R,,, is often used in the engincering literature.
This is defined, somewhat strangely, as

__ Cross-sectional area
" wetted perimeter

3.42)

Note that R, = D,J/4. Thus, the hydraulic radius is ecqual to onc-half the
cylinder radius!

3.7 CONCLUDING REMARKS

It is important to keep in mind that the refations developed in this chaptec
apply only to incompressible Mewtonian fluids, Polymeric liquids, for exam-
ple, have an additional material properly with dimensions of time, so an
additional dimensionless group will occur. Thus, polymeric liquids should
not be expected to follow the 7~ Re relations devploped in this chapter, and
indeed, deviations of an order of magnitude are sometimes observed.

The use of the friction factor-Reynolds number chart, with allowance
for pipe roughness and noncircular cross section, is one of the most important
tools for the solution of process flow problems. The definitions in this chapter,
the Hagen-Poiseuille equation, and the Blasius equation should be com-
mitted to memory o cnable rapid estimation of orders of magnitude in
practical problems.
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4.1 INTRODUCTION

In many practical applications we need 1o know the force required 1o move
a solid ebject through a surrounding fluid or, equivalently, the force that a
moving fluid exerts on a solid as the fluid moves past. These problems can
be studied at a first level by dimensional analysis and experimentation, as
we did in Chapter 3 for pipe flow, and many results of practical importance
can be obtained,

It is helpful to keep the following physical principle in mind when studying
particulate flow: Physical phenomena do not depend on the frame of reference
of the observer. in its simplest and most important application, this principle
means that a problem can be analyzed by use of the most convenient coordi-
nate system, and the results can then be converted to any other system. When
a particle moves through a fluid, ffor example, we might choose to utilize a
coordinate system that is fixed in the laboratory. It will sometimes be more
convenient, howewver, 10 use 4 coordinate system that is fixed on the parricie,
In that case, it would appear to an observer making measurements that the
particle was fixed and the fluid was moving past. (This is the phenomenon
often experienced on railroad trains, in which the train appears to be motion-
less and the station moving past.) Results can be transformed from one frame
of reference to the other as long as we know the relative motion of the
two coordinate systems; the transformation is most straightforward when
the relative velocity is a constant. If one coordinate frame is accelerating
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relative to the other, the forces measured by the two observers will be
different.

4.2 FLOW PAST A SPHERE

4.2.1 Drag Coefficient

We will consider the steady motion of a spherical particle in an mfzin.uc
expanse of an incompressible Newtonian fluid. We think ofthf: su.rroin ing
fluid as infinite in order to eliminate the effect of ncflrby purpdcs an tF(:ovn
tainer walls. As we shall see subsequently, we can consider a fluid I? be in mm;
if the nearest wall is at least 20 sphere diameters z.tway.lA. s.uspcgsp? ;)
spheres can be considered to consist of single spheres inan ifinite Auid if the
volume fraction of spheres is less than 0.1 (105); at higher volume fractions,
the spheres interact with one another. . .

We will first determine the relation between the vdocn.ly of the :.ph?rc
and the force on the sphere. The fluid is assumed 10 be stationary cxccpi or
motion that might be induced near the sphere. The net foree on the sp were
will include viscous forces from the fluid and external forcgs such as grmv;ty.
The problem is completely equivalent, except 2."01' a change in frame (? -ﬂ. er-
ence, to the uniform motion of an infinite fluid past a stationary sp wre. y

'lzhe force is denoted F, (for “drag force™) and ihc' §pi1crc velocity V,
{p is for “particie™). Force and velocity are vector quantitics, and we as:,um:i
that both vectors point in the same direction. The relevant vanables an
their dimensions are then as follows:

F, = force, ML O 2
v, = velocity, LO"!
D, = sphere diameter, L
p = fluid density, ML"*
7 = fluid viscosity, ML O!

The mass of the sphere is not included. It seems r_&asonubla to presume th::t
a moving fluid will exert the same force on a stationary sp!w:re ?thf??er the
sphere is solid or hollow and regardless of {.hc: material of construction. ‘

There are five variables and three dimensions, so.!hcre will bc.two ch-
pendent dimensionless groups. Two groups are readily found by inspection

as follows:

DV .

Reynolds number: Re = J;i.pi’ (4-1a)
- . 8 F )

drag coefficient: Cp = - })..p_:g_D.E (4-1b)
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The factor 8/x in the drag coefficient is included by convention, as discussed
in Sec. 4.3. The Reynolds number should not be confused with the Reynolds
number in pipe flow; Re is used 10 refer 1o any dimensionless group which is
the product of a length, velocity, and density, divided by a viscosity. The
Reynolds number can always be interpreted as a ratio of inertial to viscous
forces, but particular regimes established in one flow field have no relevance
10 any other flow. :

The drag cocflicient will be a unique function of the Reynolds number,
Co = Cu{Re) (4.2)

Drag cocfficient data are shown in Fig. 4-1. The data were obtained using
the setting velocity method discussed in Sec. 4.2.2, Most process applications

take place at Re much less than 10°, and there are no sharp transitions
between flow regimes.
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Figure 4-1. Drag coefficient as a function of Reynolds number for
flow past a sphere, Reproduced from H. Schlichting, Boundury Layer

Theory. 6ih ed., McGraw-Hill Book Company, New York, 1968, by
PErImIssson.

The region Re < 1 is inertialess, as can be seen from the fact that C,
varies as Re . The existence of an inertialess region is not as obvious intui-
tively for flow about a sphere as it is for pipe flow, because the flow lines
must bend as fluid passes around the sphere, and hence there is a change in
fluid momentum, Evidently, the effect does not influence the drag force. This

inertialess region is known as Stokes flow, and here the drag coefficient fol-
lows the equation

Re <! (== %?c {4.3)

The result was obtained theoretically by Stokes in 1851, and we will derive

1

' |
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it from first principles in Chapter 12. The corresponding relation for the
force,

Re < l: Fp=3mp¥V, D, {4.4)

is usnally known as Srokes” law. .
The intermediate region, 1 <C Re <C 107, can be roughly approximated
for computational purposes by

P Re 10" Cp= 18R (4.5)

The Newton regime, 10° <C Re <C 2 x 10%, is a region of approximately con-
stant drag coefficient,

10 << Re<C2x10°: Cp =044 (4.6)

Here, the drag force 1s approximately proportional to the square of ll’fc
velocity, and the drag force is independent of the viscosity. A q.uadranc
drag-velocity relation was postulated by Newton. The sha_rp drop in C,, at
a Reynolds number of approximately 2 x 10* is discussed in Sec. 15.8.

4.2.2 Setthing Velocity

When a sphere is dropped in a viscous fluid and allowed to expericnce li_xc
acceleration of gravity, there is a bricf transient period, discussed in Appendix
4.2.B, after which the sphere falls with a constant terminal (or setrling) vclpc—
ity. The drag coefficient-Reynolds number data provide sufficient information
to compute this settling velocity.

The situation is shown schematically in Fig. 4-2. There are three forces
acting on the sphere: gravity, Fg; buoyancy, F,; and drag, F,. The forccs.arc
collinear, so we need not be concerncd with the Vf:cloria[ nature of force. Since

Grovity

Figure 4-2. Forces acting on a sphere falh’xrg in a viscous fluid,
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the sphere is moving in a straight line with no change in velocity, there is no
change in linear momentum. Thus, Newton's second law reduces to the
requirement that the forces on the sphere sum algebraically to zero. These
forces are as follows:

]
gravity: Fy == mp”_‘_%zé’ @.7)
L3
buoyancy: F, -- |p7.z%z§ {4.8)
drag: Fo=Zpvipic, 4.9

8

£, 15 the density of the solid sphere and g is the gravitational acceleration
(9.8 m/s?}. The gravitational force is equal to the weight of the sphere, and
the sign is negative because it iy directed downward. The buoyancy force,
which points upward, is equal to the weight of displaced fluid: if the concept
of buoyancy is unfamiliar, see Appendix 4.2 A. The drag force, which is
directed upward, is written in terms of the drag cocificient. Thus, we can
wrife

- ®  aDlg  m
0 -: P, 6*|P-6-f8

pViDIC, (4.10)
For a given velocity, drameter, and fluid and sphere properties, Eq. (4.10)
can be solved for . This is the way that Fig. 4-1 was constructed.

The preatest interest regarding terminal velocity is in the Stokes regime,
Re < 1. Substituting C,, == 24/Re in Eq. (4.10) and solving for ¥,, we obtain
an expression for the Stokes setthing velocity:

1 .
Re -2 1: ¥, =808, = p) (a.11)
I8n
i
In the intermediate regime, | <7 Re < 10°, the drag coefficient is roughly

approximated by (7, ~ T8Re™ "% in which casc Eq. (4.10) can be solved for
V, to give

IS Re 10 ¥, = [%g(iz - I)T”D:”(-g-)m “.12)

Finally, in the Newton regime, 10? = Re =<2 x 10°, the drag coefficient
is a constant, (', = 0.44. Then Eq. (4.10) gives

v, ~ [3{),;;(% - 1)]'” (4.13)

The different diameter dependence of the velocity in the three regimes is of
some interest. The velocity is quadratic in diameter in the Stokes regime,
nearly linear in the intermediate regime, and varies with the one-half power
in the Newton regime.
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Example 4.1 i

Estimate the maximum spherical particle that will falf in Stokes flow in a given
Hquid.
Stokes flow requires Re < I, or, from Eq. (4.12),

D,V,<_;l

Multiplying Eq. (4.11) by D, gives

DV, = gﬁ.’é{%’q_i"ﬂ < g
or 8 1 173
1

2 <L pips=p)
For air, p ~ 1.3 kg/m? and 57 ~ 2 x 107* Pa-s. {f we assume that p, ~ 17
kg/m?, we obtain

(18X2 x 10~3 Pasyr !

8 m/s31 kg/m XT3 x 107 kg/m)

The settling velocity of this particle in air is

D, < [ )jlm ~ 10" *m

= 0.3 m/fs

o (9.8 m/s3H107¢ m)X(10? kg/m?)
>~ (82X 10- ¥ Pa-35)

4.2.3 Falling-Sphere Viscometear

The falling-sphere viscometer is onc of the practical applications of the
results of the preceding section. Falling sphere viscometry requires the mea-
surement of the terminal velocity of a sphere, usually by measuring the time
required to fall between two marks a distance apart. The time, 1,, is related
to the terminal velocity by ¥, = Lfr,. Measurements are made in the Stokes
regime, so Eq. (4.11) can be rewritten in the form

o KD‘JI:;B. Ef)ﬁz (4.14)

Falling-sphere devices are in common use, as are similar viscometers that
utilize the rise time of a bubble in 2 viscous Auid.

Example 4.2

A stecl ball, with digmeter D, = 3 mm and density p, = 7.6 x 10° kg/m? is
dropped in a liquid with density p = 1.2 x 109 kg/m?. The average time for the
ball to drop a distance of 0.5 m is 10.0 5. What is the viscosity 7
From Eg. (4.14),
(9.8 m/s3Y3 % 107 m)2(7.6 x 107 — 1.2 x i(® kg/mI¥10.0 5)
= (18705 m)

A check shows that Re = 0.3, 50 £q. (4.14) does apply.

= 0.6 Pa.g
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4.2.4 Separation of Particulates

Another practical application of the resulls of this section is the analysis
of devices for removing solids from fluid streams. The simplest such device,
which we shall analyze here, is the gravity settling chamber, in which the
gravitational force acts on the particles. Electrostatic precipitators operate
on a similar principle, but the particles are charged and an electric field is
used in place of gravity. Cyclone separators also operate in a similar manner,
but here the fluid is forced into a spiraling motion and the centrifugal force
operates on the particles in place of gravity.

The gravity settling chamber is sometimes used on natural draft exhausts
from kilns and furnaces and is effective in removing particles larger than
0.042 mm in diameter ("325 mesh™). We will compute the maximum particle
size that can pass through a chamber without being removed, under ihe
assumption that the volume fraction of particles in the gas stream is less than
0.1, so that particles do not interact with one another.

The chamber is shown schematically in Fig. 4-3. 1t is simply a box of

Fiow Rote G

Gravitelional
sccelarotion

Flgure 4-3 Schematic of a gravity scriling chamber,

length L, height J/, and width . The top and bottom planes are horizontal
and, therefore, perpendicular 1o the direction of gravitational acceleration.
Gas flows through the chamber with volumetric flow rate (). Particles are

carried in the gas stream, but they settle out because of the gravitational
force, as shown in Fig. 4.4,

Figure 4-4. Particle trajectories in a gravity settling chamber .
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Censider a particle at position 4 in the figure. For that particle to be
trapped, it must drop the height f before it has traveled the length L. We are
interested in the particle starting at A and ending exactly at 8. A smaller
particle starting at 4 will fall more slowly and cannot be 1rapgcd. A larger
particle will [all to the bottom before B. Thus, the particle starting at 4 apd
ending at B represents the smallest particle normally removed by the settling
chamber. Smalier particles entering below the top will also be caught, but we
cannot determine these with any certainty. A

The fluid velocity through the chamber is the flow rate divided by the
cross-sectional area of the flow,

v, (4.15)

=2

wH
The time required for horizontal fluid motion from left to right is
w L WHL (4.16)

If the particle falls with a seithng velocity ¥, the time required for vertical
movement from top to bottom is

o= (4.17)

To start at A and stop at B, the times £, and 1, must be equal. Thus, we have

v, = (4.18)
This result assumes that the particle can fall frecly in the gas stream and that
it is not reentrained by large-scale eddying motions. In practice, the linear
velocity ¥, must then be less than 3 mfs. For a given flow rate and chamber
width, this places a design restriction on H through Eq. (4.15). Because V,
is independent of H, this restriction is the only way in which the height enters
explicitly into the analysis.

We assume that the particle Reynolds number is sufficiently small for
Stokes” law to apply. This is usually an excellent assumption for particulates
in a gas stream, bt if it is not valid in any particular case, it can cas:ily be
relaxed by using the drag coefficient-Reynolds number correlation in :i.w
appropriate range. Fquating the Stokes terminal velocity Eq. (4.11) to V, in
Eq. (4.18), we obtain

_gbip, - p) . Q _
V,= ity 2o WL‘, (4.19)
This is then rearranged 10 obtain the smallest particle removed by the gravity
sctthing chamber:

L[ _18p0 W7 (4.20)
D’_ WL(Pp - P)i
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Example 4.3

This cxample 1s adapted from Lapple. A gas stream with @ = 0.55 m?/fs, con-
sisting mostly of air at 70°C, is passed through a dust collector of dimensions
L =6m, W=136m,and f = 3m. The gas contains a mist of 62°Be sulfuric
acid. What is the smallest diamcter mist that can be removed ?

Small mist dropleis behave very much like small solid particles. Degrees
Baumé is a scale for measuring specific gravity, and conversions can be found in
standard references such as The Chemical Engineers’ Handbook. The density of
62°Be H350, is 1.75 x 10* kg/m>. The physical properties of air at 70°C are
7= 2% 107 Pa.s and p =} kg{m’ < p,. Equation (4.20) then gives

no l’ {(18)(2 > 1077 Pa.s}0.55 m?/[s) “;U‘
r T L@ E A0 6 mNe mii I3 X 107 kgim?),

=23 x 107 m = 0.023 mm

This is slightly below the nominal 0.042-mm diameter for efficient performance,
so the device will probably operate just a bit less efficiently than designed.

In any calculation of this type it is important to calculate the Reynolds num-
ber to ensure that the hypothesis that Stokes’ law applics is indeed valid. From
Eq. (4.18),

_ 035mds
V, = 3.6 mN6 my = 0.038 m/s
Then
w PpVep (23 % HOTP mXI 8 % 1072 mfs)] kg/m?)
Re= it = 2 x 10°FPas — =004 <

4.2.5 Sizing a Distillation Column

The diameter of a plate distillation column is chosen to provide an upward
gas velocity that will not entrain excessive amounts of liquid. The liquid falls
through the gas from tray to tray, and entrainment is the process by which
liquid droplets are carried up with the gas stream.

To avoid entrainment it js necessary that the settling velocity of the droplet
be at lcast equal 1o the upward gas velocity. The droplets will typically have
a diameter of about 0.1 mm, We assume that the droplets behave more or
less like solid spheres, and the usual assumption is that the liquid- and gas-
phasc propertics arc such that the particles fall in the Newton regime. The
settling velocity is therefore given by Eq. (4.13), and this must equal the
maximum upward gas velocity. Septing Cp =044, D, = 10"*m, and g =
9.8 mfs?, we therefore obtain the design equation,

/2

V= 0.055(1’. - 1) (4.21)
. p'

The coefficient in Eq. (4.2]) used for actual design is aflected by the plate

spacing and the liquid level on the tray, but the value is relatively insensitive

to both of these parameters for tray spacings greater than 0.75 m. The empir-
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ical values used in practice for bubble plates with wide spacings range from
0.052 to 0.059. Detailed values for bubble-plate and sieve-tray columns for
& range of conditions are given in Perry’s Handbook.

4.2.6 Wall Effects

The drag cocfficient data in Sec. 4.2.1 are based on a sphere falling 1a an
wfinite fluid medium, and the same assumption, therefore, applics to all the
subsequent results. In any real situation we must account for the possible
influeace of the container walls. Let us suppose, for example, that the sphere
is falling along the axis of a cylinder of diameter D,, as shown in Fig. 4-5.

Graovity
r

4

— A< >

Figure 4-5. Schematic of a sphere falling 2long the axis of a cylinder,

Dimensional analysis would then lead to the relation

Cp = C,,(Rc, gz) (4.22)

c

In the Stokes (inertialess) regime, this relation can be written

oo~ 24(31)

The function ¢(D,/D_} is shown in Fig. 4-6, together with the lincar asymp-
totic relation for small D,/D,. When the sphere diameter is only one-tenth
of the cylinder diameter, the wall correction is more than 2097, and the effect
increases dramatically with increasing D,/D,. It is evident from the figure
that the sphere must be at least 20 or so diameters from the nearest wall
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Figwe 4-6. Correction to Stokes’ law for & sphere falling in a cylinder
of finite diameter,

(D,fD, = 0.025) 1n order to be able to treat the fluid as unbounded with an
error of no more than 5%,

Example 4.4

The experiment in Example 4.2 was carried out in a tube with a 25-mm diameter.
What is the true fluid viscosity 7

in that experiment we had D, = 3 mm, so D,/D, = 533 = 0.12. From Fig.
4-6, then, ¢ =~ 1.3. 1t is readily established that the correct viscosity is the vis-
cosity computed from Eq. (4.14) divided by ¢. Thus, § = 0.6/1.3 = 0.5 Pa.s.

APPENDIX 4.2.A

Buoyant Force

The buoyant force exerted on a submerged particle by the surrounding
fluid is equal to the weight of fluid displaced by the solid. This is known as
Archimedes’ theorem and is usually proved in introductory courses in physics.
We present an elementary proof here for completeness.
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Area * dx dz —\

¥y,

Grovity

Figure 4-7. Breaking a body up into small prisms {for calcutation of the
bouyant force.

The configuration is shown in Fig. 4-7. At any clevation y in a fluid of
constant density, the pressure is

P =P PE¥ (4.24)

where p, is the pressure at y = 0. {The minus sign indicates that the positive
y direction 1s opposite to the direction of gravitational acceleration.) Follow-
ing the usnal approach in the calculus we divide the solid object up into a
large number of very small rectangular prisms of upper and lower surface
area dx dz and height y, — p,. One such prism is shown in the figure. The
pressure at the upper face is p, — pgy,, so the small force pushing down on
that face {i.c., in the negative y direction) is

dF, = —{py — pgy,)dx dz (4.25a)
Similarly, the force pushing wp on the bottom face is
dF, = +(p, — pgy,) dx dz (4.25b)
The net force is the algebraic sum of the {orces on the top and bottom:
dF, = dF, -} dF, = pgly, — y,) dx dz {4.26)
But (y, — y,) dx dz 15 simply the volume dU of the prism, 50 we may write
dfy = pg dU {4.27)

The total force is the sum (i.c., the integral) over all infinitesimal prisms mak-
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ing up the particle:
For= | dFy = pg J v = pgo (4.28)

where pgU is the weight of fluid equal in volume to the volume of the sub-
merged object. Note that the force is exerted in the positive y direction,
opposite to the direction of gravitational acceleration. By an identical proof

it can be shown that there is no contribution 1o the buoyant force directed
in the xz plane.

APPENDIX 4.2.8

Transient Settling of a3 Sphere

In calculating the settling velocity of a sphere using, say, Stokes’ law, it is
helpful to have an estimate of the time or distance required for the initial
transtent 1o vanish. This can be done provided that we made one assumption
and accept one additional relation without proof.

The configuration is as shown in Fig. 4-2. At time ¢ == 0, the sphere is
placed in the fluid with an initial velocity of zero. For ¢ > 0, the sphere
accelerates until it reaches the terminal velocity. Fluid around the sphere
must also be accelerated from rest, resulting in a change in fluid momentum.
This rate of change of fluid momentum shows up as an additional force
acting on the sphere, pointing in the direction opposite to the motion of the
spheee. Without proof we will use the result that this additional force has a
magnitude equal to (p D120V, [dt). Note that this is one-half the rate of
change of momentum of a sphere of liquid moving at the same velocity as
the solid sphere, but in the opposite direction. The quantity zp D3/12 is some-
times called the virfual mass, since the net contribution of this term T
appear to increase the mass of the sphere.

Newton's second principle, that the rate of change of momentum of the
sphere equals the sum of the imp?scd forces, can be written in words as

rate of change of momentum _. force of gravity

buoyancy force
{negative direction)

~ {negative dircction) + (positive direction)

. drag force . fluid inertia force
(positive direction) ' (positive direction)

Each of these terms can be expressed quantitatively except F,. We will
assume that the drag force on an accelerating sphere is the same as the drag
force on a nonaccelerating sphere that is moving with the same velocity.
Thus, F,, can be replaced by xp ViDC,f8, where C, is given as a function of
Re in Fig. 4-1. We can then write Newton's second principle as
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ap, D2 dV np, D) | mpD) | x RN 72 T LA

R = Mg Mg 4 Zpvinic, + 2200 (4.29)
For simplicity we will assume that Re < I and use Stokes' law, C, =

24/Re. With some additional algebra, we can then write Eq. (4.29) as

v, 189 [SD;(P.' — P y} {4.30)
dt — (p, + 1pmD; 18y g

The first term in brackets is the steady-state settling velocity for Re < 1, given

by Eq. (4.11); we will refer to it here as ¥, ... It is convenient to introdu«;c a

dimensionless time, & = V, _f/D,, so that each unit of dimensionless time

corresponds to the time required to move one sphere diameter at terminal

velocity. Equation (4.30) is then written

= (o) (4.31)
(El 4- A*) Re
P 2
where Re = DV, _p/n is based on the terminal velocity. The solution is

V i8¢
-—L-_—i-_cxp[—————m——-———]
Vyw Pe gk

(B + 3) Re

The sphere will be within 5 % of its terminal velocity when the argument of
the exponential is —3; we will call this time 8... Thus,

(4.32)

&, == Re (g; 4 ]li) ‘ (4.33)

For a solid sphere falling in a liquid, the ratio P,16p will usually be of order
unity. Since Re is required to be less than uaity, the terminal velocity will be
reached within a few sphere diameters at most, and if Re <€ I, the terminal
velocity will be attained almost instantancously. In a gas, where plp > 1,
a long time may be required, depending on the value of the Reynolds num-
ber.

1
)

Example 4.5

i
Estimate the transient period for the particles in Example 4.3.
In that example, Re = 0.04, Pr=1753 310 p=1V, =38 x 103,
and D, = 2.3 x 10~ Hence,

175 x 100 1
T 6 1

Dy 23 x 107 "
f_%?;f;e-—mxlzﬁlo 5

Note that the virtual mass term () 13 negligible when the fluid is a gas.

8..=0.04( )a 12
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4.3 OTHER SUBMERGED OBJECTS

The ideas developed in the preceding sections can be readily extended 1o

other particle geometries. The gcni:ral defimtion of the drag coefficient for an
object of any shape is

o _F
Co'= 1R 4.34
1pV34, (.34)

where A, is the projection of the solid object on a plane normat to the dirce-
tion of flow. For a sphere, A, is a circle of diameter D,, hence the factor 8/n
in the definition (4.1b). For a long cylinder of diameter D, and length L,
with flow normal to the axis, the projected area is a rectangle of height D,
and length L,. Thus, we have

long eylinder: C, == I% (4.35)
>

The drag cocflicient for cireular disks and infinite cylinders is shown in
Fig. 4-8, with the sphere curve included for comparison. The flow is normal
to the flat side of 1he disk, An “infinitc” cylinder is a cylinder for which
L,» D,; clearly, the force per unit kength is the relevant quantity, which is
the reason that Eq. (4.35) is expressed in terms of F,/L,. It is interesting to
note that there is no incrtialess region at low Reynolds number for infinite
cylinders; the low-Reynolds-number asymptote is

. 8n I
long cylinder, R - T e e o
ng cyhnder, Re << 1 C, Re I (3/Re) — 0.077 {4.36)
108 1T ‘
: ‘ T liil T 'l"! T Illl ¥ I"I T 'IHI T T”E H [”l T !ll] T¥ b=
4N R
107 —
AN =
st ]
10 ':T Spheres =
cp 0%k -
" Disks ]
10! = Cylindenw-}.\ _:
10 = \‘-E
lo‘!“l IIII ] J.Lll i l!l' 3 ll!l 1 _L]l] 1 i“l 1 l‘ll I Iii' i lll} i '—
0% 103 162 107 10° 10" 102 10® 10* w0® i0®

Re

Figure 4-8. Drag coefficient as a function of Reynolds number for spheres,
disks, and cylinders, Reproduced from Lapple and Shepherd, Ind. Eng.
Chem., 32, 605 (1940), copyright by The American Chemical Socicty,
by permission.
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Drag cocfficicnts have been computed for a number of other shapes.
Equations and relevant references can be found in Perry's Hundbook.

4.4 BEDS OF PARTICLES
4.4.1 Porous Media

Flow of a fluid through a porous solid bed occurs often in process applica-
tions, ranging from packed tubular reactors to the removal of oil from po-
rous rock. We will concentrate here on the special case of porous beds that
are made up of uncensolidated spherical particles. This includes many of the
cases of practical interest, and the extension to other types of porous media
1s straightforward.

The most important parameters that characterize the bed are the particic
diameter, D,. and the void fraction, €. The void fraction is the ratio of empty
volume available for fluid to pass to the total volume of the bed. The voud
fraction depends on the manner of packing. All that {ollows assumes that
the particles are all spheres of the same diamcetet. If there is a mixture of
diameters, a mean diameter is defined by

D, = (}: _ge.)" (437

Ll
where X, is the weight fraction of spheres with diameter D, If the particles
are nonspherical, an “equivalent sphere”™ is defined in a manner similar to
the hydraulic diameter concept for pipes, with

N volume of particle
D, = 6 x e S particle (4.38)

4.4.2 Friction Factor-Reynolds Number Relation

The flow problem is shown schematically in Fig. 4-9. We wish to deter-
mine the pressure drop | Ap| across a bed of cross-sectional arca A and depth
L when the flow rate of an incompressible Newtonian fluid is ¢. Two observa-
tions can be made at once to simplify the analysis. First, it ts evident that, all
other things being equal, the flow rate is directly proportional to the bed area.
Hence, only the flow rate per unit arca of bed is relevant. This quantity is
called the superficial velocity and 15 denoted v..:

- % (4.39)

The superficial velocity is the velocity that would exist in the absence of
particles. Second, all other things being ecqual, the pressure drop will inerease
m direct proportion to the bed depth. Hence, only [Api/L is relevant.
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| A 1
| 1

Figure 4-9. Schematic of flow through & bed of uniform spheres.

For purposes of dimensional analysis we must consider [ApliL, v., D

s P
R F
1, and €. We can then write

D, |ap| _ " D,
}iﬁ -+ = function of (—iq—f, 6) (4.40)

This equation is not particularly useful because it says nothing about the
dependence on €. Thus, a series of experiments would have to be carried out
over a range of void fractions. This is all the information that can be obtained
from dimensional analysis.

We can achieve some insight into the dependence on € by a less direct
approach in which we construct an idealized model of a packed bed. The
fluid follows a tortuous path through the bed, but we might visualize this
tortuous path as being replaced by a cylinder with the same resistance 1o the
motion. In that case we would treat the packed bed as though it were as shown
n Fig. 4-10, a solid traversed by N. cylinders of diameter D, (for “eflec-
tive”). The velocity in each cylinder is Uyrr, and we can write

Dy lAp| : Dot p
o) P i function of (»—i'ﬁﬂ—) (4.41)

The problem now is to obtain Dy and v, in terms of the measurable vari-
ables.

The total cross-sectional area of the N, cylinders is € 4, so the volumetric
flow rate is

Q = Aoy (4.42a)
or .
1o _»v
Yatr = ¢ A" ¢ (4.42b)
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Figure 4-10. Model of a packed bed as a set of paraliel cylinders of
dizmeter Dy

The effective diameter can be computed by use of the hydraulic diameter
concept for noncircular conduits, Sec. 3.6. From Eq. (3.39),

o 4 % volume of fluid
surface area wetted by fluid

(4.43)

Dt(f
The volume of fluid is the void volume, while the wetted surface is the total
surface area of the spheres. We note that

€ __ void volumeftotal volume _ void volume
I — € 7 solids volumeftotal volume = solids volume

(4.44)

If there are N, spherical particles, then the solids volume is N,z D3/6, and Eq.
{4.44) can be rearranged to

void volume = i f ENPE%BE (4.43)
The surface area of the void space is
surface area = N, nD} (4.46)
so that Eq. {4.43) can be written
4rf———fN’E€_; 2 €
Dy = WD =3P (4.47)
Substituting into Eq. (4.41) then gives
%Dr:‘% [ApS . (% Tli)f‘z"“")
= S A = {uaction of — (4.48)

Comparison with Eq. (4.40) shows how the conceptual model incorporates
the void fraction,

It is customary to define the packed bed friction fuctor, f,, and packed bed
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Reynolds number, Re,, as .

~ D, 14p] .
L= pﬁ—im_vw(l 9 1 {4.49a)
e Dsvop
Re, = (Tf?? i {4.49b)
Then Eq. (4.49) simply states that
Lo = f(Re,)) (4.50)

Experimental data are shown in Fig. 4-11. There is considerable scatter, but

T lil!l”l T Tll]llil T Illlltl LA

® Burks & Plummer .
i © Ergun 3
& Marcom ]
Q3 Omon B Watson B

7 IIIJ'HI

1y =

Rey

T T T

| rooa xoaaanl Lol L4t sl i
1¢] 1elad 1000
Rtp

Figure 4-11. Friction factor as a function of Reynolds number for flow

through granular packed beds. The solid line through the data is the

Ergun eguation, Eq. (4.51). Reproduced from Ergun, Chemn. Eng. Progr.,

48, 93 (1952}, copyright from the American Institute of Chemical Engi-

ncers, by permission. .
the data follow a single curve, indicating that the conceptual model does
work quite well. The data correlate well over the entire range with the Ergun
equation,

Ergun equation: £, = 130 4 175 (4.51)
Re,

The sccond term can be neglected in the inertialess region, Re, <7 10, while
the first term can be neglected in the inviscid Newton region, Re, = 1000. It
should be noted that the experimental scatter introduces an uncertainty of at
least £:20% into pressure drop calculations.

Example 4.6

A sand pack is used (o filter impurities from molten polyester downstream of the
extruder and prior to spinning into filaments (see Fig. §-2), The polymer at 280°C
is approximately a Newtonian liquid with # = 600 Pa.s and £ = 1300 kgfm?3.

Sec. 4.4 Beds of Particles /1

The sand pack is 38 mm in dianieter and 16 mm in dgpth, and the mass flow rate
is 5 % 1074 kgfs. Estimate the pressure drop through the pack if the particles
have a mean diameter of 0.7 mm and € = 0.38.
_ (5 x 1074 kg/s)/(1300 kg/m?) .
v, = 208 % 1055 )t = 3.4 % 1074 mfs
Re, will be much less than 10, so the last term in Eq. (4.51) can be neglected,
and we have '

ESO(16 x 1073 m}(3.4 x 107* m/s)
(600 Pa-s)(1 — 0.38)

(0.7 x 1073 m)*(0.38)°

150Lv.n(t — €)F
Died

|Ap| =

7 > 108 Pa

!

4.4.3 fluidized Beds !

Fluidized bed reactors are used quite commenly in a number of processing
applications. In a fluidized bed the solid particles thove about chaotically in
the gas (or liquid) stream. This includes a substantial amount of mixing and
particle-particle and particle-wall contact. A fluidized bed is thus an efficient
device for heat transfer, and reasonable temperature uniformity can be main-
tained. This is important in highly exothermic chemical reactions.

The manner in which a bed becomes fluidized can be understood by
reference to Figs. 4-12 and 4-13. Gas or liquid is passed upward through a
bed of solids at ever-increasing superficial velocity, »... The pressure drop
across the bed, {Ap], is given by Eq. (4.49). For simplicity we assume that

Vo

Pttt

R 7

P

Voo

Figure 4-12. Schematic of a fluidized, bed.
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0]

v Ve

Figure 4-13. Typical curve of pressure drop as a function of superhicial
velocity for upward flow through a granular bed. vy is the point of
incipient fluidization.

Re, << 10, which is generally true, in which case we can use the Ergun equa-
tion in the form

. A 150v. n(l — &)
Re, < 10- _LL' - __mg’f, €} (4.52)
The pressure drop thus increases linearly with »...

Now there is a net upward force on the bed of particles equal to | Ap| A.
The volume of solid particles is (I — &)AL, so the net gravitational and
buoyant force on the solid particles is equal to (! — e¥p, ~ p)ALg. When
these two forces arc equal there is no net force on the sohid particles; they
arc in 2 state of “weightlessness™ and are free to move about unhindered by
gravity. Thus, there will be no further increase in [Ap| as v, is increased.
Rather, the bed will tend to expand, or become fluidized, and | Ap] will level
off. .

We can calculate the minimum superficial velocity, v,, at which the bed
becomes fluidized by equating the two forces:

1ApiA = (1 — e)Xp, — p)ALg (4.53)

From Eq. (4.52) we can climinate | Ap| and solve for v,

- (pp — p)gDje?
v, = %}l)_ (4.54)

This is known as the point of incipient fluidization. The void fraction at
incipient fluidization is a function of the material and the particle size. I data
are not available, then €/(1 — €) may be roughly approximated by 0.051.
There is also an upper limiting velocity at which a fluidized bed can be
operated. Individual particles will be carried up in the gas stream. Unless
they settle back into the bed at a faster speed than the upward speed of the
gas stream, the particles will have a net upward velocity and will be carried
out of the bed. Thus, the maximum superficial gas velocity without particle
entrainment, v,,,, is equal to the scttling velocity for a sphere. If we assume
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Stokes” flow for simplicity, the maximum velocity is given by Eq. (4.11),

v = Lo PED; (4.55)
max I8y

It is readily established that v, fo, > 1 for all physically possible values of €.
The behavior of fluidized beds beyond the point of fluidization is quite
complex. The bed no longer remains homogencous, and “bubbles™ of parti-
cle-free gas move through the system. For analytical purposes in reaction
engineering it is often sufficient to treat the fluidized bed as a well-stirred

tank containing a single homogencous fluid phase.

Example 4.7

Pulverized coal is 1o be burned at atmospheric pressure in a fluidized bed. The
density of the coal is approximately 1000 kg/m?. The mean particle diameter is
0.074 mm and the gas, mostly air, has a viscosity § = 1074 Pa.s. Estimate the
minimum fluidization velocity.

The void fraction is not given, so we usc the approximation €Xf{l - €) =
0.091. The gas density can be neglected. In that case, Eq. (4.54) is

.. {TO00X9.8X7.4 x 10- R0.091) _

vy (50510°4) =32 X% 107* m/s
The entrainment velocity, from Eq. (4.55), is
=332
vy = COOOHOBKTA X W00 35 o 1073 g

max = (TBY10°7)

The Reynolds numbers for the packed bed at the point of incipient fluidization
and the free entrained particles are both less than unity.

45 CONCLUDING REMARKS

This concludes the introduction to the use of dimensional analysis and experi-
mentation for the solution of engineering problems. The presentation should
suggest the broad applicability of the methods to problems far beyond the
scope of this chapter and the preceding one.

The drag coefficient is a quantity that appears frequently in process appli-
cations, and its definition should be committed to memory. So, 100, should
Stokes” law in any of its forms, and the limiting value C, = 0.44 for a sphere,
for it is important to be able to estimate orders of magnitude rapidly.

We turn next to the use of more fundamental principles in order to obtain
quantitative descriptions that include a better understandin g of the underlying
physical processes. In later sections of the book we will return to some of the
problems considered in this chapter and the preceding one, and we will show
how certain of the results shown here as the outcome of experiments are, in
fact, obtainable dircctly from first principles.
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One of the important applications of the material of this chapter is to filtra-
tion, There is a good discussion in Chapter 15 of

Bennert, C. O, and Mvers, 1. £, Momentum, Heat, and Mass Transfer, 2nd ed.,
McGraw-Hill Book Company, New York, 1974,

PROBLEMS
I

1
4.1. Design an experiment that will enable you to construct Fig. 4.1, You may need
to choose several Ruids, sphere sizes, and sphere malterials in order to cover the
entire Reynolds number range. Note that other investigators have used spheres
made of nylon, stecl, and ruby.

4.2. Find experimental data on drag coefficients for gas bubbles and immiscible
Newionian droplets in a Newtonian liquid, and determine the parameter range
over which the solid sphere correlation can be used,

4.3. The use of a drag coefficient-Reynolds number plot to caleulate cither the ter-
minal velocity or particle diameter of a falling sphere involves trial and error.
Determine a way of plotting Cp-Re data in order to carry out the following
calculations without trial and error, given physical properties of the fluid and
the sphere:

a} Compute the particie diameter, given the terminal velocity.
b) Compute the terminal velocity, given the particle diameter.

4.4. A hollow steel sphere, 5.0 mm in diameter, with a mass of 5.0 x 10~3 kg, is
released in a liquid of density p = 900 kg/m? and attains 2 terminal velocity
of 5.0 mm/s. Compute the viscosity of the liquid.

4.5. An incompressible Newtonian fluid of density p and viscosity i flows with
velocity ¥ normal to the axis of an “infinite”™ cylinder of diameter D. Denote
the force exerted by the fluid per unit length of cylinder as Fp/L.

a} Use dimensional analysis to establish the general form between £,/ and
the other variables.

v
]
]
]
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4.7.

4.8.

b) Prove that there is no analogue to Stokes” Law for this problem; i.c., it is
impossible to find a region in which €, is proportional to 1/Re.

The process of filtration is shown schematically in Fig. 4P6. In constant pressure
filtration the pressure difference p,-p; is kept constant. Suppose that a slurry
contains a volume fraction ¢ of essentially spherical particles of diameter D,
which pack into a filter cake with void fraction €. Obtain a design equation for
the height of the filter cake as a function of time. You should assume that the
filter cloth is a2 porous medium whose pressure drop-velocity equation is

bp = ~Kga |

and that the low Reynolds number asymptote applics at all times 1a the filter
cake.

Slurry
PEEEET R prosre,
R0.00.0.008008008508 XEXEAT
XX AALENE LR L] X LN LK X LA w -
Sttt Filtar Cake
., b & l‘ Illx;lllllllll’l lx“
Filter Cioth
PEBRLE RG] ] e
Claar Lliguid H

A bed of sphercs of identical diameter D, and density p, is fluidized by a New-
tonian liquid of density p and viscosity g. The fluidization is uniform; ic., the
void fraction € is the same everywhere. Estimate the void fraction of the fluid-
ized bed. The empirical Richardson-Zaki equation for the velocity V,, of a
uniform swarm of particles with respect to the surrounding fluid is expressed
in terms of the Stokes settling velocity of a single sphere, V,,, as

Vie = ¥,.6"
n = 4.65for Re < 0.1. Comparc your result 16 the rule of thumb €2/(1 - ¢) ==

0.091.

A bypass-reactor system 1s shown in Fig. 4PB. The reactor is a tube of diameter
Dy, packed with void fraction € with uniform spherical catalyst of diameter
D,. All pipes have diameter D. Compute the fraction of the flow passing through
the reactor. The Reynolds number is low in all cases, and you may neglect
excess pressure drops associated with flow splits, bends, etc.

——[ Packsd Reoctor }—1

Bypass
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5.1 INTRODUCTION

We now turn 1o a more fundamental analysis of fluid mechanics problems
in order to obtain analytical relationships between the process variables.
We wiil use the principles of conservation of mass, energy, and momentum
to consiruct mathematical modefs of the flow, A mathematical model is a
quantitative description of a physical process, and the developmient of an
appropriatc model requires an undersianding of the relative importance of
the many factors that can influence the process response. The outcome of a
modeling study is a set of mathematical relations that desoribes the behavior
of the process and which can be tested against experiment.

In this section of the text we will consider flows of process interest for
which we can construct macroscopic models. These are Rows in which we arc

: interested only in overall process performance, and not in the detailed struc-
tre of the flow field. One important characteristic of such flows is a well-
defined flow direction, usually in a conduit of a free 1t we afe rarely
interested in variations in any other spatial direction, so we deal with averages
in directions normal to the flow. This is sometimes referred to as lumping.

This chapter is mostly concerned with development of the model cqua-
tions, and Chapter 6 with applications.




52 CONTROL VOLUME AND
CONSERVATION PRINCIPLE
|

The application of a conservation principle requires that we define a control
volume. This is a region of space with well-defined boundaries where we can
{in principlc) monitor the flow in and out of the quantity that is being con-
served. The conservation principle is then expressed as {ollows: The rate of
Thange of the conserved quantity within the control volume equals the rate at
which the conserved quantity enters the control volume minus the rate at w!uch
the conserved guantity leaves the control volume.

We restrict ourselves here 10 one- dimensional flows such as that shown

schematically in Fig. 5-1. There is a single surface I at which fluid enters the
control volume and a single surface 2 at which fluid leaves. The control
volume consists of the entire conduit, bounded by the walls, between | and 2.
The mean flow direction is parametrized by a distance variable z; z might be
arc length ajong the centerline, for example. {1t will be apparent in all that
follows that the control volume need not be bounded by conduit walls in
reality, as fong as the boundary is a surface over which no fluid flows. Thus,
the conduit walls conld be replaced by the outer surface of a free liguid jet,
for example.}

Let €O refer to the conserved quantity {say, energy), and eq refer to the
conserved guantity on a unit mass basis {(say, energy per unit mass). Then
peg is the amount of the conserved quaaltity on a untt volume basis. We now
compute the rate at which €Q enters and leaves the control volume by refer-
ence to Fig. 5-2.

Consider a smuli element of surﬂue I or 2 with area d4. Let dA denote a
vector® with magnitude d4 and direction aormal to the surface, pointing in

Figure 5-1. One-dimensional Now.

*Boldface typc wili always be used to denote vectors.
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{a) (b)

Figure 5-2. Differential area with velocity vector v and normal com-
ponent V.

the direction of flow.t The fluid velocity near the surfuce element dA s v
¥ may vary from point to peint over surface | or 2, and it necd not be ortho-
gonal to the surface. v can be decomposed into two orthogonal vectors, one
normal to the surface and one parallel to it. The component of ¥ normal
to the surface is denoted V.

The differential volumetric flow rate through rhe small surface element
dA is

d(volumetric flow rate) == v - dA -~ V dA {(5.1)

This relation follows from the fact that volumetric flow rate is simply velocity
times area, and only that portion of the velocity vector that is normal to the
surface can carry fluid across the surface.

The differential mass flow rate through the small surface element oA 15
the volumetric flow rate multiplied by !hc dumly

i u’(mass ﬂow ratc)

mass (5.2)

The differentiad ﬂow rate of GQ across the smail surhu.e element dA4 is then
the amount pcr umt mass, €¢, Ii[‘ﬂCb 1hc diflerential mass flow rate:

¢ d(ﬁqw rate of(‘.’Q) : p(eq)v . JA s p(eq)V dA l} 5.0

The total flow rate of GO over the surface 1s lhc sum (mtcgml) of the flows
through all the differcntial areas:

| flow rate of CQ = (eq)w,«:i (5.4)

H ) ) auiface .
It 1s often uscful to define the .turface average. Let w be any quantity that
varies from position 1o position on the surface. We define the surface average,

tMote that this is not the normal vector usually used in courscs in integral caleutus,
where the normal always points out from the volume. Here, the vectur dA potats infu the
control volume af surface 1. The corresponding vector at surface 2 points out of the con-
trol volume.
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<>, by the relation

B |

W - %f; v dd \ (5.5)

where A 1s the total cross-sectional area of the sarface. Thus, Eq. (5.4) can be
written :

(5.6}

B el
In writing the conservation equations it will also be necessary to have an
expression for the total amount of conserved quantity in the control velume.
The amount of €¢ in a differential volume clement of area dA4 and length dr

15 pleqydd dz. Thus, the total amount of CQ in the control volume from
surface | to surface 2 js

Peq) dA dz = [ (pleq)>d {dz | (57)

{ . 2
1€Q in control volume = f J’
H 1 *

wrface

Here, 7, and z, denote the positions of surfaces [ and 2, respectively,

Example 5.1

A quantity w is distributed over a circular cross section of radius R according
to the equation

v = wa(t - o)

where r is the radial coordinate and ¥ is a constant. Compute (y).
Refer 1o Fig. 5-3. The differential area in cylindrical coordinates is dd =

da=rd8dr

/)

Figure 5-3. Differential acea in polar coordinates,

rd@ dr, and A = RR®. Thus, from Eq. (5.5), we have
f * = r3 2y, * rt
R N R BT Py O

= 2%[; (4~ EE dE + y
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The & integration was included for generality, but for this problem we could have
noted that w was independent of 8 and used the diffcrential ring 4.4 = Mtr dr
as the starting point.

Example 5.2

A quantity ¥ is distributed over the rectangle shown in Fig. 5-4 according to the

yrH-—
LA
¥y AH
¥ ¥
yoo—-
x40 ! X*w

Figure 3-4. Rectangular cross section with dilferent values of w in the
fwo parts.,

relation
W=y, 0y AN
W=y, AH < y<T H

where ¥, and y; are constants. Compute {wo.
There is no variation in the x direction, so we may take the differential arca
to be d4 = W dy and write

1 r-N u AN M
~ Wi way = % dy j dy}
<'}U> W'H'J:..o ¥ ly WH{J;_Q ¥ ¥}' \ ¥

N

= }-V'f%{w,lf{ bwalld - AB)] = Ay, 1 (1 D,

/‘sirr\:\“’CONSERVAT!ON OF MASS

5.3.1 Basic Equation

When the conserved quantity is mass, ¢q = } {mass/mass). We can then

use Egs. (5.4) and (5.7) to write

(PyAdzs = (pV>, A, — (pPy, 4, | (5.8)

4 "
@),

L

Subscripts T and 2 refer to surfaces 1 and 2, respectively, so Eq. (5.8) simply
states that the rate of change of mass in the contro! volume equals the rate
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at which mass enters over surface 1 minus the rate at which mass leaves over
surface 2.

We sometimes use the symbol w for the mass flow rate over a surface,

Equation (5.8) can then be written
I e
;ff, (POAdr = w, - w,J (5.10)

Equation {5.8) is sometimes called the continuity equation.

Many flows of processing interest take place at sready state, when there
15 no change with time in the coptrol volume. In this case, dfds = 0 and Eq.
(5.8) simplifies to

stcady state: '(pV>,A, = PV, A, = w (5.11a)
steady state: wy == W, W (5.11b)

At steady state the mass flow rate is the same over all sucfaces in the flow

direction; in that case, we do not need a subscript on w to distinguish between
positions.

5.3.2 Single Fluid

When we are dealing with a single fluid phase we can usually assume that
the density docs not change significantly over a cross section of the conduit
indeed, we shall restrict ourselves 1o such situations. We can then write

single fluid: j p(cq)VdAT‘“.pJ (eq)V dA (5.12a)

and
single fluid: {pleq)V > == pl{eq)V> {5.12b})

It further follows that (p> == p, and we can write the continuity equation,
Eq. (5.8), as

single fluid: j’ J pAdr = p VS A4, - p VA, {(5.13)

{Note that p might change with position along the flow direction, even though
1L 1S A CONSLUNt OVEr any Cross section.)

W the flud is incompressible, which means that the density does not
change at all, then p, = p, == p. For cases in which the volume is a constant,

we then have djdf(”’ A dz) == (J, and the continuity cquation simplifies to

imcompressible: (V) 4, = (V) 4, (5.14a)
or
incompressible: <51\' - ’:

Sec. 5.4 Consesvauon of Lneigy ) 1534)
1
This is simply a quantitative expression of the intuitive notion that if the area
decreases, the velocity must increase to move a comparable amount of
fluid.

5% CONSERVATION OF ENERGY
5.4.1 Basic Equation

The principle of conservation of encrgy slates that the rate of change of
total energy in the control volume equals the rate at which energy enters the
control volume by flow, minus the rate at which ‘energy leaves by flow, plus
the rate at which heat is added through the boundaries, plus the rate at which

work 15 done on the luid i the control volume {the power input).” This is
sometimes called the first law of thermodynamics for a flowing system.

We take the total energy to be the sum of internal energy, potential encrgy,
and kinetic energy. Other forms of energy may be important in some applica-
tions and must be included. Internal energy per unit mass is denoted e
Kinetic energy per unit mass is v*/2, where » is the magnitude of the velocity
vector, v. Note that the fluid kinetic energy does not depend on the direction
of flow, and v does not cqual ¥ except in the special case in which the flow s
directed normal to the surface at every point. Potential energy per unit mass
is gh, where £ is the height above an arbitrary datum and g is the gravitational
acceleration. Thus,

jseq =« | Jo* | gh‘g (5.1%)

It is convenient to divide the rate of doing work into two parts. Flow work

15 the work required to move the fluid into and out of the control volume,
and shaft work is all other work done on the fluid, such as the work required
to turn a stirrer. We have already briefly discussed the flow work in Secc.
3.4.1, and the development is identical here except that it is applied to the
differential area d4 and then integrated over the entire surface. The rate of
doing flow work 10 move fluid into the control volume is {p¥ >, A, and the
rate of doing work to move fluid out is —{ pV >, A,. The minus sign is required
on the latter term because the fluid is doing work on the surroundings. Thus,
the equation of conservation of energy is

g e e e e RS —

1 o e e e ,
!?:;, Cple 1 4 | gh)>Ad: ‘

E = (ple 3407 1 ghyV o A, - (ple | 4ot gV A, (5.16)

) -+ <PV>1'4: - <PVV>2A1 4 QH ! W_,

*There are two conventions in common use regarding the work term i the encrgy
equation. We will use the convention that work is positive when done on the system by the
surroundhings,
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where O, and W represcat the rate at which heat is added and the rate at
which shalt work 15 done, respectively. @,y could, in principle, include a con.
tribution from heat conduction across surfaces 1 and 2, bulsoch terms are
rarcly important and we will presume that all heat transfer is across the sur-
faces of the control volume through which there is no flow.

5.4.2 Simplifying Assumptions

For most applications, Eq. {5.16) can be simplified considerably. It ig
important to note each of the simplifying assumptions carelully, because
situations might arise in which one of the assumptions made here will not be
apphcabie.

Assumption I Steady State. We assume that nothing changes with time,

in which casc dfdt = 0. Eq. (5.16) then simplifies 1o
<peV>lAl i- i(pvzy>|,4' i <pRhV>1A|
=PV Du Ay — V) A, - <pghV 3, 4, .17
PV A = {p¥ady 1 Qo | W0
We have expanded some of the terms for ease of future mznipulation by
noting that {a { 4% = {ay t <{b> (ie., the average of a sum equals the sum
of the averages).

{t should be noted that the steady-stale assumption can be applied under
quusi-steady-state conditions, in which the rate of change term is small com-
pared to other terms in the cquation but is not identically zero.

Assumption 2: Single phase. uniform properties. If there is one Auid phase

with uniform properties, the density does not change over a cross section.
For example,

PV = plvryd (5.18)
The internal €Nergy per unit mass in a nonreacting system depends only on
the density and temperature. If we further assume that the temperature is

uniform at each cross section, it follows that ¢ does nof vary over the cross
section; thus,

{peVy = peC¥> (5.19)
Assumption 3: Uniform equivalent pressure. We assume that the pressure

is the same over the entire cross section, except for a variation resulting from
the weight of fluid above:

i
Up + pgh)V)y = (p 4 pghy(V> (5.20)
We refer to the sum P -+ pgh as the equivalent pressure. This is the same as
assuming that the pressure has the same propertics in motion as in a static
fluid. We will show later that the assumption is exact when all Aluid motion
is parallel to straight conduit walls. The assumption may break down if the

o — e e v s
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sides of a conduit have significant curvature, because the curvilinear motion
of the fluid will have a centrifugal contribution to the pressure that 15 not
uniform in all directions but is directed toward the center of curvature.

It is important 10 note that we have nor assumed that the pressure is a
constant over the cross section. In open channel flows with an air-liquid
interface at the top and a conduit wall at the bottom, the pressure variation
with height at cach cross section is a dominant factor in the flow behavior.
In closed conduits there will rarely be any error in taking both p and & as
constants af any cross section, Thus ignoring small changes in cachterm from
the top to the bottom of the conduit. A/ equarions that follow do assume that
there is a single pressure and a single height that are characrerivtic of each
cross section: the equations must be modified Jor open channel flow by always
considering only the sum p -1 Pgh, not the individual terms.

With the three simplifying assumptions, and incorporating Eqs. (5.18)
10 (5.20) into Eq. (5.17), we can rewrite the energy balance as

2 .
el(pl<V>lAl)'l'%‘%V%J{pl<y>i‘4() i Khn(P|<}’)1AL)

B X W RN PR SWRREET)

,l.B!(pl<V>lAl)~—-—Bz(p1<V>;Az) i Qu t WS w0
P Pa

Some terms have been multiphied and divided by the same quanuty in order
to have each of the flow terms multiplicd by p,(V >, A4, or p,(¥>,4,. AL
steady state these quantities are both equal to the mass flow rate, w: see .Eq.
(5.11). Thus, we may divide each term by w 10 obtain the considerably sim-
plified form:

T e ot e i A e oot 1 ae et

PR S PO B < 5 S S W)
% + ?%V : l #h g 3<¥§1“{2MP= L

¢5.22)
One further simplification in nomenclature is useful. Qufw and W jw
represent the heat and shaft work added to the system at steady state per unit

mass of fluid contained in the control volume. We define new symbols for
these ratios as follows:

50y = (5.23)
ow,=Hs (5.24)

Equation (5.22) is then written, finally, as

1 (v?y P\ "

The operator A means “evaluated at 7; minus evaluated at z,.”

[BIRSRI R —
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Example 5.3

Compute the temperaturc rise for adisbatic flow of a nonreacting incompressible
fluid in a horizontal pipe of uniform cross section, and the heat removal required
to keep the flow isothermal.

We have done this calculation in a sketchy manner in Sec. 1.4.2. If the pipe
15 horizontal, Ak =- 0. I the cross section is uniform, we may expect that the veloc-
iy distribution will be essentially the same at both ends and A VYD) =0,
For a ponreacting incompressible fluid, Ae = ¢, AT, where ¢y is heal capacity at
constant volsme per unit mass and T is temperature, If we assume that no shaft
work is done, Eq. (5.25) becomes

Ap
v AT | 55 = &
Y » Qn

I the flow is adiabatic, 3Qy = 0, and we recover Eq. (3.23),

AT = 20
Py
{Ap 15 negative, since the pressure at z, is less than at ).}
Howe wish to keep the system isothermal, AT = 0 and the heat that must be
removed Is

i
Heat removal is negative in algebtaic sign.

5.4.3 Velocity Averages

Each term in [q. (5.25) is expressed in a form that is convenient for
measurement and computation except the velocity term. It is conventjonal
o introduce one further piece of nomenclature,

! 4 7;1_V> !

G 620

Equation (5.2%) can then be written in th; stmpler form
Aot St gar f;) - 80, 1 W, (5.27)

This form 15 somewhal more compact since it involves only the average
velocity, but unless we can estimaté @ we cannot obtain a solution.

In most applications, it is acceptable to presume that the flow is normal
1o the surface at the entrance and exit of the control volume, in which case
v and dA are collinear and v = V. In that case Eq. (5.26) becomes

ves Voo é;;% (5.28)

The ratio of the average of the cube to the cube of the average is not unity

¢
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uniess ¥ as uniform over the eatire cross section. This is approximately true
for turbulent pipe flow, and here & == 1.07, for which we usually substitute
umty. For laminar flow in a round pipe, @ = 2.0.

Example 5.4

The velecity distribution in laminar pipe fow is found empirically in Sec. 6.6 to be

rz
Vel =) |
Compute a.,

We have alrcady shown in Example 5.1 that (V) = ¥, /2, 50 (¥ = F1[8.

H * r3zy? 3 ! . e _i./.";
(VD = m"; [V,,.(l "Tq'i)] 2nr dr = V,..J:J (- &p¢dl 4
Thus,
i _

Example 5.5

A liquid flows with the following velocity distribution in a pipe:
V=1V, 0 r < ll‘?

=V, AR < r<l R
Compute o.

(¥ = JT':Q?{J”R V.2rr dr J-

iK

|
szmdr} = ATp, b (1 - AN,

A

LYYy = if’?ﬁi{jx Vi2nr dr + f V§2ﬂrdr} = B¥} (I - )y}
0 .z

x

VY TV, - OV

éwg BVl - vy

5:4:4 Engineering Bernoulli Equation

The most useful form of the energy equation is one that replaces the inter-
nal cnergy term in Eq. (5.27) with a thermodynamic cquivalent. We will
require the use of some basic thermodynamics,' including the notion of
enirepy. Entropy is associated with irreversibility, and the transformation of
energy into forms which cannot be converted 1o useful work. Those who
have not had a course in engineering thermodynamics or physical chemistry
may wish to skip the next few steps and continue with Eq. (5.34), which
contains a nonnegative term /. that accounts for the viscous losses in the
system. The viscous losses were first introduced in Sec. 3.4.2. We shall show
subsequently that the same equation can be derived directly from the cquation
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for conservation of momentum, although the meaning of the losses term is
not as clearly brought out as it is when the energy equation is used,

Because thermodynamic relationships are usually given in differential
form, it is helpful to consider the case in which the surfaces | and 2 are only
a differential distance apart. In that case, the difference operator A is reptaced
by the differential operator o, and Eq. (5.27) is written

de | Y@V | gdh | d(%) = d0, | dWs; (5.29)

{We have replaced 80, and § W, By dQ,, and d W, respectively, since the heat
and shaft work are now also differential quantities.)

The internal energy per umit mass ¢an be written in terms of the entropy
per unit mass, s, as

—
f de « Tds - pd(-})-)‘ (5.302)

or, equivalently,

de = T ds -~ d(f’i) I :} dp (5.30b)
Thus, Eq. (5.29) can be written
(T ds — dQ,) -+ Jd@{V ) + gidh | N;_ dp = dW (5.31)

A fundamental postulate of thermodynamics, sometimes called the second
law of thermodynamics, states that the entropy differential in any real (irrevers-
ible) process satisfies the inequality

| Tds — dQy = di, > 0 | (5.32)

The losses per unit mass, £, {¥ is for “viscous losses™), stem from small-scale
friction within the fluid, and they are positive for all real fluids. d/, equals
zero only {or a reversible process; flow can be truly reversible only if the fluid
has no viscosity.

Introducing the viscous losses, Eq. (5.31) becomes

JA@V)) + g dh + - dp = dWs — di, | (5.33)

Integrating from z, to z,, we then obtain the final working equation, some-
times known as the engineering Bernoulli equation,

P
Bt gh =GN e~ [ Lo -l (530

P
£y and p, are the pressures at z, and z,, respectively. Equation (5.34) is also
sometimes called the mechanical energy balance, since every term is associated
with a mechanical (Le., nonthermal) form of energy. The name is an unfor-
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tunate one, because mechanical energy is not conserved ; the losses term repre-
sents the nonconservative nature of the equation. We return to thus pant in
Sec. 5.54.

Two special cases are of mnterest. For an wdeal gas, p -+ M_p/R, T, where
M_ is the molecular weight and R, is the gas constant. {f the temperature s
constant between z, and z,, then

| | Tdp R [y KTy
othermal, ideal gas: ap. Ry Y N P 5.35)
1IsOLher ACA g J;. P I“I_ r M.., 7y (

If the fluid is incompressible, p does not change between z, and z, and

Pa Pr
incompressible: J. dp EJ dp . f2 I {5.36}
n P £ J, P

Example 5.6

Estimate the conditions under which isothermal flow of an ideal gas can be
wreated as incompressible.
The pressure term in Eq. (5.35) can be written

Tdp !f."{',,,(; | L’z,.;.,fzz),,,_ R.'{.‘l';_’; P t(_m_ _n.)z : I
” 14 M, " ML m 2 s -

R, T ( P2 P ) P Pl( P2 )
P Eo . PR e Y A ST S W CE S LY (PR £ S
Mrpl(ﬂz P1) o, i 7. g !
Here, we have made use of the fact that In(l | x) - x Iar g .., and

o= M_p,|R, T We thus recover the pressure chu'ngc term for an incompress-
ible fluid, Eq. (5.36), with a correction term 1~ (py - p,}2p,. The correction
term will be negligible as long as|pz - py] <€ Zp,. Thus, pressure changes that
are 10 to 207 of the mean pressure can be ignored, and the fluid can be treated
as tncompressible.

5.4.5 Equivalent Heads

The Bernoulli equation is sometimes written in terms of eguivalent heads.
Consider, for simplicity, the special case of an incompressible fluid. If we
divide Eq. (5.34) by g, we have '

LeY00 I N N N 2V 7 SRR JUE LS B Ay

2g< >1 2 7.8 2g< >1 I A P } g ! (5.37)
Each term in Eq. (5.37) has units of height, and hence each is equivalent to
a head of liquid. The quantity (¥ %2 is often called a velociry head. A good
ruie of thumb is that the losses in turbulent flow in a pipe 50 diameters long
are approximaltely equal to one velocity head.
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Inspection of Eq. (5.37) makes it clear that fluid motion can be carried
out by a number of equivalent mechanisms; there is an clevation change that
has the same effect as a given pressure change, for cxample, and there is an
cquivalent input of shaft work, perhaps through a pump.

% Pipeline Losses

The losses in a piping network can be broken down into losses in the
straight lengths of pipe and losses in the fittings (expansions, curves, etc.).
The losses in the straight pipe can be computed from information which we
aiready have available. Consider a horizontal pipe (h, == N} of constant cross
section. If the fluid is incompressible, then from the conlinuily equation,
(V> = {¥>,. We assume that no shaft work is done in the segment of inter-
¢€st, so the engincering Bernoulli equation simplifies to

(5.38)

L
The pressure difference can be written in terms of the friction factor, Eq.
{3.6):

= P.J. B p; 1')_
S =i (3.6)
s0 that the losses can be expressed as
Y YT
= o3 (5.39)
L b

Losses in fittings are usually recorded in terms of velocity heads. A small
number of fittings losses can be computed theoretically, as we shall see
subsequently, but most are determined by experiment. If K, 15 the number of
velocity heads lost by flow through the fitting, the fittings loss can be written

o= KV);;\’TE (5.40)

A small number of fittings losses for turbulent flow are recorded in Table 5-1.
These are probably good to about | 30%,. More extensive tabulations may
be found in handbooks such as Perry’s Huandbook and in the Crane Co.
publication cited in the Bibliographical Notes.

If we wish to compute the complete losses term for the Bernoulli equation
in a pipchine network, we can now simply write

| - 1
o= 3 KL s ek, (s.41)
; !o}n;::: ] fiktiags 5

The subscript i refers to the lengths of pipe and fittings which arc being
summed over. If there is & change in cross section at the fitting, then VD,
refers 1o the downstream velocity.
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TABLE 5-1
LOSSES IN FITTINGS AND VALVES FOR TURBULENT FLow®

Fitting or valve Velocity hewdds lost, Ky
90° elbow, standard 075
90° elbow, square 13
Coupling 0.04
Gate valve

Open 0.17
Half-open 4.5
Globe valve, bevel scat
Open 6.4
Half-open ' 9.5
. Ay z
Sudden expansion (A, I)

Az

Il
i

Sudden contraction ’ i“z (i - ;f - !)1
Ay
! me s the root of the quadratic
LA (m
VA AN 12
Rounded entrance 0.05

*The result for the sudden expansion is derived in Scc. 6.2, The result for the
sudden contraction is from Martin, Chem. Eng. Educ., Susnmer 1974, p. 138,
Orther valucs are from Perry's Handbook.

Example 5.7

A liquid is pumped through a 50-mm-diameter smooth pipe between 1wo tanks
at a rafe of 3 kgfs in the section of the process strcam shown in Fig. 5-5. The
liquid has properties p = 10? kg/m?, 57 ~ 1072 Pa-s. The pressure above the
liquid is the same in ¢ach tank. Compute the pumping power required.

First consider the sections of straight pipe.

1% TN LA ), £1.1 70
T rDEp T RS0 x 107 my(10 kg/m?)

DOYp (50 x 107 mY(15 misy10° kyg/m?) .

[ 1072Pa-s
From Fig. 3-1 or Eq. {(3.10),

S = 0.079Re"*/* == 48 x 107?

1.5 myfs

Re == = 1.5 « 10
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Figure 5-5. Schematic of a process stream. The pipe is smooth with a
30 mm diameter. The pressure above the liquid in cach tank is the same.

There are four ft1ings terms. At the entrance 10 the first pipe, Ay fA, -+ 0
and K, = 0.5. For cach right-angle bend, Ky = 0.75. At the exit from the second
pipe, AzfA; ~—+ ca and (¥, -+ 0, leading to an indeterminate form. This can
be resolved by noting that, for anlincomprcssiblc fluid,

(g*: - E)Z<V>§ = (l ‘ §'§)2<V>f NNy ot

4
Thus, in terms of the velocity in the pipe, Ky = | at the final expansion.
The pressure is the same at planes 1 and 2. since the pressure above the fluid
15 the sume in each tank. The net elevation difference is 4 m. The velocity can be

neglected at planes | and 2 relative to the flow in the pipe, so we have, from Eq.
(5.34),

Ws=wdWs = welhy - h) -} wh
wglhy -- b}

N w[zo/)m,l LL; 4 LY

il

4 KIOHE, - Kpx L Ky 4 Kpa)

i

(3 kg/s)}9.8 mis*){4 m) |-

2015 m/s2(10 4 5,4 0.5 m)}(4.8 10
G kgfs)[ ST 10 n:n} ;

T LS mf)HO.S + 0.75 £ 075 1.0)} = 118 4 20 4 10
{#tavatian} (plpe) {fixeiaga)

= 148 W “

Note that the losses satisfy the rule of thumb of one velocity head for each 50
diameters of length, and that the major effect is the elevation change. (148 W
is about 0.2 hp, for those more accustomed to the latter unit.} A somewhat

larger pump would be needed to account for the fact that the pump will not
operate at 10077 efticiency.

5&;»/ CONSERVATION OF LINEAR
MOMENTUM

5.5.1 Basic Equation

The principle of conservation of linear momentum states that the rate
of change of linear momentum in the control volume equals the rate at which
linear momentum enters by flow, minus the rate at which linear momentum
leaves by flow, plus the sum of all forces acting on the systeny. Lincar momen-
tum is a vector quantity.

In writing the momentum equation, it is helpful to restrict the surfaces
1 and 2 over which fiuid flows 10 be planes. We can then define the vector A as

A j dA (5.42)
surface

That is, A ts a vector with magaitude equal 10 the total surfuce area and
direction normal to the planar surface in the direction of mean flow, We will
retain Assumptions 2 and 3 of Sec. 5.4.2: a single phase with uniform physical
properties and uniform equivalent pressure® at eagh cross section.

Linear momentum per unit mass is simply the velocity vector, v. The con-
servation equation for a single fluid phase 15 therefore

; ]

{ .
d [T L : l
: Eff ppAds o p YV AL pp vV Ay p A i

E “ (5.43)
; —paA; - F | (J. pAdiig
i .

[P e

F is the nct force exerted by the fluid on the surrounding solid surface; hence,
it appears with a negative sign. p A, is the force exerted by fluid outside the
the control volume on fluid inside the control volume at z,, and —p,A, is
the corresponding force at z,. The negative sign associnted with the latier
stems from the fact that the force points into the control volume (1o the left),
while the positive A, direction is out of the control volume (1o the right).
g is the gravitational acceleration, directed toward the center of the earth.
The coefficient of g is simply the total mass of fluid 1 the control volume.

5.5.2 Simplifying Assumptions

The most important form of the momentum equation for application is
when v can be taken as normal fo the cross-sectional plane over the entire
entrance and exit. In that case, v has magnitude V and the same direction as

*We will, in fact, neglect vertical variations and take the pressure as being uniform over
a cross sectron. This must be modified for opea-channel flows.
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A, so we can write Eq. (5.43) as

d

gt J' pOAd = p (Vi 4, — P{VInA,

“ (5.44)
1 piAy i plAy - F (J. pA dz)g

As with the energy equation, it is often convenient to define the ratio between
(Vi and (V)3

B 1s nearly unity for turbulent flow and equals 4 for laminar pipeline flow.
An cquivalent form for Eq. (5.44) is then

d I N !

P I OVIEY NIV WA
- : " (5.452)

Ay plA - Fo (J. pAdz)g

Since p(¥ 24 =» wand (VA = (v} A, another way of writing Eq. (5.45) is

R I R TN XRON
. (5.45h)
bpAy Ay - F (J pA dz)g

At steady state, wy = w, == wand dfdr -, s0 Bq. (5.45) simplifies to

steady S‘atCZEO =Wl B, - BV p A — A, —F (J. pA dr)g|
B n {

i i

T{5.46)

5.5.3 Engineering Bernoulii Equatton Second
Derivation

We noted 1n Scc. 5.4.4 that the engineering Bernoulli equation can be
derived directly from the principle of conservation of momentum, without
the need to use any results from thermodynamics. We shall carry out such
a derivation here, with a small number of assumptions that make the develop-
ment easier without seriously restricting the range of applicability, Specifi-
cally, we assume that there is no shaft work; that the velocity is essentially
uniform over the cross section (@ — § = 1); and, to facilitate a geometrical
calculation, that the conduit cross section at any position is circular or two-
dimensional with symmetry about a center plane.

The starting point is Eq. (5.46). We write the equation for the case in
which points 1 and 2 are differentially close to one another, so that differences
become differcntials and the integral equals the integrand. With the uniform
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velocity assumption the cguation is then written
|0 = —wd(v) — d(pA) — dF |- pA dz g‘ (547
We write dF because the foree will be differential in magnitude. We now take

the inner (dot) product of this equation with the unit vector in the direction
of fiow, i. Note that

iD=
i-A=A
i.gdz:.—.-wmgdll

The last term is —dh because A is measured up from a datum, while F
points down. Thus, we have

0 = ~wdl¥V)> — dipA) — i-d¥F — pAg dh (5.48u)
or, equivalently,
0 = pAVI V> - (pdA | Adp) | i-dF + pAgdn  (5.48b)

Here, we have substituted pA< VD for w and expanded the differential of pA.
Finally, dividing by p.4 and using the fact that {F3d(V ) = § d{V')?, we obtain

YACVY § gdh -P4 (: dA | b l-db) T (5.49)

Equation (5.49) is quite close to Eq. (5.33), the differential form of the
engineering Bernoulli equation, since we have neglected shaft work and set
a = f = 1. We need only cxamine the term in parenthescs further.

It is convenient to break the force dF into two parts. One part, which we
denote dF,. is the force exeried by the fluid on the surroundings becanse of
the pressure acting on a changing cross section, This force will be present
even in an inviscid liquid. The other part, which we denote dF,, is the force
exerted by a viscous fluid and should be related to the viscous losses. The
total force dF = dF, + dF,.

For the dlﬂ"cfcm:a] segment shown in Fig. 5-6 1t sufﬁu:s to take the conduit

dz
Figure 3-6. Dilferential scgment of a conduit. Note that the pressure oxerts
a force paralicl 10 the direction of flow because df the changing cross

certian
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stdes as straight over the differenuial length, with angle @ to the direction of
flow. If the fluid pressure is p, there is a net force on the conduit wall of

d¥, = --p sin @ dSi (5.50)

where 4§ 1s the differential surface area. For a circular conduit cross section
d8 = nl) dz, and

i F, = —xDp sm’ﬁdzl (5.51)

We can also compute the area differential,
D nD aDdD
dA = i _.n.) = 2 e s 22
A = a’( 7 5 ab 5y 0 dz

For a circular cross section we have  Dfdz = 2 sin §. It follows then by direct
substitution that pd4 | i-dF, = 0; the same result is obtaincd for a two-
dimensional symmetric conduit,

We now let §(z) be the viscous force per unit length exerted by the fluid
in the flow direction; then i - dF, = %{z) dz and Eq. {5.49) becomes

- i
i‘]':\V>2 i gdh : ';)"

F
dp i i dr =0 (5.52)
This is simply the differential form of the Bernoulli equation if we identify
(vfﬂgi)_ifz__wi(r’a_f{/_,. A flow to the right exerts a positive force on the conduit,
50 (if we accept experience in lieu of proof} we have df, > 0.

The fact that the Bernoulli equation can be derived from either the cnergy
or momentum cquation is of some interest. For a nondissipative system
{i.c., one without losses) the energy equation contains no additional informa-
tion about the motion not aiready contained in the momentum equation,
$o thermodynamic and flow calculations are uncoupled and can be carried
out independently. For a viscous systcm we cannot expect independent infor-
mation unless we can calculate either forces or losses independently, in which
case the equations will provide the other.

i

5.5.4 Aside on Springs and Dashpots

Some uscful insight into the relation between energy and momentum
cquations, and mechanical and thermal forms of energy, can be obtained by
consideration of the mass-spring—dashpot system in Fig. 5-7. To a first
approximation the spring force can usually be taken as proportional to the
displacement from equilibrium, —kx, and the dashpot damping force as
proportional to velocity, — p dx/dr. Thc momentum balance is thea

dﬂ LR df 4 kx =0 (5.53)

We can multiply cach term in Eq. (5.53) by dx/dr, to obtain

dx d*x dx dx\?
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Figure 5-7. Schematic of a mass -spring-dashpot system. The spring
constan! is & and the dashpot damping cocfficient is y.

or, equivalently,

dx dx\?
b 52 () 85 () 0 (5:34b)
Equation (5.54) can be integrated, and we have i
dxy* ‘dxy?
im(af:—) bodkx? p-[’(-a;) dt | constant == 0 {5.55)

Equation (5.55) is a “mechanical energy”™ equation; the first tcrm on the
left is the kinetic energy, while the second term is the potential encrgy of the
extended spring. In the absence of viscous damping by the dashpot {u = ),
this equation simply states that the sum of potential and kinetic cnergy s a

constant, The dissipation term, g J (dx/dr)? di, 1s positive and monotonically
0

increasing with time, indicating a continual loss of "useful” (i.c., kinctic and
potential) energy as it is converted to thermal energy and heating of the
dashpot. This is the analog of the losses term, 4, in lhc engineering Bernoulii
cquation. ;

56 STREAMLINES AND STREAM TUBES

We have been applying the macroscopic balances 1o flow in the complete
conduit. This is not necessary, and it is sometimes useful to consider flow
over only part of a cross section.

The concept of a streamline is needed here, At cach point in the flow ficld
we draw the velocity vector,® as shown in Fig. 5-8. These vectors are tangent
to a family of lines, known as streamlines, and by drawing (he TATTOWS”
Tlose cnough to one another the sircamiines can be skclchcd in. At steady

state, a particle of fluid will move along g streamlbine.

*In a turbulent flow the velocity fluctuates rapidly at cach point in the flow ficld about a
mean value, Ttis the mean velocity vector that we refer Lo throughout this section, A steady-
sale turbulent flow is one in which the mean docs not change with time.
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Figure 5-8. Veloaty vector at cach point in the Nlow field.

Now constder a steady-state flow field as shown in Fig. 5-9. The fluid
that enters the region enclosed by the family of streamlines shown in the
figure must remain in that regron until itexiis at z;. Such a flow region ts called
a strearn tube. Clearly, all the dertvations of the macroscopic equations apply
equally well to a stream tube, except that we must change our references to
a “condunt” 10 "boundary of the stream tube.”

Let us now return to the cnginecring Bernoulli equation, Eq. (5.34).
This cquation must apply (0 a stream tube. If we take the area of the stream
tubc as small enough, then (¥ will not differ from ¥ along the center stream-
line, and & -- 1. Indeed, we can take the limit as the stream {ube shrinks to a
single streamline and write the Bernoulli equation along a streamline,

{f
BVt ghy, = VI gh, f an {5.56)

”n p
}_fcrc,lwc have dropped the work term since the equation will not apply in
sttuations where work is done. The /, term is also usually dropped, since the
useful applications are to problems where losses can be neglected. This final

form, without /., is the equation often referred to in the published literature
as the Bernoulli equation. :

57 CONCLUDING REMARKS

This chapter has consisted almost entirely of derivations of the macroscopic
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12

Figure 5-9. Streamlines and a stream tube.

dimensional. As we shali sce in Chapter 6, the equation derived here arc useful
in solving a variety of interesting and important process fluid mechanics
problems. It is important to understand the derivations completely, because
it may be necessary in practice 1o apply the equations to situations in which
one or more of the assumptions made in this chapter do not apply.

The engincering Bernoulli equation, Eq. (5.34), and the steady-state
momentum equation, Eq. (5.46), are the equations wsed with the greatest
frequency in applications. These two equations are so fundamental, and so
important, that they should be committed to memory.

BIBLIOGRAPHICAL NOTES

We have assumed a familiarity with the principles of conservation of mass,
energy, and momentum, and some previous caperience in applying balanceequations
to flowing systems. Most students will have done 5o in & prior course in “mass and
energy balances.”

The fundamentals of mathematical modeling, selection of a control volume, and
use of the principles of conservation of mass and energy are the subjects of

RussiLe, T. W. F., and Denn, M. M, Introduction to Chemical Engineering Analv-
sis, John Wiley & Sons. Inc, New York, 1972,
The thermodynamic principles used here are covered in all books on thermody-
namics; see, for example,

BarLzmiser, R. E., Samuers, M. R., and Euiassen, J. D., Chemical Engineering
Thermodynamics, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1972

SanpLer, S. ., Chemical and Engineering Thermodynantics, John Wiley & Sons,
Inc., New York, 1977

There is an extensive trealment of pipe flow and fitting fosses in a publication by
the Cranc Company,
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Entry and exit losses for laminar pipe flow are reported in

Bocex, D. V., and BincancTon, R, J. Rheol., 21, 515 {1977).
KesTin, J.. Soxorov, M., and WaxenaM, W., Appl. Sci. Res., 27, 241 (1973}

5.1.

5.2.

5.3

PROBLEMS

Experimental data shown in the next chapter, Figs. 6.7 10 6.9, indicate that the
velocity varics with radius in pipe flow as follows:
laminar flow:  olr) == 2Dt - ()R]
turbulent flow:  olr) = 1.22G0[1 - rfRP7
a) Show that f§ = { for laminar flow.
by Compute & and f for turbulent flow.

Combined entrance and exit losses for laminar flow in a pipe are given by the
empirical equation

K, = 2.1 + 94/Re)
if you have not previously solved Problem 3.7, use the given flowrate data to
predict pressurc drop and compare to the measured values.

A liquid flow system is shown in Fig. SP3. Compute the power required for the
pump 1o deliver 1500 kgfhr of fluid with p == 950 kg/m?, 57 = 9 x 107¢ Pa.s.
The pipe is 100 mm in diameter and is constructed of stecl,

T e @ O_‘?"‘

60m

e,

_L 3m

Square ___t

5.5.
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5.4. Derive the rulc-of-thumb that the losses tn turbuicnl‘ flow in a pipe that 15 50

diameters long are approximately equal to one velocty head.

The following data were obtained by T.-H. Nguyen for overall pressure drop
of a dilute solution of polyacrylamide in maltose syrup, p = 1400 kg/m?,
flowing from a large reservoir into tubes of various Lf D and then exiting to the
atmosphere:

LiD Bodi D (s™1) Ap (Pa) LD 8D (s7) Ap (Pa)
52.6 5.7 1.5 x 104 T.25 1é 1.1 x 10
77 49 o 25
4.2 8.3 31 12
20 1.2 » 10? 19 3.9
26 1.5 44 4.6
40 22 50 5.3
50 2.9 57 6.0
&0 36 62 6.6
T 4.0 75 B.0
80 473 %3 9.4
1o 1.2 x 10?*
261 4.0 1.3 = 104 133 1.5
itz 34 200 2.2
15 48 228 29
23 6.8 316 4.2
32 9.6 i
41 1.2 x 10° 398 16.6 1.0 x 104
51 1.5 38 24
60 19 47 ER|
73 2.2 57 39
86 2.5 63 4.5
120 3.6 . 0 5.2
160 5.0 80 558
90 6.5
10.0 10 1.2 x 10* 125 9.3
20 2.6 . 160 1.2 x 102
28 3.5 200 1.5
32 4.1 266 2.2
37 4.6 . 380 31
40 5.3 '
50 6.7 Sharp- 25 3.9 x 102
60 8.1 edged 1 31 5.3
70 935 orifice 38 8.5
86 12 x 10° (LID = 0) 47 11 % 104
FOR 1.4 124 4.6
130 18 203 8.0
180 25 360 1.5 x 19?

2350 3.6 500 2.2

¥
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a} Cross-plot the data as Ap versus L] D at constant 8/ D, and extrapolate
w L{D - 0. How does this limit compare Lo the pressure drop for flow
through the sharp-edged orifice?

b) Use the results in part {a) 1o obtain a plot of the combined entry and exit
losses in the form of an excess pressure drop, Ap,. as a function of 8{o)/ D,

€} Use the result in part (b) to correct the data and plot the shear stress for
fully-developed flow as a function of 8{x)/ D for each L/ D. Do the dala
overtap for the various L/ D7
When a plot of 1, versus 8(1:)'/[) 15 lincar, the viscosity is a constant and
B(r){ 12 is the shear rate at the wall; see Sec. 19.6. Compute the viscosity,

d) Excess entry and exit losses are sometimes wrilten in the form Ap, = 2e7,.
Compule e as a function of shear rate and compare with the value e ~ 0.85

- L1 usually found for Newtonian liquids. Is the polymer solution New-
tonian?

Applications of 6

Macroscopic Balances

6.1 INTRODUCTION

In this chapter we will apply the macroscopic balances to the solution of a
variety of flow problems. We have three equations available: conseevation of
mass, conservation of encrgy, and conservation of momentum. A typical
problem would seem to be one in which we are given the flow geometry and
the flow rate and asked to calculate the pressure drop, viscous losses, and
force. A bit of reflection, however, will reveal that such a problem is under-
determined, in that the number of equations is not sufficient o determine the
unknown variables.

This point can be illustrated by considering the specific problem of com-
puting the losses in an expansion, as in Fig. 6-1. The losses are given in Table
5-1 as (A4,/A, — 1) velocity heads, and we shall derive this result below, We
can note here that, with the flow rate and geometry fixed, the equation for
conservation of mass provides no information other than a formula for
calculating the velocities (¥, and {V),. The energy equation contains two
unknowns, the pressure change, p, ~- p,, and the sought-aftcr losses term,
fe. It follows, then, that the pressure difference must be obtained from the
equation of conservation of momentum. But this equation involves not only
the unknown pressure difference but also the unknown force, F. Thus, in
order to calculate the losses we must know or measure cither the pressure
difference or the force, since the number of unknowns is one more than the
number of equations.
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Figure 6-1. Schematic of flow through an €XPANsion.

The simpler applications to be considered below generally fall into one of
three classes, with geometry and flow taken as given:

#Class 11 Calculate viscous tosses for a given flow.
eClass [1: Caleulate the force for a given
ate the pressure change for a given flow,

In class 1 problems, the losses must be obtained from the energy cquation,
for which the pressure difference is required. The pressure difference must
be obtained from the momentum equation. Thus, some prior information
must be avanlable about the force.

Class 1 problems are just the inverse of class | problems. The force mast
be calculated from the momentum equation. The pressure difference is
required for this calculation, so it must be obtained from the energy equation.
To obtain the pressure difference from the €Nnergy equation it is necessary (o
have some prior information about the viscous losses. Problems of this type
usually yield a functional relationship between the variables which includes
a constant that must be measured experimentally.

Class 1 problems are qualitatively different from the other two. The
pressure difference appears in both the momentum and cnergy equations. It
can be calculated from the former if information about the force is available,
or from the latter if information about the viscous losses is avaifable. Which
equation we use will depend on the extent of our physical understanding of
the magnitudes of forces and losses. Different estimates of pressure change
arc usually obtained from the two equations because of imperfect estimates
of forces and losses. The solution to class {1} problems s also frequently
expressed 1n terms of a constant thal must be measured expzrimentally.

These remarks are intended to emphasize the approximate nature of the
calculations that follow. In some cases rather good estimates are obtained,
but in others we can obtain from the macroscopic balances only the likely
functional forms, orders of mugnitude, and guides to experiment. In many

3
'
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engineering stuations these results will be enough, but in others more preci-
sion is required.

62 LOSSES IN EXPANSION

As a first example of the use of the macroscopic balances we will estimate
the losses in flow of an incompressible fluid through an expansion. The
experimentally measured losses are given in Table 3-1 as (A4,/A4, — 1)? veloc-
ity heads. This value represents available data to within about 209,

The flow configuration is shown in Fig. 6-1. This is a class I problem, so
we must obtain the pressure difference between points | and 2 by use of the
momentum cquation. The losses are then computed from the energy equation.
We will assume that the flow is turbulent and that the velocity at points 1 and
2 15 uniform over the cross section, so that o, = &, = f, == f#, == 1. This
requires that planc 2 be sufficiently downstream to be beyond the region of
cddying.

Because of the assumption of uniform incompressible flow we can replace
(¥ by ¥ and write the continuity equation, Eq. (5.14), as simply

AV = AV, (6.1}

The component of the momentum equation, £q. (5.46), in the flow dircction
is

] .

FO=pA V]~ pA Vit poA, - pA, — F (6.2}

where F denotes the component of F in the flow direction. The only concep-
tual difficulty here is in writing down the force, F. As shown in Fig. 6-2, there
are two contributions to the force which the fluid exerts on the surroundings.
One, denoted F,, is the result of the tangential frictional drag along the walls.

f

"L

Figure 6-2. Forces on an expansion.

+
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The other, denoted £, 15 the result of fluid pressure on the expansion surface
at planc e

We can calculate /| as
Foot Ay A (6.3)

where p, 15 the pressure at plane e. This pressure acts on the annular sarface
with area 4, - A,. The pressure p, is a gage pressure, with the outside pres-
sure taken as zero.® The negative sign is required because the foree acls to

the left, while the positive direction is to the right. The momentum equation
is then

O -pA¥t - pAVE 1 {py - pYA, | (p. - pA, — F, (6.4)

itis evident that to go any further we need to say something about F, and
7.- The force F, causes httle difficulty. The frictional drag varies directly with
distance of straight pipe length. The distance is small here. so. we can safely
assume that £, = 0 and can be neglacted. (If we wish a quantitative estimate
of the error iavelved in neglecting F, we can caleulate the foree from the
friction factor for fully developed pipe flow and surcly be within an order of
magnilude } p, causes more of a problem, but it can be approximated. There is
no change in velocity between 1 and ¢, since all flow at the expansion surface
15 through the central core. Thus, since there are negligible losses or [riction
in this short segment, it follows from both the energy and momentum equa-
tions that p, -~ p, in the region where there is flow. We assunte that the pres-
sure does not chamnbc OVED 4 CTOSs section, $0 we_can substitute P p,in
Eq. {6.4) and obtain, together with the Eq. (6.4),

P;_.p_.!.’._z - yi(; jf) (6.5)

The engincering Bernouilli equation, Eq. (5.34), for horizontal flow {hy —

B ofanincompressible fluid with e, - a, - 1in the absence of shaft work 18
1 i
L By vy (6.6)

Substituting Fags. (6.1) for the velocity and (6.5) for the pressure difference

then gives
A PrAan? ]
. v !'“(;)'*‘
! RIS 2.

*The outside pressure can be taken a5 7ero, and usually is, whenever we are concerned
with the flow in a closed conduit. Atmospheric pressure acts on the outside of the control
voiume from the left and from the right ; the area available for atmospheric pressure is the
same to the feft and to the right, so the net force exerted by armospheric pressure is zero
2nd cancels from the momentum equation. See Sec. 6.7 for a case in which there is a liguid-
air anterface and atmospheric pressure mast be accounted for.
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or
5 == V3 (.’“1 . :)l (6.7)
7= 5

Fquation (6.7) is known as the Borda-Carnot equation. ltnlgivcs the number (1(
velocity heads lost in terms of the downstream velocity as (4[4, — 1),
which is in good agreement with experiment.

Careful pressure measurements at points along the wall show that the
assumption that p, is uniform is a poor onc, but the error seems to cancel _oul.
Interestingly, a good estimate of the losses in a contractiop cannot be obtained
by an analogous procedure, probably because of a greater effect of the uncer-
tainty regarding the pressure near the contraction plane.

éq FORCE ON A REDUCING BEND

We now consider the problem of computing the force necessary to maimz.:in‘
a %0° reducing bend in place. The configuration is shown in Fig. &3, wu_h
the xy plane taken to be horizontal. This is a class £l .p‘rob!cm. The forca 15
computed from the momentum equation, which requires an cxprcss:on'for
the pressure change. The latter must be computed from the energy equation,
which will require us to make some statement about the losses.

We assume incompressible turbulent flow with a flat velocity profile
{ot = == 1,{¥V> == ¥)and no shaft work. The continuity (5.14) and encrgy
{5.34) equations are then readily written down, as follows:

| AV, = AV, (6.8)
} N2 »‘;} VAT 1;; — 4, 6.9)
Va
22
e T y
! %
p| [ F
[ orce exartad
v, | 8 by tuid
Force required to
i hold in place

Flgore 6-3. Schematic of horizontal reducing bend.
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The inflow iy entirely an the & divection and the outtlow 15 entirely in the
y directton. The x and p components of the momentum equation, Eq. (5.46),
arc then, respectively, !

x: Q= pA ¥ | p,d, - F, (6.10a)

|y 0= - pAVE - pyd, - F, (6.10b)

There ts no gravity ierm because the bend is in the horizontal plane, so the
gravity force points entirely in the z direction. 1t should be remembered that
F, and F, are the components of the force exerted by the fluid. The compo-
nents of the force needed to hold the bend in place are the negative of these
quantities. '

We need to make some statement about the losses. We could try to get an
order-of-magnitude estimate by neglccting them, but we know from Table
3-1 that there 15 usually a loss of about three-fourths of a velocity head in a
right-angle bend. We wul express the losses as K velocity heads,

ARV L% (6.11)

where we expect K o be approximately . Combining Egs. (6.8) to (6.11)
then leads to the equation for the force components:

l FoooAadp, v p¥VD (6.12a)
g o AN
R Al o o) i (6.12b)
{ Ay
The magnitude of the net force s
[F}w (F 4 FIpn (6.13a)
and the direction is
e o Fr
6 - arctan (F) (6.13b)

x

Several observations are tn order here. First, the force depends explicitly
on the magniude of the upstream {or downstream) pressure. (It should be
noted that p; is a gage pressure, with the pressure ia the surroundings taken
to be zero.) Second, unless 4,/ A, is fairly large and p/p is only of the order of
I or so velocity heads, the force calculation will be relatively nsensitive to
the value of K, s0 a crude approximation for the losses will be adequate. For
Pilp K V2, we get

By Bl Pl —sp a1 ape (6.148)

8" »arctan (—- %f) {6.14b)

64 JET EJECTOR

The jet efector, or jet pump, is a device with no moving parts -l?lal 15 wid;ly
used for such operations as moving liquids between tanks and hfting corrosive
or abrasive liquids. The basic configuration is shown in Fig. 6-4. The h_igh-
velocity “jet™ line is introduced concentrically with the low-velocity “suc.!xon"
line, both at pressure p7,. The mixing will be rather chaotic, but a few d:am.c~
ters downstream the velocity will be relatively uniform and the pressure will
be increased, p; > p,. We wish to determine the pressure at py in order to
compute the pumping capacity of the linc. This is therefore a class 11 prob-

lem.

I 2

1

! 1

i }
s .

L Suction Line T Va 1
——

XD Jat Line T vy 3] -+ v,

. i A
1 = -

-+ 1

i {

Figure 6-4. Schematic of a jet gjector.

We will assume that both lines contain the same incompressible liquid,
and that the flow within each line is turbulent with a uniform velocity, Thus,
the velocity in the suction line 1s ¥, everywhere, and the velocity in the jet
finc is ¥, everywhere, We also assume that the velocity is uniform at planc 2,
s0{¥>, = V,. The calculation of (¥, has already been carried outin Exam-
ple 5.5 and is given by

Ly, =aev, 10— 20w, (6.15)
where 1 is the ratjo of the jet diameter to the diameter of the entire tube.
Since the upstream and downstream arcas are the same, the continuily egua-
tion, Eq. (5.14), simply requires that (¥, = (¥}, or

[ V, = 2V, £ (1 — )V, (6.16)

no way of estimating these losses, it is unlikely that we can compute the pres-
sure change between | and 2 from the energy cquation. It should be possibie
to employ the momentum cquation, however. Friction should be small in the
relatively short distance from 1 to 2, so the force term in the momentum
equation will probably not be important. This meang that the momentum

Because of the chaotic mixing the Josscs will be substaatial. Since we havc]’\

equation can be used 1o compute the pressure change.
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The component of the momentum equation, Eq. {5.46), in the flow direc-
tion, with the gravity and force terms equal 1o zero, is

[ (py = p)A = pABYSE — paV} (6.17)

i

The area is the same at both cross sections. ff, is computed as in Example 5.5,

TR SRR L Ts

G (5 (.18
Combination of Egs. (6.15) through (6.18) then gives the desired resulf,
[Py py= B0 = 20p(¥, - V) (6.19)

This is the relation needed for pumping. Note that as long as there is a veloc-
ity difference between the two streams, we must have p, > p,.
i

65 FLOW THROUGH AN ORIFICE

We will now compute the relation between flow rate and pressure drop
across an orifice plate {a plate with a small, sharp-edged hole) placed in a
flowing stream. The configuration for this class 1 problem is shown in Fig.
6-5. This arrangement is sometimes wvsed as a flow-measuring system, since
the measured pressure difference can be directly related to the flow rate.
The fluid will emerge {rom the orifice in a jet and will then expand 1o 61l
the downstream section. If the downstream section of the control volume is
placed where the jet has expanded and is uniformly filling the pipe, no useful
information can be obtained from!the balances. We therefore place control
surface 2 at the downstream side of the orifice plate. Then A, == A, the orifice
area, and the continuity cqualionl assuming uniform velocity (@ = § == I)
and incompressibility, 1s
§ AV, = AV, (6.20)

N

|
|
T
I
;
Area A I
|
|
|
i
!

i
Aren A,

Figure 6-5. Schematic of flow through an orifice.
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The pressure drop must be computed from either the momentum or the
energy equation. The forces acting on the orifice plate in this complex flow
ficld do not lend themselves to easy estimates of magmituode, s0 if a solution
is to be obtained, it must come from use of the cnergy equation. This path,
too, will be difficult, for the losses are likely to be large and must be accounted
for.* The engineering Bernoulli equation, Eq. (5.34), with the assumption of
horizontal flow, no shaft work, and &, = &, = 1, is

{ JVie qVE g E;W;;E_z 1, 6.21)
This can be combined with Eq. (6.20) and rearranged to
j Py P2 z AN?
il SN i S e [ Le 6.
25 5;/2[1 (A)] i b (6.22)

The first term on the right of Eq. (6.22) is approximately one velocity

~ head, based on the downstream velocity. This is the order of magnitude of

cxpansion and contraction Josses in Table 5.1, so it is clear that £, must be
accounted for in order to relate velocity uniquely to pressure drop. The fact
that losses in fittings do correlate well with downstream velocity heads suggests
that the correct form for the solution will be obtained if we write

I, = {ViK (6.23)
Then Eq. (6.22) can formally be written as
P Proyya| C Ae)li‘ 6.24
P Ml_’”‘ (.45 (6.24)
or, equivalently,
TTTE T e, ey
LAV, = ,\/____-_____._._‘..n 4p, 7P 625
C AV AR A T e

Equation (6.25) will be useful only iff K is a constant or a unigue function
of Reynolds number for a givea geometry. Data in Perry's Hamdbook for
sharp-edged orifices with area ratios from 0.05 10 0.70 correlate well at high
orifice Reynolds numbers (D, V,p/n > 3 x 10', D, = /44 [n) with the

relation
; ] ) - ol '
LK 1.0‘ ! (“’A) ] (6.26)

Note that the factor 1.6 means that the losses are the cause of more than 60 o
of the pressure drop (1.6/2.6) in Eq. (6.22). Introducing X from Eq. (6.26)

*In many published solutions of this problem and others tke it, the losscs are taken to
be zero. The sofution is then multiplied by a cocefficient between rero and unity in order to
account for the fusses and produce agreement with experiment. Such an approach is philo-
sophically unsasisfying and scientifically unsound, for there is no guarantec that ¢ven the
correct functional form will be obtained.
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into Eq. (6.25) leads to the final working equation,
P 0624,,) A8 Pa) (6.27)

The | (A,/4)* term is referred to as the vefocity of approach term and can
be set equal to unity with negligible error as long as 4,/4 < 0.25. The factor
0.62 is the most commonly reported orifice coefficient. This value is based on
measuring downstream pressure approximately at the location of the vena
contracta, the minimum diameter of the emerging jet. This point is at about
one pipe diameter downstream of the orifice, but the location varies some-
what with A,/4. The location of the vena contracta is given in Perry’s Hand-
book. Furthermore, the result obtdined here is independent of downstream
diamcter as long as the downstream area is large compared to the orifice area.
Thus, we would obtain the same flow rate-pressure drop relation for flow
through an orifice to the surroundings.

\-.
/aeé PITOT TUBE

One of the most conunon devices for measuring detailed velocity profiles in
a flowing stream is the pitor rube. We analyze here a version of the pitot tube
known as a pitot-static tube. The tube is shown schematically in Fig. 6-6.
It consists of an inner tube which is open at the end and an outer tube which
is sealed at the end but contains several small openings along the side. Each
tube is filled with the flowing fiuid, and the tubes are connected to opposite

2
H
H
i

Figure 6-6. Schemtic of a pitot-static tube,
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ends of a manometer. The analysis is identical for a slightly different arrange-
ment in which the outer tube is replaced by a pressure tap at the conduit wail.
The pitot tube must be much smaller in diameter than the condut in which
it is placed, and it is assumed that the presence of the tube does not affect the
upstream flow field.

The pitot tube is an instrument for measuring velocity by means of a
pressure measurement. Thus, the analysis is a class 111 problem. We have no
choice between the energy and momentum equations, however, because we
are now attempting to study behavior of the fluid on individual strcamlines,
and the only equation available to us for such an analysis is the Bernoulli
cquation along a streamline, Eq. (5.56).

We now focus on two streamliines in Fig. 6-6, A and & A s the streamline
which goes directly into the tip of the inner tube, Since there Is no flow in the
tube, the fluid must decellerate from velocity ¥, at point 1 to ¥ — © at point
2, known as the stagnarion point. In a horizontal system, noting that ¥, - 0
and neglecting losses over the short distance of relatively undisturbed flow
from | to 2, the Bernoull equation is simply

iV% 4 &}:EE = ) (6.28)

P2 s called the stagnation pressure.

Now consider streamline 8. If the distance from | 1o 3 15 short, then in
the absence of losses the velocity at 3 is essentially the same as the velocity at
1. That is, since we are flowing past the tube, the flow is not nterfered with
and the velocity is unchanged. The Bernoulhi equation is then

IVi=3viyg {’J#%ﬂé . (6.29)

or, since ¥, = V¥,
} PL =Py (6.30)
Thus, we can write Eq. {6.28) as

- «/2(,0;; Py (6.31)

The pressure p, is the pressure acting on the side holes in the outer tube, 50
it is the pressure of the fluid in the outer tube. Thus, the manometer directly
measures the pressure difference and hence the velocity. Equation (6.31) 1s
accurate to within a few percent for velocity measurements at high Reynolds
numbers, but at fow Reynolds numbers a correction must be applied to
account for the neglected viscous terms.

Figure 6-7 shows typical pitot tube data for turbulent flow of water in a
50-mm (nominal) pipe. A slight effect of probe diameter is evident. The pitot
tube responds stowly to changing velocities, so it filters out the fluctuations
in the turbulent flow and records only the mean velocity. Note that the devia-
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Pitot tube outer diamelter:

04 #056mm
© .22 mm

Q2r

o 1 ] i :
o} 0.2 0.4 0.6 .8 1.0

Figure 6-7. Pitot wwbe data, wafer it a 50.4-nmm diameter pipe. (V> =
22mfs, Re -« 1.2 < 105, Data of 1), . Bogue.

ton in the velocity from the area average, [V, is less than 20% over most
of the pipe cross section. This relatively flat profile is the reason we can
obtain reasonable accuracy with the nracroscopic balances in turbulent flow
while taking & and £ equal 1o uatty. The line shown with the data is an empirs-
ical relationship which is sometimes used for turbulent velocity profiles. The
one-seventh power curve has no theoretical significance, and it represents
turbulent data only approximately, but it is easy to manipulate analytically.

The contrast between laminar and turbulent pipe flow is nicely iltustrated
by comparison of Fig. 6-7 with Fig. 6-8. The latter shows pitot tube data in
laminar flow of a sugar solution in ? 25-mm (nominal) diameter pipe at Re =
800. There is substantial deviation from the mean velocity over most of the
cross section, and the cenlerline velocity s twice {¥>. These data are in a
region where a correction must be applied to Eq. (6.31) to account for viscous

effects, but only the raw uncorrected data are shown here. The data should
be right on the parabola

fT(f;} - (: - R«) (6.32)

which is drawn in the figure. The viscous correction brings the data closer to
the Jine, which is derjved theoretically in Sec. 8.4. More precise data verify
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Figure 6-8. Pitot tube data, sugar selution in a 27.3-mem Jdiamcter pipe.
Vr - 108 mfs, Re = 300. Data of D. C. Boguc.

the correctness of Eq. (6.32). It was shown in Example 5.4 that @+ 2 for
this velocity distribution, and it is readily established that g — 3

APPENDIX 6.6.A

Laser Doppler Flowmeter ;

+

This is an appropriate place for a brief discussion of other methods of mea-
suring point velocities in a flow field. Most effort'in recent years has gone
into the development of instruments that respond rapidly and do not interfere
with the flow field. Noninterference with the Aow field is particutarty impor-
tant for non-Newtonian fluids, where pitot tubes often do not work.

The simplest method of flow measurement for lquids is to insert very
small reflective particles (suspended air bubbles often suffice), to light a por-
tion of the flow field with rapid continuous pulses, and to follow the move-
ment of the particles by time-exposure photopraphy. The short distance
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traveled by a particle over each timed pulse defines the tucal fluid velocity,
Thisis an accurate, but extremely tedious method.

The laser Doppler flowmeter is an instrument that provides automatic
measurement of point velocities by use of the Doppler shift principle. A laser
beam of known frequency is focused on a small segment of the flow field,
where it is reflected from small particles moving with the fluid. The reflected
beam will experience a small shift in frequency that is proportional 10 the
particle velocity: this is the Dopplcr principle. By one of several optical
arrangements, the frequencies of the original beam and the reflected beam
are compared electronically and the point velocity is recorded. The method
Is thus quite straghtforward in concept, although there are difficult problems
W oplics and clectronics that have o be solved for practical implementation.
Commercial instruments are now available, Typical data for laminar velocity
profiles obtamed from such an instrument are shown in Fig. 6-9. Note how
close to the wall it was possible 1o obtain velocity measurements. The instru-
ment can respond quickly enough to obtain information about rapid velocity
fluctuations in turbulent flow.

20
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Figure §-9‘ Velocity profile measured with a laser Doppler flowmeler.
Walter in a 13.6-mm glass tube. Data of A, V. Ramamurthy.

6.7 DIAMETER OF A FREE JET

The calculation of the diameter of a free jet illustrates some of the considera-
tions in problems with a free (gas-liquid) interface. The process is shown
schematically in Fig. 6-10. An incompressible Newtonian liquid is in laminar
flow tn a tube of diameter D. The liquid emerges into a horizontal jet. Because
of the absence of resistance from the solid surface, the velocity profile re-
arranges in the jet and becomes uniform at some distance downstream of the
exit from the tube. The downstream diameter will differ from the jet diameter.

I 2

| 1

i . l
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pressure |
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1
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Figure 6-10. Schematic of a free jet.

We take planc | right at the tube exit and plane 2 sufficiently far down-
stream 10 assume that the final jet diameter has been reached. The continuity
equation is then

Dt nD}
o =R, (6.33)
The pressure at the liquid-air interface is atmospheric; hence, the assump-

tion that pressure is uniform over the cross section means that p, = p, every-
where. The engincering Bernoulli equation, Fq. (3.34), is then

a 2 & 1
HVol= Vo - b (6.39)

We expect the fosses in this flow 10 be relatively simall, and we shall set [, to
zero. If we further assume that the parabolic velocity profile for laminar flow
in the tube, Eq. {6.32), persists right up to the cxit, then we have a, =

Since the downstream jet has a uniform profile, &, = 1. Equation (6.34) then
becomes
FL =Vt (6.35)
The velocities can be eliminated between Egs. (6.33) and (6.35), giving
Dy = YD =084D (6.36)

The jet is essentially a class 11l problem, and it can be solved using the
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momentum equation as well. Eqﬁalion {5.46) can be written
. D D} .
w( Vo, - Ba(V2) Pn'?'z"“;“ - letji"”'- —F-:0 {6.37)

Now, f, = § for laminar flow and f§, == 1. p, = p, == p,... so the equation
becomes

w20 =V 02) | puum g (D? = DY) == F 22 0 (6.38)

We now make an important observation, which is in fact the pedagogical
reason for including this problem. There are two contributions to the force,
One 15 the frictional drag between the air and the liquid, which can usually
be neglected. The other is the horizontal component of the force of the atmo-
spheric air on the side surfuce of the jet; see Fig. 6-10. This force equals pu.
times the projection of the change in surface area, or

F o Pun (D - D) (6.39)

Thus, the atmospheric pressure teem drops out and Eq. (6.38) simplifies Lo
VD, w8, which combines with Eq. (6.33) 10 give

D, = (30D - 08660 {6.40)

This ts nearly the same as the result obtained from the engineering Bernoull
equation. The factor 0.87 is closer to experiment than 0.84, indicating that
neglecting the air drag is a somewhat better approximation than neglecting
the viscous losses.

The approximations in this problem are worth noting. The assumption
that parabolic flow persists right up to the tube exit is valid for Reynolds
numbers greater than 50 10 100. At very small Reynolds numbers, substantial
velocity rearrangement takes place in a final length of tubing equat to about
one diameter, and the solution calewlated here does not apply; 1 fact, the
Jet diameter at very small Re is 1010 15°7 larger than the tube diameter. This
pont is discussed lurther briefly in Chapter 17.

The assumption that the pressure in the jet at plane 1 is atmospheric
neglects the fact that surface tension causes a pressure difference over a
curved interface: see Sec, 2.6. Surface tension cffects can be shown to be
unimportant for this problem in the Reynolds number range required here,
but they can be important for free jets of relatively inviscid hyuids at much
lower Reynolds numbers.

Finally, we have assumed that the je! reaches its final dizmeter over a
sulliciently small tength to neglect droop caused by gravity,

The behavior of jets of viscoelastic liquids, such as polymer solutions, is
quite different. There is an additional axial stress in these fluids in pipe flow
that is related 10 the presence of the additional material property, which we
called a relaxation time in Sec. 2.5, The final Jjet diameter 1s farger than for
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Newtonian fluids and may be larger than the tube diameter. The momentum
balance then provides an experimental method of determining l.hc relaxation
time. This is one way that the small relaxation times cited for dilute polymer
solutions (1072 to 1072 s) have been measured.

66 THE ROTAMETER eyt .

A rotameter is a device for measurement of volumetric flow rates. I[‘ .consists
of a vertical, slightly tapered tube with a bob or float, as shown in Fig. 6—1.t.
Several different float geometries are commaonly used, and the one shown 1n
the figure is typical. Fluid flows upward, and the vertical position of‘thc bob
is determined by the flow rate. The relationship between the bob height and
the flow rate can be determined by use of the macroscopic balances.

Figure 6-11. Schematic of & rotameter.

This problem does not fit nicely into any of our three categories, but the
logical sequence that must be followed should now be clear. We take our two
surfaces as shown in the figure, just below and just pbove the bob. We know.
nothing whatsoever about the pressure at either of these (wo points, so we
shall have to eliminate the pressure dilference between the energy and mo-
mentum equations. This will leave a single equation which, together with lhe
continuity equation, expresses the velocity or flow rate in terms of geometric
and fluid parameters and the losses and forces. We have no more equations
available, so we shall have 1o make some assumptions about the nature of
losses and forces in order to obtain the desired result.

Since the taper is gradual, the area A, of the tube may be taken as constant
between planes | and 2. The mean velocities are then

Py == WDy = {% 6.41)

We will assume that the velocity is uniform over edeh surface where there is
flow. Since the flow at plane 1 occurs over the entire cross section, we then
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have 1

o, = fy =1
At planc 2, on the other hand, the situation is like that in the jet ¢jector, Sec.
6.4, where the velocity is different over 2 center core and an annular space.
Here, the velocity is zero in the center and flow occurs only through the
annular arca belween the bob and the tube. The velocity in this arca s

Qf(A; -~ Ag), so we have
(.‘2;‘97 ;) : (ff_r_l_"_;_dg) .

v A
7y T4 “ A A, 4D

o, = (‘;{": - (_.mﬁfzwg)l (6.43)

There is no shalt work, so the engineering Bernoulli cquation, Eq. (5.34),
for an incompressible fluid s,

ﬁx o

b
I

Simularly,

Yo (W1 - a(Vih b &—;;i’-‘ 4 oglh, — hy) - b =0 (6.43)

We shall need to do something about the losses. Based on our past experience,
it seems likely that we can expect the losses to correlate with the maximum
velocity, which occurs at the contraction; thus we assume a form
3
I, = 1K (##Q___ 6.45
¥ i " Ar o A. ( )
The energy equation is then

() [ v k(G B) ] e 1t A = 0
A AT, L 2 1 2
. {6.46)
In writing the momentura cquation, it 1s important 10 recall that the
control volume consists of the entire tube cross section between 1 and 2. In
particular, the control volume contains the float. The only forces acting on
the control volume are those on the fluid from the side of the tube, and we

shall neglect these for the small distance involved. The momentum equation,
Eq. (5.46), is then

pOLBVY, — BV o]+ (Pl — p)Ar

— pgllhy — h))Ar — UVa] — pegUy = 0
where p, and U, are the density and volume of the bob, respectively.
(h; — kYA — Uy, is the volume occupied by liquid, so pg[th, ~ A )4, —TUy)
is the gravity term for the liquid in the control volume and p,gU, is the
gravity term for the solid bob. The sign on each term is negative because
gravity points down. Note that the “buoyancy” term, pg'U,, appearsin a
perfectly natural manner. Substituting for f, and (¥ and dividing by A

(6.47)
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gives |
: 4 . _£Ys -
oGV (1 ) 1 e e el ) =20 P 0

A,
(6.48)

The pressure difference is now eliminated by subtracting Eq. (6.46) from
(6.48): with a bit of rearrangement this gives

LY Gt T )] )

- _ ArfA, 20, (ps 4
0= G Al e G ) e

K, needs to be determined experimentally. The dependence of Ay on vertical
position determines the position of the float for a given flow rate; the ratio
A JA, will change with position as determined by the taper of the twbe.
Rotameters are usually calibrated for a particular fluid. According to Ly,
{6.49), the calibration must be adjusted by 2 factor of (pafp — 13* when the
fluid is changed.

The first analysis of the rotameter was by Schoenborn and Colburn in
1939. They estimated the pressure drop by assuming that flow through the
spact between the bob and the tube was analogous 1o flow through an orifice,
treated here in Sec. 6.5. They thus obtained the equation

Oof

0 == Coldr = A2 3’-?“(7;_"1) (6.50)

C, is analogous to the orifice coeflicient, which is shown as having a valuc
of 0.62 in Eq. (6.27) for a sharp-cdged orifice. The maximum value of Ca,
which occurs in the absence of all losses, is umity. quuations {6.49) and (6.50)
arc equivalent if we assumc that Ar = A, in which case C, = (I | K%
Schoenborn and Colburn found that they could correlate Oy with the Rey-
nolds number, using the velocity at the minimum spacing and the lincar wisdth

of the gap. The latter is 2(/Ar — A/ 7. The Reynolds number is thus

2 o P2 PO
Re = (/ds = /AN o) o = Trwiva oA &

The correlation varied somewhat from rotameter to rotameter; Fig. 6-12 13
typical. Note, however, that Cp cxceeds unity at high Reynolds numbers,
which is inconsistent with the orifice analogy.

The data used to construct Fig. 6-12 were used o calculate K. This 1s
shown in Fig. 6-13, and it is clear that K, does corrclate well with Reynolds
number over three decades. The correlation differs somewhat for bobs of
different shape. Either Eq. (6.49) or (6.50) may be used for Re less than
about 4000, but at higher Re the bob appears to be sufficiently high in the
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Figure 6-12. Rolameter coefficient {“"Rotameter B”) as a function of
Reynolds number, Reproduced from Schoenborn and Colburn, Trans. Am.
lgsr. Chem. Eng., 35, 359 (1939), copyright by the American Institute of
Chemical Engincers, by permission.
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Figure 6-13. Loss coefficient as a function of Re for rotameter 5.

tubf: to cause an error in the assumption that 4, = A, and Eq. (6.49) with
Ky 1s preferable. There is considerable scalter in the data for water, but the

waler points {with one exception) do seem to follow the same correlation as
the more viscous oils.

@59’\FL0W AND PRESSURE DISTRIBUTION
IN A MANIFOLD

6.9 1 Description of a Manifold

A manifold is a device for distributing a liquid or gas, us shown in Fig.
6-14. The fluid is conveyed through a main tube and ejected through a series
of side ports. The ports might simply be holes open to a surrounding uniform
pressure; the burner on a kitchen gas range is the most familtar example of
such a manifold, although pas distribution lines in hquid-phase reactors
might have a similar configuration. The side ports might be long tubes,
perhaps filled with catalyst, as in some packed bed reactors where highly
exothermic reactions require the use of large numbers of small tubes to
increase surface area and facilitate heat removal.

A schematic diagram of a retura manifold would look the same, except
that fiow is from the side ports into the main tubd. A U-shaped manifold
consists of a distribution manifold and a return manifold, with the side ports
consisting of tubes connecting the two. For simplicity, we will consider only
distribution manifolds but the same principles apply morc geoerally.

The basic design problem is to obtain a desired flow distribution through
side ports. In most cases we would want approximately equal flows through
all ports. This design problem can be solved using the macroscopic balances,
althou h some of the required experiments are difficult to carry out repro-
ducibly and research 15 still being done.

Figure 6-14. Schematic of a manifold.

6.9.2 Pressure Recovery

The first task in analyzing a manifold is to determine the change in the
pressure distribution that results from fluid flow through the side ports. This
is a class 1] problem that cannot be soived exactly, but by use of the momen-
tum and energy balances considerable insight can be obtained, suggesting a
single experiment which completes the description,

Flow past a single port is shown schematically in Fig. 6-15. The dashed
region is the control volume for application of the momentum equation. We
neglect the small frictional force on the tube walls from one side of the hole
to the other. We zlso assume thai the flow ¥, through the side hole 1s perpen-
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Figure 6-15. Flow past a single port.

dicular to the direction of flow, in which case the side flow contains no axial
momentuen. This is a highly restrictive assumption for a distribution manifold,
although it is probably quite good for a return manifold. The momentum
equation in the flow direction for a horizontal pipe then simphiles to

P2y e pVE - VD (6.52)
Since the flow rate decreases beyond the hole while the area stays the same,
¥, < V., so p, must be greater than p,. That is, there is a pressure increase
as the flutd moves past the hole.

The flow through the side hole is not, of course, exactly perpendicular to
the flow direction, so the right-hand side of Eq. (6.52) should contain a nega-
tive term which accounts for the axial momentum boss through the hole. Thus,
we should anticipate that Eq. (6.52) will overestimate the pressure recovery
for a distribution manifold. '

The energy equation can also be applied to this problem. It is convenient
to visualize the flow as scparating as shown schematically in Fig. 6-16. There
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Figure 6-16. Assumed streamiine pattern near a port.

is no flow across the line ab; all fluid which flows across line cd enters the
control volume across line @¢. This is, of course, a severe idealization of the
real flow. Neglecting losses, the engineering Bernoulli equation applied to
the control volume abedea for a horizontal pipe then simplifies to

Pr—py= —%(V% - ¥ (6.53)

This equation also predicts a pressure increase, but it gives an estimate of

the pressure recovery which is one-half that calculated from the momentum
equation.
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Each of the two estimates of the pressure recovery involves rather gross
approximation, and it is not evident a prior which, if either, 15 the more
accurate. Both suggest, however, that the pressure recovery should be approx-
imately proportional to the difference of the squares of the upstream and
downstream velocities, and we are motivated to use a relation

P — Py kp(Vi— VD) {6.54)

Reported values of k range from 0.4 to 0.88 for distribution manifolds, but
the best data appear to lie (with substantial scatter) close 10 k == §.45, which
is nearly the value given by the Bernoulh equation. (For return manifolds, k
appears to be close to 1.0, the value given by the momentum equation.)

6.93 Side Flow

The fow out the side port can now be estimated. Let 22 denote the diame-
ter of the manifold tube and d the diameter of the round side hole. The equa-
tion of conservation of mass for an incompressible fluid 15 then

f DYV, = D3V, -+ d*V, (6.5%)

IT the side port is a sharp-edged orifice, with fluid discharping to a pressure
., it follows from Eq. (6.27) that the exit velocity is
; T T
LY, - .62\/_-(mlww& ) 6.56
i =0 r; 3 o (6.56)
Here, we have assumed that the pressure on the manifold side of the orifice
is the arithmetic average of the upsiream and downstream values. The veloc-
ity of approach term is not included, and the factor 0.62 is an average that
might not apply to any particular orifice.
If the side port is a long tube of length { that exits to pressure p,, then
Eq. (3.6), which defincs the friction factor, can be rearranged to the form

d \/ 2(p, 1 pr )
Vo S JEEE L FT 6.57
P a7V ( 5 p.) (6.57)
Here we have ignored entry and exit losses in the side pipe. f will typically be
of order 0.005, so if JJd is of order several hundred, the coefficient ~didlf
will be of order 0.5 to 1.0.
In general, we can expect the velocity through the side port to be of the

form

T e

where ¢ will be known for any given side port geometry and will be a number
of order unity.
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Equations (6.55), {6.56), and (6.58) are sufficient to solve for the three
variables p,, V;, and ¥, in terms of the upstream quantities p, and ¥,. After
some manipulation the pressure can be obtained explicitly as

ket 2R | 2pVikiy? 22k - 9D .
Pr= e T p T 1 W%ﬁ—(m P

Y I
(6.59)
where the dimensionless parameter y is defined
ked®
S %T (6.60)

This equation is a but difficult to interpret, but a simplification is possible.
The product ke will be less than unity, while 43/ D* will normally be quite
smali. Thus, we expect y < |, and we can expand the right-hand side of Eq.
(6.59) about 7 = 0 to obtain

pr=py L ¥ViA/Bp(p, - p) | terms of order y? (6.61)
Equation (6.58) can then be solved to the same approximation for ¥, as
Vo ef Zlpe b1 W IB0p, - V) (6.62)
}V, is then obtained directly from Eqy. (6.55) in the form
v, v, — ;‘; v, (6.63)

6.9.4 Overall Behavior

The calculations for a complete manifold can now be carried out in a
sequential manner. The pressure drop from the entrance to the first port is
computed from the equation for a straight length of pipe. The side flow at
the first port and the downstream side pressure and velocity are computed
from Eqgs. (6.61) to (6.63). The pressure drop to the second port is then
computed from the straight-pipe equations, and the process is repeated to
the end of the manifold. It is observed experimentally that the friction factor
for straight pipe in Fig. 3-1 can be used as long as the spacing between side
ports is at least live pipe diameters. If the manifold is closed beyond the last
port, there is no flow and ¥, == (0. In that case the initial pressure at the start
of the manifold cannot be specified arbitrarily, but must be chosen in such a
way that the condition ¥, = 0 beyond the last port is satisfied. This will
generally require iterative calculation until the proper initial pressure is
determined.

Figure 6-17 shows pressure measurements in a distribution manifold with
four side ports, each a pipe with a diameter equal to one-fourth the distribu-
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tion pipe diameter. The linear pressure drop between ports corresponds to
normal pipe low. Note that there is a net pressure Increase from the beginning
to the end of the manifold.
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Figure 6-17. Pressure distribution for air flow along a [00-mm manifold
with four 25-mm tubes as side ports, initial velocity 12.3 m/s. The numbers
along each vertical line are the recorded mass flow rates at the ports. Data
of Y., Miron.

6.10 CAVITATION

Cavitation is a phenomenon that needs to be mentioned briefty. The Bernoulh
equation, Eq. (5.56), can be written for an incompressible liquid as

Pr=p, b dpVE — VD | glh, — k) (6.64)

If ¥, is sufficiently greater than ¥, or if A, is sufﬁcicnlly higher than k|, we
might come a¢ross circumstances in which the pressure p; is less than the
vapor pressure of the liquid. In that case, vapor will form and calculations
based on the assumption of a single liquid phase have no mcaning. When
vapor bubbles form within a liquid because of a local decrease in pressure, it
is called caviration. Cavitation often occurs near the tip of an impelior. Bubble
formation can cause a surprising amount of damage to equipment when it
occurs.



6.11 COMPRESSIBLE FLOW
6.11.1 General Commenits -

Compressibility of a gas is an important factor when the velocity becomes
comparable (o the velocity of sound. Sonic velocities are not usually reached
in process equipment, but they can occur in nozzles and, of extreme impor-
tance from a sufely point of view, in reliel valves. When compressibility is
important, there are important quahtative differences in the flow as compared
to sncompressible flow in the same geometry. Compressibility is usually
dealt with in courses in thermodynamics and in more advanced treatises on
Autd mechanics. We will present a brief introduction here in order to ilfus-
trate the phenomenon of choking flow.

The speed of sound is the speed at which small pressure waves travel
through a fluid. VFor an isothermal ideal gas it 1s readily established in
thermodynamics texthooks that the speed of sound is(p/p)'/? or, equivalently,
(R TIM_Y, where R, is the gas constant, 7 the absolute temperature, and M
the molecular weight. At atmospheric pressure, approximately 10* Pa, and
Teom temperature, the density of air is approximately 1.2 kg/m’, so the
speed of sound is about 300 m/s.

6.11.2 Pipe Flow

The important features of compressible flow are illustrated by con-
sidering steady-state isothermal flow of an ideal gas in a horizontal smooth
pipe. The more common case of adiabatic flow is carried out in an identical
manncr, with essentially the same results, but the analysis requires a bit
more detail and manipulation.

We will be using the enginecring Bernoulli equation, and to do so we nced
1o make a few observations about the losses. It js found experimentally that
the friction factor-Reynolds nurhber function obtained for incompressible
fiuids applies 10 compressible Auids as well. The Reynolds number is written

~DXYop 4 mDXVOp/e) | dw
Re = mﬁq -5 . = 2D (6.65)

w is the mass flow rate, which is independent of axial position. For simplicity,
we will assume that the viscosity does not change stgnificantly over the length
of the pipe despite pressure changes; in that case the Reynolds number is a
constant over the entire length, and therefore so is the friction factor. The
velocity does change continuously with position, however, so the losses must
be written for a differential length, dz:

dly == 2V f %‘3 (6.66)

1N
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The engineering Bernoulli equation for a differential length, Eq. (5.33), is
dp 1o (6.67

T ] . <o .
dV? - ; i 2V fD 0 )

Here we have assumed that o = 1. We now further assume that the gas is
ideal,

= M.p 6.68
PERT : (6.68)

”
and we replace ¥ by the mass flow rate, w, through the relation w = z D? Vpl4.
Following some algebraic manipulation, and using the fact that dV?3 =
2V 4V, Eq. (6.67) becomes

dp | m'DM. 2 a0 (6.69)

43 I = ndp 1
p P ewir PP D
This can be integrated to give
DML /L
e n P1 g ZTM e o Y (6.70)
"5 P Rwer T PO
or, following some rearrangement and the use of Eq. (6.68),

= EDpyp Lo galp ) 1
R Fey o e A F @1
Thus, we have the mass throughput in terms of conditions at the start of the
pipe (p, and p,) and the final pressure, p,.

Let us take the conditions at the start of the pipe as fixed. Since the
pressure must decrease, it foliows that 0 < p; < p,. Now w? clearly goes 10
Zero as p; — py. The remarkable observation to be made from Eqg. (6.71),
however, is that w? also goes to zero as P2 - 0. Thus, there is a maximum
throughpat, and it occurs for an intermediate value of p,.

The maximum is found by differentiating w* with respect to (p,/p,)? and
sctting the derivative to zero:

|
| ' (el

2 N 7 i

6.72)

This can be combined with Eq. (6.71) to ¢liminate the term involving fL/ D
and the logarithm, giving

2y 2
Waaa = (p,’rfz V;,_.;)z = (’—I;%) pifl 6.73)
1

Finally, using p,/p, = p,/p, for an isothermal ideal gas, we can solve for the
exit velocity at the maximum throughput:

V == };;

2. maex
P

(6.74)

RELE . B
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This 15 the speed of sound in an isothermal ideal gas, so we obtain the result

that the exit velocity cannot ex¢eed sonic velocity. If the pressure outside the J

pipe is lower than the pressure Lthat gives the maximum throughput, the exit
velocity will reman at the sonic velocity and there will be a standing expan-
sion shock wave across which the pressure changes to the outside value at
the exit. The existance of a maximum throughput is known as choking.

6.12 CONCLUDING REMARKS

The examples in this chapter have been selected to show the scope of appli-
cations of the macroscopic balances. Thesc important tools are used frequently
in process applications. {

Application of the macroscopic balances may be the maost diflicult subject
in a first course in fluid mechanics. This is because physically-based assump-
tions must always be made, and the student rarely has sufficient experience
with the physical processes involved to feel comfortable with the assumplions,
The examples in this chapter should serve as a guide, and confidence will
come with repeated application.

We now leave macroscopre balances and turn to the analysis of detatled
flow structure.
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More detail on compressible flow may be found in Lapple and Strecter a[nd
Wylie and in many books on thermodynamics; see, for champlc, Chapter 8 o

BaLziiser, R.E. Samuers, M. R., and Euassen, ). D., Chemical Engineering
Thermodynamics, Prentice-Hall, Inc., Englewood Cliffs, N.¥, 1972,

For an introduction to the use of the laser Doppler flowmeter, sec

Dugst, F., MELUNG, A., and WhiTeLaw, 1. H., Laser Doppler Anemometry, Aca-
demic Press, Inc., New York, 1978, :

PROBLEMS

6.1. Relate Q to Ak for the venturi flowmeter shown in Fig. 6P1. The density of
flowing fluid is p and the density of manometer fluid is p... (Lassfs may be
almost entirely neglected in a welt-designed venturi. Why? Typically, fhc
actual flow ratc is 98 to 99 percent of the flow rate computed by ncglecting
losses.)

t

6.2. The siphon tube in Fig. 6P2 is 0.2 m in diamecter. Estimate the flow rate if the
tank contains waler. What is the pressurc at 87 |

2.850m
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6.3. A mujor industrial disaster occurred at Flixborough, Frgland when a pipe-
tine comtaining a flammabld hydrocarbon mixture burst. The break 15 believed
to have occurred at a point where a reactor in a gravity-flow cascade was
replaced by an wnsupported double bend, as shown schematically in Fig. 6P3,
Describe quantitatively why this is an unsafe configuration.

Unsupported

double bend
/
i
i
t
I
1

i
L‘--. ’J
Raeoctor Romovod/
from Sarvice

6.4. A flow distrsbution device is to deliver an equat volumetric flow to each of
N exst ports. This is accomplished by changing the diameter of the distributor
after each port. The initial diameter is D and the diameter of cach port is o
How should the diamcter vary 7

6.5. A reactor consists of N parallel packed tubes, as shown in Fig. 6P3. Develop
the design procedure 10 determine the flow in cach packed section. All tubes
have diameter D, and packed sections are of height k& and equaily spaced a
distance f apart. The packing is spherical, with diameter o, and void fraction
€. You may assume that fluid properties are constant, with density p and
viscusity 17,

G

R S B T

I L || S | | N | | N |

6.6. An open cylindricai tank of area A and height H empties 1o the atmosphere
through a long herizontal pipe connected at the bottom. The pipe has length
L and diameter d, f < H. If the tank is initially filled with a Newtonian liquid
of density p and viscosity 1, estimate the time for the tank to empty
a) if the pipe flow is faminar,,
b) if the pipe flow is turbulent.

6.7. A plane jet of Newtonian fluid of density p and viscosity 11 impinges on a flat

plate and splits into two streams, as shown in Fig. 6P7. Destermine the force on
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the plate and the split in the flow. The jet approaches the platc with a Qow
rate Qp and thickness Ay the width of the plane jet is W,

Y2

6.8. It is sometimes possible 1o induce a hydroulic jump in an open c‘hanncl_ where
a rapidly flowing stream suddenly changes to a slowly flowing s!rf:arn of
increased depth; see Fig. 6P8. Givea #, and »,, show that a hydraulic jump
is possible and compute ;.

6.9. A high velocity water jet is used to cut rock. You may visualize the final s_lagcs
of the cutting process as a jet impinging on a cylinder, as shown schcmanca_lly
in Fig. 6P9. The cylinder will fail in shear at a stress (force normal to the cylin-
der axis/cylinder cross-sectional arca) of 7y,. Compute the velocity of the water
jet required for cutting, if the nozzle diameter is d.

-0 7
@ —

Yop View Side View

Q

4.10. In the reaction injection molding ("RIM") process, stoichiometric amounts
of a low viscosity reacting mixture are pumped through a mixing cham‘bcr
into a mold, where a polymerization reaction occurs and a solid, shap(_:d_obj'cct
is formed. RIM is & lower energy process than the more common injection
molding process, where a high viscosity polymer meit is injected into the mold.
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a) The flow system is shown schematicaily in Fig. 6P10. Estimatce the flow rate
of reactant A as a function of the pressure diffcrence p; — po-

Py D, D2

I

Py

b) Lec and Macosko have described experiments on a system with the follow-
ing dimensions:

D= 9.5 mm 1 == 1 oum Dy =32 mm
I, = 1.5 mm {, == 5.4 mm

They studied wascr-giyccrinit: systems with densities of order 1200 kg/m?*
and viscosities of order 0.1 Pa-s. For flow rates in the range 0 — 3 % 107*
m?/s, show that the only term that is important in determining the flow rate
is the contraction loss from the reservorr,

6.11. a) Estimate the losses in a gradual expansion (Fig. 6PLI) by assuming that

the pressurc variation through the eapansion is approximatcly linear,
{Note that the pressure difference is not known.)

H

b) Estimate the losses in a gradual expansion by assuming that the flow at
any axial position is epproximately the same as turbulent flow in a pipe
of the same diameter. (Hint: Compute the losses for a differential length
from the results for 2 smooth pipe, and then integrate over the length of the
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contraction. The approach is analogous to the treatmient of compressible
flow m Sec. 6.11.)

¢) Compare to the results of parts {a) and (b} and the value given by the
Crane Co., K = 2.6sin Q(AxfA4, — 1F, 0 <10 =3 225", and discuss any
differences.

o s s ot
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7.1 INTRODUCTION

in many applications it is necessary to know the detailed flow structure. The
macroscopic balunces studied in Chapters 5 and 6 are averages over surfaces
normal 1o the mean flow direction, and detailed information about structure
is fost in that averaging. Thus, the macroscopic balances can nevet give us
a description of fluid motion and forces on a fine scale, and we need to turn
to an examination of the application of the conservation equations Over &
small spatial region,

The general approach is as shown in Fig. 7-1. We choose a small cube
within the region of flow as a control volume and apply the consegvation
equations. We will obtain a set of equations describing the flow which will
depend on position; in fact, they will be differential equations with coordi-
nates x, ¥, and z, as well as time 1, as independent Variables. Integration of
these differential equations will then provide a complete description of the
flow at each point. The choice of a cube as the control volume means that the
resulting equations will all be expressed in terms of a rectangular Cartesian
coordinate system. This is for convenience only and we could derive the
equations using some other shape as a control volume.

This chapter parallels Chapter 5, in thatitis devoted entirely to derivation
of the equations governing the flow. In the chapters that follow we will
examine a variety of applications.
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——
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Figure 7-1. Microscopic contsol volume in a fluid.

7.2 CONSERVATION OF MASS

7.2.1 Continuity Equation |

We first comsider the cquation of conservation of mass. The control
volume is shown enlarged in Fig. 7-2. The small cube has faces of length
Ax, Ay, and Az, with one corner at position {x, ¥, z). The total volume is
Ax Ay Az. The velocity vector + at any posttion has componenis (v,,»,, )

The principle of conservation of mass simply states that the rate of change
of mass in the control volume equals the rate at which mass enters the control
volume minus the rate at which mass leaves the control volume. The total
mass ts § Ax Ay Az, where 7 denotes the average density in the small cube.

o

Ar "-Y+AY.Z’

i
i
y !
L}
F 4

(1»)'*‘67.!+6 H (X+Ax.y+Ay‘

. { 1+4Az)
187
| ¥ : ¥z
S I
Ay e vy 1
Yr I vx
1 vy

T T i i " —— iy

(x+hx,y 1)

(n,y, z+A71) Ax {x+Ax,y.z+A71)

Figure 7-2: Cubic control volume.

(x+8x, y+Apfl

|
{
;
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Then

[ratc of change of mass = g—r-ﬁ Ax Ay Az 7.0

The derivative is a partial time derivative because it' denotes differentiation
with respect to time at a particular position in spacc.

Fluid enters and leaves the control volume across faces normal to each
of the coordinate directions. Let us focus first on the face at x, normal to the
x direction, with area Ay Az. We will refer to a face normal to the x direction
a5 an x face. The normal component of velocity is v,, and this is the only
component involving flow across the face into the control volume, since v,
and v, are parallel to the planc of the face. We will assume that flow is in the
positive coordinate direction, as shown in the figure; if not, velocitics will
simply be negative numbers and the result will be unchanged. Flow ar the
x face Jocated at x is then into the control volumne, with a mass flow rate

f mass flow rate = (pu,> Ay Az|, ; (7.2a)

. ¥ s
where (pv.> is the area average over the face. The symbol |, means “cvalu-
ated &t x.” Similarly, mass flow rates in over the y and 7 faces are, respectively,

mass flow rate in, y-face = {pv,> Ax Az|, (7.2b}
mass flow rate in, z-face = {pv> Ax Ay|, (7.2¢)

Mass flows out in the x direction through the face at x | Ax, with a flow
nate

mass flow rate out, x-face = {pv> Ay Azl .. ‘ (7.3a)
Similacly, -

mass flow rate out, y-face == (po,> Ax Az, ,, (7.3b)

mass flow rate owt, z-face = (pu,> Ax Ay livan {7.3¢)

The conservation equation s thea

sgﬂx My bz = (pu>Ay Azl + {pv>Bx Az, | (pn,>Ax Ayl
o - <pU,> A}’ Az Ln&,- = <P7’;> Ax Az f!lp& tT <p"1> Ax A-V L'.m

et s e oy
Dwviding by the volume, Ax Ay Az, Eq. (7.4) can be rewritten
9P o EPRieae = PN VDl nr = PO,
ot Ax Ay
(7.5)

o <pvl>1t+-ﬂl - <pv:> ir
Az

Each term on the right-hand side of Eq. (7.5) is a difference quoticnt. We
now let the volume Ax Ay Az shrink to zero. In that case,

jiTo <.pvx>¥x'ﬂaxm <pvx>ll i 05:" (7,6&)

ax =D

o e .
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That 1s, as the area of the face shrinks (o zero, the area average approaches
the point value, and as the distance between faces shrinks to zero the differ-
ence quolient goes to the derivative. We have a partial derivative because it
represents the rute of change with respect to x at a particular y and z at a
particular time, 1. Similarly,

]imo {pvy) lr.%)')— <oty - %@Q (71.6b)
58 7
ar 0

: <va> Ia ray T <pvr> I: . 3?”3
L 769
a1

As the volume shrinks to a pomt the density on each face and the average
density, g, ssmply approach the pomt density, p. Thus, we obtain, from Eq.
(7.3),

Lo . _dpo. _dpv, dpu,) an
Lg “ox dy dz 1 '

Equation (7.7} is known as the continuity equation. 1t is a partial differential
equation whose solution establishes the relation between density and velocity
at cach point in the flow. Note that we have made explicit use of the continutm
hypothesis, discussed in Sec. 2.3, by assuming that the concept of density
remains valid as the control volume shrinks to a point.

The continuity equation is sometimes writlen in a slightly different form
by expanding the derivative of cach product to {wo terms:

97 . f??f=,
dx ‘6

and similarly for y and z. Equation (7.7} then becomes

(7.8)

g dp dp dp (61} du,
S R R By*IE) (71.92)
or, defining the symbol Dp/Dr as lhe teft-hand side of Eq. {7.9a),
{‘Dp o c?'u dv g,

D{ ) Dt is known as lhc substantial denvatn'e The physical meaning of this
derivative 1s discussed below,

7.2.2 Substantial Derivative |

The physical meaning of the substantial derivative is most easily under-
stood by focusing attention on a $mall particle of fluid, as shown in Fig. 7-3.
At time 1, the position of the particle is x(£), p(t), z(6). At a fater time, ¢ 4 Ar,
the particle has moved to position x{(f -+ Af), p(t + A, 2(1 -+ A1). For suffi-
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/,__;_m__,._

Tima t+A4At
Time ! Position x{1+At)
Position x = x{t} ylt+ A1)
y*=yit} 201+ At

z=z(1)

Figure 7-3. A particle of fluid changes spatial position with time.

ciently small Ar, we can write

Eﬁx(t | A == x(1) | At =x(0) | v, A:E {7.10a)

The substitetion of », for dxfdr is possible since v, ts simply the rate of change
of the x-coordinate position of the particle. Similarty,
Wi b Ay == W)+ v, At {7.10b)
(e § ALy = z(t) b v, At {7.10¢)
Now consider any property £ of the fluid particl that can change with
time and position, such as its density. &(r | Ar) is different from &(r) because
it is evaluated at a fater time, but also because the particle is at a new posi-
tion in spacc Thus,

f(f I At} &0y 65 At I Ax ! ngy | 35 Az\ {(7.11a)

oot

or, rcplacmg Ax with v, Af and similar[y for p and z,
*__J,M_-»m--—u%
1{(: oA = EE) - 5%: n 5 v, At - f’rf; Al 3 Co. Al (7.11b)

If we divide by Ar and take the limit as Ar goes to zero, we thus obtain

Toe . et (rA) @ 9
{ Dt I:m

Tdy

Thus, we see that the derivative DE] Dt can be interpreted as the rate of chanye

with time as recorded by an observer moving with a Auid purticle.

‘b, 9 |y, % }(7!2)

7.2.3 Vector Notation
1
A vector notation is often a useful shorthand in representing the continu-
ity equation. In a rectangular Cartesian system the x, ¥, and z unit vectors
arc denoted 1, j, and Kk, respectively. Then the velocity vector is
. - 7
% v=1aituoji v,k’l (7.13)

(i S
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The gradiens of a scalar is the vector whose components are the partial deriva-
tives; for example, — ..

i !
Reabiubiint R 7ok 1
Both “grad™ and “V* are used in the literature to denote the gradient; the
inverted triangle is called “nabla™ or “del.”

The “dot,” or inner product of two vectors is a scalar formed by summing
the products of x, y, and z components; this follows from the relations

ji'i:ij-j"-_-—_k.k:___[

Thus, [, . — '
v O a gl
ARRATACY S MUY 719
and, from Eq. (7.12), SR
] d
2 35-;‘, v-vel (7.15)
It is useful to think of the gradigggﬂopcramr as a vector,
v 3 9 ]y W
Py =T e e )
e S T
Then the inner product between V and a chtorvmv:llIfI;:‘
T R
(Veyoe 02y 98, dU,
TG 10

This is calied the divergence of vy, and the symbol div v is sometimes used.
Mote that the order is important here, and that while V + v is a scalar, v . V
is a differential operator:

a ) ) g )
) TR T S L -
VeV )=, Gt 5 b, St (717
The continuity equation, Eq. (7.7), can thus be written in vector notution as
E_a;_____%m___.m
[l 1)
The expanded version, Eq. (7.9); is written in vector notation as
Do _ o
i Pr = pV-vg (7.19

with Dp{ Dt given by Eq. (7.15) with { replaced by p.
7.2.4 Incompressible Fluid

If the density is constant in time and space, all its derivatives vanish. In
that case the continuity equation simplifies to the form

incompressible: Vv =0 (7.20)

}( CONSERVATION OF MOMENTUM

7.3.1 Momentum Flow

We now apply the principle of conservation of linear momentum to the
small control volume contained in the fluid. Momentum is a vector, mass
times velocity; momentum per unit volume is density times velocity. The
principle of conservation of linear momentum states that for each coordinate
direction the rate of change of linear momentum in lhcl control volume equals
the rate at which momentum flows into the control volume, minus the rate
at which momentum flows out of the control volume, plus the sum of all
forces acting on the control volume. |

We will carry out the derivation for the x component of hinear momentum:
the - and z-component equations follow by analogy and can be obtamned
from the x equation by permutation of X, y, and z. x momentum per unit
volume is pu,; thus, total x momentum is E;:Ax Ay Az, and

rate of change of x momentum = (‘;f;vx Ax Ay Azl {7.21)

L DU

The rate at which x momentum flows into the control volume across a
face is the product of x momentum per unit volume, pr.. and the volumetric
flow rate across the face. There is flow into the control volume across three
faces, an x face, a y face, and a z face, and x momentum is carried into the
controf volume across each. The volumetric flow riffe across an x face is
v, Ay Az, Across a y face the volumetric Aow rate is ¥, Ax Az, while the vol-
umetric flow rate across a z face is ¥, Ax Ay. Thus,

rate at which x
momentum flows = (pv, }r, Ay Az){, | Cpu e, Ax A,
nto control volume

1.22%
i+ (v )(v, Ax Ay)), 2
Similarly,

rate at which

x momentum flows out == (pv,)(v, Ay Az}, , .. ! (po o, Av A, .,

of controf volume {7.22b)

-+ Ape Yo, Ax Ay, ..

(We have not included the triangular brackets { ) to denote the area average
over each face in order to facilitate identification of the individual momen-
tum and flow rate terms. For a sufficiently small control volume, the area
average and the point value on the face are the same, and all averages disap-
pear in the imiting process in any event.} Thus far, then, the x component
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of the momentum cquation can be written in

bols as
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I pev, AvAzl, - poa

| poe, Ax Ay,

B o V——

AN Az

yidy

A Ax A}'!n b

I sum of uli forces acting on control volume

AtArc

S S
GrPrAYAY AT < | pra, Ay Az, - pogo, Ap Az|

7.3.2 Stress

a mixture of words und sym-

(7.23)

A foree wilt be exerted on a face of the control volume because of the

presence of fluid adjacent to that face. Let us

O, o, i 1,j !

: focus on an x face. The foree
acting on the x face because of the surrouading ffuid is denoted o, Ay Az,
where &, is a stress, or force per unit area. o, can be resolved into ity X p
and z components, as shown in Fig. 7-4, and written ;

DR
7.k \

the face and represent shear. It is commeon to use the o1 not
here: the reason will become clearer subsequently.

this case) denotes the face: the second subscrip

t deng

{7.24)

where @, denotes the stress component nosmal o the surface and represents
4 ienson or compression. 7, and 7, denofe stress components puralle! (o

ation introduced
The fiest subscript {x in
Mes the coordinate diree-

tion i which the stress is acting. In a similar manner, the foree acting on a
ylace s a, Av Az, with components as shown in the figure,

o, T,k o)l 7,k {7.24b)
f"w
Cxvfip, y+AQy, 2}
Ar y ¥
} Tyx
1 Ty
{x,y+Ay,z+Az) . ] (+Ax,y+Aly, 2+A7)
X
I
¥ LI : Tay
4 -,
x Ay rxy 1 : le XX
. LH72Y S SN VW
-~ Fyz
P "y_f_{/
(x,y,ztAz) Ax ! {x+Ax,y,2+A7)
' %yy

Figure 7-4. Stresses acting on faces of the control volume.
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In the z direction,

g, = r.rxi | Tx.rj i O"k (724"}

The components of ¢, are not shown in the figure.

At this point it is necessary 10 adopt a convention on sipns. We will use
the convention that the fluid on the side of the face with the greater (algebraic)
value of the coordinate exerts positive siresses on the flurd with the smaller
Coordinate value, This is tllustrated schematically for x and y faces in Fig.
7m1rc shown as acting in the posilive coordinate directions on

o,

¥y
L.
{x,ytAyl} {(x+Ax, y+Ay)
T‘y
Txx T Oy
Tx,
{xy) = (a+ha y}
I’
Tyy i

Figare 7-5. Convention (or positive and negalive siresses on 4 face.

the x face at x < Ax, since the fuid outside the control volume is the farther
from the origin here. For the x face at x, the fluid inside the control volume
15 farther from the origin and, by the convention, would exert stresses acting
in the positive direction on the fluid on the other side of the face, outside the
control volume. But the fluid outside the control volume must exert an equal
and opposite stress on the fluid in the controt volume, so the stresses exerted
by the Ruid outside the control volume on the x face at x must act in the
regalive coordinate direction, as shown. Simikar results follow for the ¥ and
z faces.

It is evident from the figure that this convention ks equivalent to stating
that the normal stresses_exerted by the surroundings put the control volume in
lension when they are positive. We could have equally well adopted the con-
vention that the surrounding fluid puts the control volunmie in compression

when the stresses are positive. This latter approach has a logical basis in
considering analogies among molecular transport of mass, niomentum, and

encrgy, but it is contrary 10 the convention usuatly used in mechanics and is

rarcly employed.
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We can now go on with the development of the x-momentum cquation.
The x components of stress from a,, ¢, and o,, respectively, are g, ,, 7,,, and
T,,. With our conveation on signs, we therefore have

i x-direction forces
| exerted by surrounding == o,, Ay Az[,, ., — 0., Ay Az,
1 fluid on control volume

i (7.25)
l I 2, Ax Az|, s, - T,. Ax AZ|,
i

| Tix Ax A.ygu var 7 Tax Ax A}’L '

7.3.3 Body Force

Finaily, we must congider forces that aet on the body of the flbid rather
than on the surface. The only body force that we will consider will be the
force of gravity, which has a value

body force in x direction - = g, Ax Ay Az {7.26)

where g, is the ¥ component of the gravitutional acceleration vector, g. The
only other important body forée that arises in applivations is an electrical
force that occurs when a conducting fluid moves through a magnetic field.

234 Cauchy Momentum Equation

Equations (7.23), {7.25), and (7.26} combine (o form the complete expres-
sion for conservation of x momentunt,

S pu. Ax Ay Az o | oo, by Bzl, - po,w, Ay Acl.,,
| po.p, AxAz|, - pvw, AxAz|,,,,

I prov, Ax Ayl - pow, Ax Ay, ..

| Z“ Ay Azf,an pa” Ay Az, (7.2

Ty Ax Azl ,, - 1, Ax Az

4 T Ax Ayl s -~ T Ax Ay, | pg. Ax Ay Az

Dividing by the volume, Ax Ay Az, and rearranging shightly, this can be
written

dpv, - PV s, — PO, -+ PO ysar — Py,

ot Ax Ay
' pv,v, lnn: s Pvtvxly —_ axxix1-4x s axxlx
i e - - (1.28)

| Texlyrar 2 Taaly + Tashiiar = Torks 1- jg,

Ay Az

In the haut as Ax Ay Az » 0 cach difference quotient becomes a partial
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derivative, and we obtain the partial differential equation
ip"xr,x ) aax: (?rr: ‘_?_T.r: %

dpr,  dpow, ‘ ) 7
4 == P P 4 (;V- f g I Pg.lt (7.29)

sy D0t dpvye
! x

dy

One further simplification can be obtained. The decivatives of the products
on the left side of Eq. (7.29) can be expanded to two terms and written

X .|_

de, , o, , ool an,
' ip'"a'{ i p‘xa’i_ i pry } p”l a‘z"
left-hand side -- 9 B 9 2 (7.30)
0P gpr, o, 9pr, , ope
{ o, P o, I {w dy | 3

The second row sums 1o zero from continuity, L. (7.7), and the final foro
of the x-momentum cquation is

D, du, an, an, ar,
Dt P TR dx Lo, dy Lo, J:

~ de,, bt dr,,
B SRR

The p- und z-momentum cquations are, respectively,

1
g :
F {7.310)

D, dv, g, ,de, 0 Ay
A IR A MR Y MR L ,
3t
gt 4 do,, | d7,, | pw i ( )
ax ay dz PEy
Do (9’ ? 2l ]
‘ (731¢)

dr,, b, | do,

ST tr , 90,
T gx dy I T
The latter two equations follow from the permutation xpz - yrv - zvy

Equations (7.31) are components of what 15 sometimes called the Cuuchy
momentunm ¢qualion.

7.3.5 Stress Symmetry

The three components of the Cauchy momentum equation contain the
three velocity components, but they also contain the nine components of the
SUESS: O o, T s Trra Tayo Trgs Ty Ty Toen T,y I order to have a closed system
of equations, we wil require an additional nine relationships between the
variables. Three of these follow from the fact that the stress can generally be
taken as symmetric; that is,

Tap 2™ Ty (7.32a)
Tue = Tye (7.32b)

T.ﬂ T Trr (712'«.)
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The symmetry of the stress is usually deduced by applicntion of the princi-
ple of conservation of angulur momentum to the control volume in Fig. 7-5.
The small cubic region is taken as a rigid body, in which case the principle
of conservation of angular momentum states that the rate of change of moment
of maomentum equals the sum of the impased torques. Consider rotation about
the z axis. The force on the ¥ face at x | Ax causing rotation is T,, Ay Az,
and st acts through a moment arm Ax{2 about the center, causing a torque
T, Av Ay Az/2. By the right-hand rule, this is a positive torque, directed in
the posttive z direction, Similarly, there is a positive torque 7,, Ax Ay Az/2
excrted by the force on the face at . The torques exerted on the y faces are
negative and cqual to 1, Ac Ay Az/2, giving

lncl torque - (x|, | Tyloras 1,0, T,ulpen ) AX A)'Az] (7.33)

The moment of momentum equals p Ax Ay Az r; Q,) where {3 is the
angular velocity and 7, is the radius of gyration, which cquals {(Ax Ap/6y /2
{or the square Tace. Thus, dividing both sides by the volume, Ax Ay Az, we

obtain

P J0}

6 e Avay - i(r,,

N 9 NP 0 T T (7.349)

In the limit as Ax and Ay go 1o rero, 1,,], and Tuylevar approach the same
value, which we simply denote as T.,. similarly, 7§, and T,ilye sy approach
a commuon vilue of 1,,. We thus have

i P TEY _ o
! A:n_)o 6 dr Axdy - 7, -1, “ {7.35)

ar 0 !

The angular acceleration d{}dt must remain finite, so the left-hand side of
Eq. (7.35) vanishes in the limit, giving the symmectry relation (7.32a). The
other two symmetry relations follows in an identical manner,

It should be pointed out that the derivation of stress symmcetry uses not
only the continuum hypothesis, but a second and stronger assumption as
well. We have assumed that the only torque acting on the control volume
comes from the action of the surrounding fluid, and that there are no couples
caused by the action of body forces. This is usually a good assumption, but
we can imagine cases in which it might fail. Consider a highly polar material,
for example. There is a dipole force which exerts a local couple; as the control
volume shrinks 1o a suffigiently small size, the dipole forces will exert a body
force couple that is not included in the balance in Eq. {7.35). Thus, for such
a material the stress may not be symmetric. The proof of stress Symmetry is
thus equivalent to a specific assumption about the nature of the fluid —that
there are no internal couples arising from fluid structure, This assumption
seems to be a good one for al fluids commonly encountered in processing,
although anisotropic materials such as figuid crystals might fail to satisly the
symmetry property.

}A/NEWI'ONEAN FLUID

7.4.1 Intuitive Development

The three symmetry relations reduce the number of unknown stress
components in the momentum equation to six. To proceed further, we need
to establish a constitutive relation between the stress and the velocity field.
We will restrict attention here to Newtonian fluids, continuing the develop-
ment begun in Sec. 2.4.2, 7

We defined a2 Newtonian fluid as one in which the shear stress 1s directly
proportional to the shear rate. In Sec. 2.4.2 we focused on motio.n bc.un.:ccn
two planes (Fig. 2-1) and defined the shear rate as the relative vcioq(y d:v@cd
by the spacing. We now consider two fluid planes that are only dtffcrcnligliy
apart, with all motion in the x direction, as shown in Fig. 7-6. The relative

T
—t
¥ —_————
Dy - Vi
—

x
Figure 7-6. Shearing between two plancs of fluid.
velocity divided by the spacing is then Av, /Ay or, in the fimit, duv, [dy. In place

of 7, for the shear stress we write T,., and the analogous definition of a New-
toman fluid is

x-direction motion only: j T,, = 7 ‘3;,! =1,, ? {7.36a)

The sccond equality follows from the symmetry relation. g is a constant.
Suppose that we now rotate the system by 90° so that all motion is in the
¥ direction. In that case we can interchange x and y in Fig. 7-6 and write

. . . o
y-direction motion only: , T, =N Z’% = r,,‘é {7.36b)
?

The motion will not wsually be restricted to one coordinate direction
only. A generalization of Eqs. (7.36) that reduces properly 1o the two special

cases is ! .
e = {9 IT\] 7.37a
}Txy“‘r:x"q(‘;;'*“?})é ( )

Here we have written partial derivatives, because v, may depend on coordi-
natc directions other than y, and v, on other directions than x. If the on!.y
velocily component is v,, then Eq. (7.36a) is recovered, while Eq. (7.36b) is
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Tecovered if the only velocity component is »,. The expressions for t,, and

1,, follow by permutation of X, y, and z, which is equivalent to rotating the
system successively by 90°:

‘_. — - x . r}"
r.‘ == ‘[" = fl( ;— *— 3——) (7_3;b)
— = on - _E.' 1.37
T, = T, = r](‘i‘.[ y) ( 3 C)

This intuitive generalization of the discussion in Sec. 2.4.2 of the Newto-
man fluid establishes the proper format for the refation between stress and
rate of deformation: the shearing stresses are lincar, homogeneous functions
of 1the derivatives of the velocity.

The relations for the normal stresses, 0., 0,, and o,,, require a more
rigorous treatment. This is because the ftuid can sustain a wniform pressure
even in the absence of motion and because the normal stresses must account
for compressibility effects.

4

7.4.2 Constitutive Equation

A Newtontan fluid is defined as a flutd with the folfowing properties:

- The stress is symmetric. )

- The stress at a point in the fluid depends only on the instantaneous
value of the velocity gradients ag the point.

- The stress 1s a linear function of the velocity gradients,

- The stress is isotropic when there i No motion.

Linearity is required for consistency with the definition in Sec. 2.4.2. Depen-
dence on the instantaneous value of the velocity gradient is required to rule
out the viscoelastic effects discussed in Sec. 2.5 and shown in Fig. 2-13.
Isotropic means “the same in all directions™; 1SOLropy at rest is required for
consistency with the common understanding of pressure and to rule out
Bingham plastic behavior such'as that discussed in Sec. 2.4.3 and shown in
Fig. 2-10,

The symmetry arguments used in the preceding section can be made
rigosous and combined with the four properties defining a Newtonian fluid to
establish the form of the relation between the stress and deformation gradi-
ents. We shall not present the detailed analysis, which is done most casily
using standard theorems in matrix algebra, but only present the results. The

stress components Ler Loy Tup T4, T,,, and T,y afc given by Egs. (7.37). The
normal stresses are given as follows:

Tor = =+ W g -y (7.3%)
Ty = —p ol 2#% t K~ dmV .y (7.38b)
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G p b G e Vv (7.38¢)
V - v is the divergence of the velocity, given by Eq. {7.&6), There are two
material constants,* x and 7, and one function, p. & 1s known as the bulk
viscosity; it can be shown to be zero for monotonic gases. Very large expan-
sions would be necessary to measure nonzero values of x for pg!ya!omm
gases and compressible liquids, and there seems to be no cxpcrlmcnlal.ly
measurable error involved in setting x equal to zero. \_'Vc sha?l do so her‘c, in
which case the constitutive equation for a Newtonian fluid has a single
material constant, the viscosity, 5. The cquations for the normal stress are

then

{7.39a)

(7.39b)

(7.39¢)

. T A MG i g it st

Equations (7.39) can be added together foglvc

e

i dv, v, o, 2 2 2) .
10 1o, | g, = -3p | 2’1('33; + a;’ + az‘) - (3 Ty by v ¥

- N S ey LA it TP e

T

i

The quantity in parentheses in the second term on the right is simply V + v,
50 the last two terms are equal and we have .
Lp= ~{o.. Vg, o) (7.40)

That is, p is a compressive stress that is equal to the mean normul stress on tl‘m
control volume. This is consistent with our notion of pressure, and p is, in
fact, the thermodynamic pressure. ' .

It is conventional to introduce an additional bit of nomenclature. The
deviatoric stress is defined as the stress in excess of thefisotropic pressure and
1 defined as

{t, =0, 4 p=2 ?;yl ~ 3V - v | (7.41a)
; x _
bevigToRIC dn, h T.41lb
; Tpy == 0y, + P = 2’] a'_ - i’]v v i ( 4 )
sy, A, _;:::‘;‘:iw,_.._—hl-“«“_ttl
- cpoa g9 . 7.41¢)
CTLmo, bp =2 Vv ] (
i d: t

Note that v,, + 1,, 4 1,, = 0.

*Students who have previously studied the theary of elasticity will rc-.:oxn.izf.: that two
malesial consiants is a characteristic of & linear stress equation. In lincar elasticity the two
constants are Young's modulus and Poisson's ratio, i
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7.4.3 Astde on Pressure

Readers planning to go on to the study of the behavior of non-Newtonian
fluids should be awarc of a certain arbitrariness in the definition of pressure,
I the Auid is incompressible, the thermodynamic pressure is undefined. Thus,
instead of defining 7, , T, and 1,, as in Fgs. (7.41), we could have defined
themasa,, | po,, | po, | A, where jis any isotropic function. For the
Newtonian fluid, ¢ven when mcompressible, it is best 10 tdentify p with p as
defined by Eq. (7.40}. For some incompressible viscoelastic hquids, however,
a dfferent definition can be more appropriate. This point has caused a great
deal of confusion in the non-Newtonian fluid mechanics literature.

7.4.4 Momentum Equation

Using the definition 1, = ol i p. the x component of the Cauchy
moementum cquation, Lg. (7.31a), can be written

Dr, op Ot dr,, | dr,
Pl T a S v e s (7.42)
Substitution of Eqs. (7.37) and (7.41) then gives
Do 0P 00000, 2 6 1 3 (dn  dn,
2 pr ' &x[zq dx A i c?yl”(.&y. + ‘a_;)]
{7.43a)

2 ] o

Similar equations are obtained for ¥ and z by the permutation XYZ v yIX s
zxyp:

Do, Op [, o, 2 o a[ fdn,
Ppr ™ gy &y[z” ay 3w '] 3 as[”(az‘ ' 6};)]

by (% ?;;)} f g,
b= S T S (G )
(7.430)

a| _sdr,  ov,
+ ayl_”(a:;: + ai-')] teg

Equations (7.43) define a set of three equations for the four varizbles
Vs ¥ 2, and p. The fourth equation is the continuity equation, Eq. 7.9). If
the fluid 1s compressible, the density is also a variable, and the required
fifth equation is the constitutive cquation relating density to pressure for the
particular material being studied.

i

H

I o, dp d'v,

Sec. 7.4 Newtonan {lud R

7.4.9 Navier—Stokes Equations
I

In many apphications the viscosity can be taken as a constant, independent
of spatial position. We can then take the viscosity outside the differentiation
and write Eq. {7.43a) as

Do, _ _9p, 0, 2.0 g v,
P T T dx o axt tn dx? 3 qax(v v 9y’

(7.44)
d*y, dtn,
- ’Ia’;’a} “+- Gt -4 Udz&!x b g,
We have written the term 2gd%p,/dx* as the sum of two teems. The three
onderlined terms sum to n @/dx(dv,/dx | du fdy | dvfdz), or n HV « v)idx,
s0 Eq. {7.44) sumplifies to

1 2 | & )
a0t ‘f;y", + ‘3;’}) oy g Ve e (454)

The corresponding equations for the y and z components are

D”, 61: C"TI, - li_i” . 21).’) . ! Vv fiJ 1.45b
p - omn ;y i 'I(;; N 3}}1 i ; 1 % 3 '7 ?‘ { ) I gy ( )
Dvl = ! 5 i ..’fzw.._z'i' - J V.v A5¢
pbr = .A.aEJ {- q(ﬂ 'li' 4 33 f g z) i 3 ']az( Y1 opx, (7.45¢)

Equations (7.45) are known as the Navier-Stokes equations. They wcrc.: ﬂr.s;l
desived for incompressible flutds using molecular arguments by Navier in
France in 1822, and in complete generality by Stwokes in England in 1845,
Equations (7.45) are the basic equations that we wall apply.

The operater &*/dx?  d*/dy? | d*/3:* can be interpreted as V - V, which
is usually written V2 and s known as the Laplacian. We can then write Eqgs.
{7.45) in the vector shorthand

p%:. = —Vp | gViv | g%V -v) 't pg (7.46)
with :
%‘.;. - g.} 1 (v Vv (1.47)

7.4.6 Equivalent Pressure

We defined the sum p |- pgh as the cquivalent pressure in Sec. 5.4.2.
Recall that

dh "

ok dh
8= 8y &Ry B gy (7.48)

where the negative sign occurs because k is measured up and the gravitational
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force points d‘own. It is convenient (o generalize the definition stightly and Tase7-2
define the equivalent pressure @ as Cauciy MoOMENTUM Equat 101‘4‘
& =p i pgh — Inv .y (7.49) IN ReEcTAnGULAR CARTESIAN (x, ¥, 2} COORDINATES
Equation {7.46) can then be written in the compact form 7 —; 3 13__—“& .“31-—_ "ar' ' 9
. Ve oy x4 NEIES Py L 9Py 9T pe y Ylas
, Dy V6 1 v X component p(—&-’- Poegd 4oy Iy by o | e 6; Iy 2 &
Y v
Dt n (750} . an on an e - dp i, dr dr,
This is th _ ) y component : p(alf Poesad b 'ed 4o, Bzz) S L T A A TS ) 22
Mis 13 the form that is most convenient for confined flows in an enclosed g ! . ’
conduit. ) I, én, Qv dn\ ap , dr,, , 91, , Oty
zoomponent: p(%e 4 ex G 1w G 1w Gr) gl G s G
Tasrr 7-3

Srress CONSTITUTIVE EOUATIUNI
FOR A NEwWTONIAN FLuiD
IN RECTANGULAR CARTESIAN
(x, y, z) COORDINATES

N .
75 CURVILINEAR COORDINATES

Although we have derived the Navier-Stokes and continuity equations in a
rectangular control volume, it will be more convenient in some application

1o have the f:quations available in other coordinate systems. This czordinal:
transforxnai}on iy carried out hy expressing the variables and coordinates in
one system in terms of those in the other. In a cylindrical r, 8, z syslc‘m for
cxam;_)ie, we can write r = (x* -} y2)VI @ — aretan yix, z =‘-‘-,Z.’Thf.‘: rcsul’!iu

equations are shown in Tables 7-1 through 7-10. The Navier -Stokes cqt;alioni
are w'nucn in terms of the equivalent pressure, &, and apply to both incom-
pressible and compressible Newtonian fluids with 4 constant viscosity, The

ol 3]
Ty = 4[':2%-’)'5’ (- v
Tye = q[Z‘Z;'; 3V ]

individual pressure gravity, and com ibili
: , pressibility terms ¢ . e ol due  duy
use of Eq. (7.49). ; Y an be recovered by Tay = T |52 5
el g
TasLe 7-
Conrrn E . T . I TR T
NUITY EQUATION IN RECTANGULAR, CYLINDRICAL R VA
AND SPHER) Te !
[ LﬁCAL C{X)RDINAYES ¥ - v) duy N ) | d,
J _.h_m Sr————— ox y oz
_‘}[: = V- (pv) e o e e
TanLE 7-4

Rectangular (x, v, 2) coordinates:
NAVIER-STOKES EQUATIONS FOR A NuwTONIAN FLulD

WITH A CONSTANT VISCOSITY iN RECTANGULAR CARTESIAN

. g :
V-0 = s tovd o %(pv,) E &%(pv,)
{x, ¥, z) COORDINATES®

Cylindrical (r, 8, F3) coordimiics:

dny

. AL
x component:  p(5gX 4 vx%:c’-‘ + vra“" 6"‘) s OF ”(@:"{ o, dz"*)

By Tree) T v ae Mt gy T g

. duy duy du,  n oo dle, dln, %
¥ component : p(-‘-;—f FocGl koG :,3-12) -5, ""(a;f Py, E a—z—{)

14,
Velon = L g oron Bt 2 ouny

r

Spherical (r, 8, ¢) coordinates:

.14
Vlpvy = 7 a"r‘{ﬁ"zl’r) + F;:FG B%(ﬂvo sia §)

¢ “*J"ga‘l(ﬂvq)

Y L IR TN LR L AN | Y A TR PN
 component: p( + v 2 4 vy o) oy w5 v 53 *,az"z')

T e . . . . .
: _— e *The equations arc written in terms of the equivalent pressure, @
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TaBLE 7-5
CaucHy MOMENTUM EQUATION
IN CYLINDRICAL {r, 8, 2) COORDINATES

Sec 7.5 Curvilinea: Coordimnales

Tawee 7-7
NAVIFR -STOKES EQUATIONS FOR A NEwTONIAN FLu
WITH A CONSTANT VISCOSITY 1IN CYLINDRICAL (r a, z) COORDINATES"

. Qv du, , wydr, L du, F)
r component (Jr bou,t ; 4 a1 o 1 v, 3") = ---3};

1 4 { dr.a 1.'.. de,
1 -‘-_-J‘r'{":r) + - —Jy— + '3“;{ + pg,
z
{ 81' c?r
+ ;13;(”‘“) Rl VAR SR O
t
. . dv, | , duy vgdv, d
z component (J, b S AR &z) é‘f

I Ote, (3:',,
e % G

TasLe 7-6
Strrss CONSTITUTIVE EQUATION FOR A NEWTONIAN
Frutn in Cytanorical (r, 8, 2} COORDINATES

=25 30 )]
m:[%‘% IR AAR]

T 252 — 37 . m]

o=l S(2) 1 3]

el L]
Ter = Typ & q[%r 4 ‘3_';]

(V")'u"-g*;;(rv,)i—_!.%i; 3 3‘:

It Ry al“. 2 &:- &5
reomponent: p(% 4 o, Gr b 3G - 2?' i)
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gt Zee) s Lo A% )

3

dg i vedrg ;v N‘ 3 t.a“’ . 1 0¥

& component p(%'" R S 0 B!

d | G R 2 dn, 32:',
+ ”l;;,(r  (real} b ot aad b

R arr, du, --.&n, , @l, . __5(?
I component: p(-ai i~v, 3 1 v, ) 32
! (;lr, i ,jll,‘ 32l'.
‘ ’71 A ar) Y R

“The cquations are written in terms of the cquivalent pressure, 6.

TasLe 7-8
CauchHy MOMENTUM EQUATION
IN SPHERICAL {7, 8, @) COORDINATES

roments 4GS )
= B b g Sy (easind) 2.'.\9353’ fel T
# component : p(‘g;‘.g d"' -+ ';!%'é' r;:ﬂa%'; i _'_'g - L,_t;na 8)
=R 1 g geesin®) Fmaag 1t

# component : p(‘g? 1w, l?u’ i g dn 1:, dn | '_'tﬂi | "l“:"! cot 3)

rat "t rsing
! &r, P adr T, 2eotd
60 ! rsind g } r i TR e

__1_dp )
Teind o ! GrgtrTe ¢

b pr.

| pga

b prs
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TanLg 7-9
Siress CoNsSTIIUTIVE EQUATION FOR A Newronian Foum
IN SPHERICAL (r, §, ¢) COORDINATES

t, n[z‘-zg -3V -w]

i 312 ]
o2 gy 1 1 ) a0
ol L

el () 1 e ]
ety 30

I @ 1 é . I dur,
V- - L 2 e o, Y
o = B g 030 b gy Saloesin 0) FRrY Y

"TaBLE T-10
NAVIER-STOKES EQUATIONS FOR A NEWTONIAN FLum
WITH A CONSTANT VISCOSITY tN SPHERICAL {r, 8, &) CoorRDINATES"

5 gy, dv, g dn, 1 dn, vgl | owy?
r component: p(ar Pt 0 oF ! Z;;B Y ._‘ﬁ"r_..,! )
- 31? i a ,du, 1 a . dn, E a1y,
ol W) FTsind ae(‘”‘"ae) Yoy ggt
o 2 I 2 dv, » 2 2 N
PV T rr g T favecot® <oyt 5]

y . dry dve , vgdr, ) vy dry v oot 8
@ component: p(G8 1w 0 1 ey b ag | e - ey
N TR LI NI ¥ Ed /. pdn L
s e ! "[:ie,(”v;) ! ﬁ‘gﬁaa("‘“"sw') = Frvy K
A A T L 1
P10 T ITGaY8 T iTenid g

. I an g Oh N o rgth 3
¢ (L ve_ vy oy, vy
# componen p(&{ IR LRy e o vy coxa)

I _Tl'_ 0‘6‘ ] 1 _3- du . H a . 0 1 g2
Fendog? "[;wr("#) ' mmas(s'“"so’) V TaaTE 3E
L S 2 g, N 2cos @ arr.']
r¥inTd ) TS0 38 P iYsinTe of

“The equations are written in terms of the equivalent pressure, .

7.6 BOUNDARY CONDITIONS

The momentum and continuity equations are four differential cquations for
the three components of the velocity and for the pressure. Integration of these
cquations will lead to constants of integration, and these must be evaluated
using known information about the fluid behavior at boundaries.

The most common boundary condition 15 the ne-slip condition, which
states that fluid adheres to a solid surface and moves with the velocity of the

surface. Thus, the fluid velocity at the interiace with a stationary wall will be

zero. The no-slip condition is not intuitively obvious to everyone, but it does
appear 1o be satisfied by all Newtonian fluids in conduits that are large rela-

tive to molecular dimensions. The data in Figs. 6-7, 6-8, and particularly 6-9
demonstrate the apparent vanishing of the velocity at the wall. The no-slip
condition also appears to be satisfied by non-Newtonian fAuids excent perhaps

in the case of certain polymer melts under cxtreme processing condilions,
At a fluid-fluid interface, both the velocity and tangential stress must be
continuous across the interfuce. The stress normal to the interface is continu-

ous except for an amount equal (o the normal stress induced by surface
tension. We will not consider surface tension effects in this book, but simply
refer the reader 10 the more specialized literature.

In some cases the only boundary condition that can be stated is fimteness
of a velocity or stress, or symmetry resulting from a geometrical symmetry.*
We shall see examples of these in Chapter §.

7.7 MACROSCOPIC EQUATIONS

The macroscopic balance equations derived in Chapter 5 can be obtained
directly by integration of the MICTOSCOpIc cquations over the finite control
volume. This integration requires the use of Green's theorem, which 1s a
theorem usually proved in courses in advanced calculus relating volume
integrals of a divergence to integrals over the bounding surface. We can
demonstrate the general approach and avoid the use of Green’s theorem by
restricting ourselves 1o the very special case of a conduit without bends and
having a constant rectangular cross section, as shown in Fig 7.7

We will derive the engincering Bernoulli cquation for illustration, subject
to the following assumptions, all of which are made for convenience:

- Assumption No. [: The conduit has a constant rectangular cross
scction and has no bends.

*Symmetry arguments must always be applicd with caution. There are some counter-
examples illustrating nonsymmetric solutions (o problems with apparent gecmetrical EYm-
metry.
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- Axsunption No. 2: The Macroscopic system is at steady state,

- Assumption No. 3 The fluid is incompressible and Newtonian,

- Assumption No. 4: The system is isothermal, so there are no physical
property changes.

- Assumption No. 3 There is no shaft work.

YUy

Y*yz

X=xp

X* Xy

‘Z'Il Itz

Figure 7-7. Schematic of flow in a stratght conduit with constant rec-
tangular cross section.

The approach parallels that vsed in Sec. 5.5.3. We first take the inner
("dot™) product of the velocity vector v with each term in Eq. (7.50);

PG VN Vo | gy eV (750

By writing out the components in Cartesian coordinates we can casily estab-
lish the following identities, where in some cases incompressibility (V - v = 0)

is used: ‘
dv 1 gn?

Vi T2 e
velly - Vivl == 4V < (vod)
vVeV(p b pgh) =V ev(p i pgh)

v is the magnitude of v. The identities for the last term in Eq. (7.51) do not
have a convenient compact form, and we shall not use them. Equation (7.51)
<an then be written

g’?ipv’ FVvlpe? | p 1 pgh)~ v Viy (7.52)
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Note that the second term on the left already has the appearance of the
Bernoulli equation.

We now integrate the equation term by term over the entire contryl
volume:
i

J‘ g;—ipnztﬂ) i J‘ Vev(§prr | p | PERY LU == v - Vivdu
volute velume rolume

(7.53)

The time derivative on the first term can be taken outside the integral over the
fixed volume and we have

J- -g;-ipv‘ a0 == :}‘:f Y UL S I (7.54)

The integral is the total kinetic energy, and its derivative is equal to zero
because at steady state the total kinetic energy does not change.
The second term can be writien

f. Vev(ipo* | p | pgh)dv

I
*f f’ j fc%f”-(iﬂv‘ et peh)] 4 a‘i;{v,(ipv‘ Fp ot pgh
!-adz{v,(ipv‘ bl pel)} dx dy d;

- f ' f {lvdpv® -1 p 1 pemdll._..
ot | p el ) dy dr
| J f (odpo® 1 p 1 pell,.,,
et b p 1 prm)),, Y dx e
1 J-_:f: {leipo® + p | pemlt._..

et b oot ped) ) dx dy (7.55)
From the no-slip boundary condition we can set v, = v, =0 at the wall,
X=Xy X=X,y =y, ¥ =y,. Thus, the first two integrals vanish. The

third is the difference between area integrals at the two ends, and we can
write

f.,,....v"'(iﬂvz 12T PRAYAU = AP YDA 1 CpVYA | (pghvyay

Here, we have replace v, with ¥V to facilitate comparison with the earlier
development.
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r;f' VeV L H-,,f 40 (7.554)

Yoluome

G (g Ge) ) e[z 2oy

5 o P (7.55b)
L Ire . dn,
‘*‘[‘a;* az] *[az f aJ
We thus obtain
MG 134 41 o, 4 boghvya) 1, [ om. (7.56)

Iy =y f @ d'l)/w (7.57)

D is often <alled the Ruayleg f dissipation Sursction, for it TCpresents the Fate
per unjt volume g which heat is ECnerated by viscousg dissipu!ion: Compare
Sec. 342 Note that ¢ -, 0 and the Iogges €an vapjgh idcmicaﬂy only for
7.0,

Equatign {(7.57 Suggests why the fosses May he EXpected 1o Corretate wigh
¥ owith a Reynoi’dx numbcr-dcpcndcnl coetlicieny H there I5 One charae.
teristjc velocity, ¥, and one churactcrix:rc Spacing, D, over which the velocity
Changes rapidly feg., the Minimym SPacing ip 4 Folameter), We expect

D == order of magnitude of Vipa (7 58a)

f 0 S . order of magnityde QI(V‘/D’)voiume (7.53!))
Tolumy

W == order of Magnityde of pir {7.58c)

- : T2 DYvotume
d = order of Mmagnitude of 7

tant 1o commyiy these bagic CQuations 1 MEMOry, af Jeus in the form Biven jn

The buty viscosity is SStimated from molecular theory in

CH'APMAN. S., and vCowuNo, T.G., 7he Marlzcmatim[ Theory of Nom-unifor
Gases, Cambridgc Univcrsi!y Press, New York, 196t

Auids alluded 14 in Sec. 743 i discusgeq by Serrip and jp Chapier ! of
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AsTARITA, G, and Marruccr, G, Principles of Non-Newtonian Fluid Mechanics,
McGraw-Hill Book Company, New York, 1974,

The role of surface tension is treated in depth in

Levicw, V. G., Physico-Chemical Hydrodynamics, Prentice-Hall, Inc., Englewood
Chiffs, N1, 1962.

A general derivation of the engincering Bernoulli equation by integration of the
Navier-Stokes equations may be found in

Bwrn, R. B., Chermn. Eng. Sei., 6, 123 (1957).

We will use the vector formulations of the equations of motion only as a conve-
nient shorthand. The vector formulation, in fact, provides the potential for consider-
able avalytical ;  .er, but to exploit this potential requires a background in vector
analysis that has probably not yet been acquired by most readers of this book.
The book by Aris, cited above, isa good introduction for advanced students, Perhaps
the best basic introduction (o vector analysis is still 1o be found in the lectures of
3. Willard Gibbs, who is the founder of vector analysis as well as modern chemical
thermodynamics:

Wison, E. B., Vecior Analysis, Founded Upon the Lectures of J. Willard Gibbs,
Dover Publications, New York, 1960.

One-Dimensional Flows 8

8.1 INTRODUCTION

We now turn 10 the solution of the equations derived in Chapter 7. All but
one of the examples in this chapter will deal with incompressible Newtonian
fluids, so we will be solving the Navier Stokes and CORLINUitY equations.

On ficst examination the Navier-Stokes and conlinuily equations seem
rather foreboding. They are four coupled, nonlinear equations with deriva-
tives in time and in each of three spatial directions. This is an extremely
difficult system, and its behavior and analysis has commanded the altention
of mathematicians for more than one hundred years. In a small number of
cases the Navier-Stokes cquations can be solved exactly, In most sityations
of practical interest, however, a good deal of approximation is required,
often followed by machine computation. We will study some of the more
<Ommon approximations in subsequent chapters,

Students are often disheartened by the apparent genius required to oblain
solutions to complex ¢quations like the ones being considered here. In
reality, it is not mathematical brilliance that normally leads to solution. It is
a simple fact that solutions to complex situations are obtained only by under-
standing the physics sufficiently to anticipate the form of the solution. The
equations are then used to provide the details and to verify the assumed form.
This sometimes looks like “guessing™ the s¢lution, but the mental processcs
involved are quite different,

1RN
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1
The procedure fur the solution of flow problems is as follows -

1. Utilize understanding of the process to determine upon which inde-
pendent variables each of the velocity components depends. This step
is a hypothesis that must be checked for possible contradiction at
each subsequent step in the solution.

2. Substitute into the continuity equation to ensure that the depen-
dence assumed in step 1 is consistent with continuity. In some cases
the continuity equation simply guarantees {or shows lack of) con-
sistency; in others, the continuity equation can be solved to obtain
additional information about the velocity field,

3. Substitute into the momentum or MNavier-Stokes equations, as
appropriate, and solve. Ly, is uwsually helplu! to focus first on the
pressure terms in these equations.

We will tustrate this solution process in this chapter with some examples
of one-dimensional flows. It is important to emphasize that these solutions
represent a very special siteation, in that they are exact and free of approxi-
mation of any kind. Only a small number of such solutions is known to
exist.

82 PLANE POISEUILLE FLOW
8.2.1 Problem Description

An incompressible Newtonian fluid flows at 2 steady rate through a
rectangular channel of very large aspeet ratio, as shown in Fig. 8-1. Flow is
in the x direction. H/W and [l are both very small numbers. The flow s
caused by a pressure and/or elevation difference between x - 0 and x — L.

We will approximate the large aspect ratio as flow between plales of
infinite width, H/W -~ 0. The side walls should affect the flow only a small
distance into the fluid, so for a large aspect ratio the “infinite” assumption
should not cause substantial error. We will also assume that the flow develop-
ment region near the entrance and exit is a negligible portion of the total
distance I, 50 that we may take the Aow as fully developed: this follows from
the statement that H/L is small. Finally, we will assume that the flow is not
turbulent.

8.2.2 Direct Solution

The problem description allows us to make some immediate hypotheses
about the structure of the flow. First, we will assume steady state. If the flow
is fully developed, observations of the flow field at all X positions should be

IR

S

Sec. 8.2 Pisne Poisswile Flow

x=L

?L@ [ PGL:S emﬁze_ %:LO\A/

— \Qy-HJ’Z
y=0
yx~H/2

Figure B-1. Schematic of flow in a plane channct with Luge aspect ralio,

the same: .
gg?azgf’z:‘?ﬂ ..:U! (8.1)
tdx  dx Ox {

Furthermore, if the flow field is infinite in expanse in the z direction, we can

assume that there is no distinction between one z location and another; thus,

the velocity ficld should not change in the z direction, or

dv,  de, w1, 8.2
; _a? s .a..zl s -az 0; ( )

From these two equations it follows that the components of the velocity
vector will depend only on y. We can further anticipate that there will bg no
motion normal to the direction of mean flow (v, = 0} and that all flow lines
are parallel to the walls (v, == 0}; these last two assumptions will be cxumin_cd
more carefully in the next section. We thus hypothesize that the velocity
field has a general form i

o, = o0y} w, - n, = 0] (8.3
We know that », must depend on y, since », will vanish at the walls {y ==
+ H{2) because of the no-slip boundary condition, but there ts a net flow in
the x direction, s0 v, cannot be zero for all values of .

The continuity equation in Cartesian coordinates for an incompressible
fluid is obtatned from Table 7-1 as

dv, -4 dv, + dv, -
dx ' dy ' 9z
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The first term vanishes because v, docs not depend on x, while the last two
vanish because v, und 2, are zero. Thas, the form assumed in Eq. (8.3) is
consistent with the continuity equation, but no additional information is
obtained.

The Navier-Stokes equations in Cartesian coordinates are given in Table
7-4. Most terms vanish upon substitution of Eq. (8.3); for example, the term
po(dr [d1) vanishes because v, does not depend on v, while po (dv, [dy)
vanishes because », == 8. When the zero terms are removed, the resulting
forms of the equations are

. o i dzn_' .
( x component:  { ax ] Ayt (8.4a)
4 »component: - 8(? 8.4b
! ¥ Y ay ( )
{ component: 0 = - gﬁl (8.4¢)

We have written d%v, [dy? instead of 0%v,/dy? because v, is a function of only
¥, so all dervatives are ordinary denivatives.

We examine the equivalent pressure terms first. From Eqs. (8.4b) and
{8.4¢) it follows that & does not depend on y or z; thus, @ is a function only
of x,

® — Ox) (8.5)

We thus replace 80/dx by d®/fdx and write Eq. (8.4a) as
P

(8.6)

We can now carry out an mtcrc'i(mg logical exercise on Eq. (8.6). The
left-hand side depends only on the ¥ coordinate, while the right-hand side
depends only on the x coordinate. x and y are independent variables, so one
can be changed while the other is held constant. If the right-hand side of Fy.
(8.6) is independent of y, s0 must be the left-hand side. Similarly, if the left-
hand side is independent of x, so must be the right-hand side. Thus, we
obtain the further relation that both sides of Eq. (8.6) arc independent of x
and » (as well as 2), and are thus constants:

2y, d® . A®
n d-yT = dx— = consiant = -I-:' (8'7)
Here, A® = &(x = L) — ®(x = 0). That 1s, the equivalent pressure varies
linearly in_the flow direction, and the pressure g@_c_fieﬁni_ﬁ_m)ﬁjam.
Equation (8.7) states that the derivative of dv,[dy equals a constant, so
we may integrate once with respect to y to obtain
do, 1 A(P

dy =5 LY

i C, (8.8)
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where C| 1s a constant of integration. A su_und integration yieldsy

niceton 7
Py, ol 8% 5
N

oy
! (ly I (25r 8.49)
i

with C, a second constant of mlcgmtmn The constants of integration can
be evaluated from the no-slip boundury condition, discussed in See, 7.6,

which requires that v, vanish at the stationary solid surfaces, y = | Hy2:
L H. o VN AGH H . _
yor L w0 -2."--[(2) () e (8.102)
L _H. Lo baes i g
yor—l v, 0= 2r,L("2) ;(_,( 2)[C, (8.10b)
Solution of these two simultancous equations for €, and C, gives
C, 0 (8.15a)
T AR
C, . A (%.11b)

and substitution back into Eq. (8. 9} then guve-; :hc complete solution,

U AL e}
} e IRad .
r o, Bq( L )l:l (H) J E (8.12)
A¥ is negative (the flow is caused by a pressure drop), so Eq. (8.12) predicty a

positive velocity. The velocity profile is parabolic, with a maximum at the
centerline, as shown in Fig. §-2.

The flow rate is computed from the relation

1Q WHs > = J v, dA4 = W " v, dy

i
-
i wrea y- - HIL IE l‘
|

(8.13)

H/2 r

Cwrd /4P
i

¥ oFr
_H/z 13 1
8] 12 ]
Brv,
H2(-AP/L )

Figure 8-2. Velocity profile for laminar Aow with a pressure gradient
between infinite stationary planes.
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Because of the assumption of infinite width, it is perhaps more consistent to
work with the average velocity, which is then

H
i H}l 111 A(P fﬂ!l 2y 2 H

> ) . fy = ey I 4 d
; {(v > 17 v, dy ( ) rmz[ (H) ] yg

-H/1 8},;1}

i
| X
L .;g;(.__ég) f (G ey - fé,, (_ég)

The calculation was simplified by usc of the change of variable & == 2y/H.
Equation (8.12) can then be writted

(8.14)

»:;x;%i%?(m{: -(%)] ; (8.15)

Thus, we see that the maximum {centerline) velocity is equal to three-halves
the mean velocity.

8.2.3 Symmetry Boundary Condition

The constant of integration C, could have been evalvated in an alter-
nattve way. The shear stress, 1,,, must be contingous everywhere, and in
‘particular across the center plane, y = 0. Thus, since 1,, is proporlionaf {o
du,jdy (since du jdx = 0), dv,[dy must be continuous at y — 0. We expect
symmetry of the velocity about p == 0,50 do_[dy must equal zero at y = 0:
‘the only other way that symmetry could prevail would be with a discon-
tinuous derivative and hence a discontinuous shear stress.

From Eq. (8.8), if we set y = 0 and require that dv fdy equal zero at
¥ == 0, it follows immediately that C, = 0.

8.2.4 Relaxed Assumptions®

The assumption which we made about the flow field at the beginning of
Sec. 8.2.1 were all physicaily reasonable, but it was not, in fact, necessary Lo
make the last two. We need only assume that the flow is the same across

any plane orthogonal to the x direction and any plane orthogonal to the z
direction:

vl nmaly) v = vly) (8.16)

which are equivalent to Eqs. (8.1) and (8.2). Specifically, we do not have to
assume that v, = », = 0. The continuity equation reduces to

oF —
EI 0 2, = constant (8.17)

Since v, must vanish at y == - H/2 (there is no flow through the walls), it

*This section may be omilted on a first reading.
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: : anishes everywhere. The
follows that the constanl must be zero and o, vanishes everywhere
Navier--Stokes equations then reduce 10

an d*o, )
x component: 0 = F 4 £ (8. 18a}
ay
y component: 0 = - iy : (8.18b)
ge . 4 (8.18¢c)

z component: 0 = - ar 3 -5‘;}'—2_

The y-component equation states that @ cannot be a [unction of p. 1s con-
venient to write the x and z components as
2.

d*n, 0¥ .
x component: 7 ?!ygf =¥ (8.19a)

$L) au
z component: q‘—d};; 3z (4.19h)
The same logic apphicd in Sec. 8.2.1 demonstrates that gFjdx and d¥/d:
cannot depend on y, 50 the lwo equalions are uncoupled and can be solved

separately. - ‘ .
Since d®/dz is independent of y, we can integrate by (8.19b) twice o

obtain z
_— f._[.z(w Q{E)[l .- (g-_‘f) ] (8.20)
T Eg\ o Hj
We have already incorporated the boundary conditions v, - Qaty = | H/2
We can further write

| ~14/2 M E?G' 8.21
@ =i ], il 5) o

-/
There is no net flow in the z direction, so iy - = 0, in which case_(?ﬂ‘/&: 0
and we recover Eq. (8.5), ® -- @(x). From Eq. (8.20) it then also follows that
v = 0. Thus, we have proved that v, == v, == 0, and the solution for », then

proceeds as in See, $.2.1.

8.2.5 Solution lLogic

It is important to reexamine the logic used in the so[ul.ion ofthis'problcm,
for it is the logic that we shall repeat in every case [or which a so‘lunofn to the
Navier-Stokes equations is obtained. We made some assumplions nitialiy
about the nature of the velocity field, specifically that the only velocity ch.anges
possible are in the p direction. We then obtained a solution to the cpntmmty
and Navier-Stokes equations that followed from those assumptions. _No
results contradicting the assumptions developed in the course of the sp]uuon
process, so we have an internally consistent exact solution to the equations.
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The fact that we have found a solution 1o the set of nonlinear equations
that we set oul to solve does not guarantee that we have found alf solutions
In the absence of a proof of uniqueness we must accept the possibility lhzu:
gnother solution to the equations, which does not satisfy our starting assump-
ttopx, could also exist. Thus, our sotutions must not only withstand the test
of :nz.ema! consistency, as this one does, but they must also be subjected to
experiment. Fquation (8.12) agrees with experimental data for large-aspect-
ratio channels {W//1 greater than 10) up to a Reynolds number (Re -
H<u >piny of about 1000, after which the assumption of steady state breaks
down and there is a transition to turbulence.

gzq PLANE COUETTE FLOW

Piane C'oueuc flow, or drag flow, is shown schematically in Fig. 8-3. Two
larg‘c {“infinite”) plutes are separated by a distance #. The bottom plute is
sla?:o‘nzxry, while the top moves in the x direction with a constant speed
This 15 the How used 1 See. 2.4.1 1o define the viscosity, and we wish to :shov.-'
that definition is consistent with our development in Chapter 7. We assume
that the fluid is incompressible and Newtonian. h

Moving Plate U

— e
T
P
) v
% 3

Stotionary Plate

i”l

Figure 8-3. Schemadic of plane Couette flow.

. As in the preceding problem, wd assume that the flow is entirely in the x
direction, and that the only variation is in the y direction:

2, = v dy) v, =, =0 (8.22)

We have already scen that this form for the velocity satisfies continuity, but

l;]at no additional information is obtained. The Navier-Stokes equations are
then

. . o dv,
X component: = - 1 ?;f (8.23a)
] il
ycomponent: 0= M (3.23b)
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z component: Q@ -~ 3‘: (R.23¢)

1t thus immediately follows that ¢ = $#(x).

tn this problem we do not impose a pressure gradient by external means,
We, therefore, have 1o ask whether one s induced by the flow itself. In this
regard it is helpful to recall the engineering Bernoulli equation, Eq. (5.34).
In the absence of work and losses, since the spacing 1s constant 50 that (o>
is independent of x position, we will have ¢ also independent of x. Work is
being done to move the plates relative 1o one another, but this can be bal-
anced by the losses. Thus, the Bernoulli equation dues not require a pressure
change. Since we have not imposed a pressure change, and one is not required
10 salisfy a macroscopic balance, we fiypothesize that g@fox = 0, ot § =
constant. The test of this hypothesis will be the existence of a consistent
solution that follows from it.

Equations (8.23) now reduce to

oo 1 (8.24)

This can be integrated twice to obtain .

v, = Cyd Cy (5.25)
where €, and C, are constants of integration. The no-slip boundary condi-
tion requircs that the fluid adhere to the solid surfaces; thus, at the stationary
plate, y = 0, we have

e Y O v, = (= Cz (826‘1)
At the top piate the fluid moves with the speed I/ of the plate, s0
e pw= My v = U= C |G {8.26b)

It thus follows that €, = UfH, C, = 0, and Eq. (8.24) becomes

0 - !ﬁj | s.27)

N H
Tt is of interest to calculate the shear stress. From Table 7-3 we have

That is, the shear stress is independent of position. We defined the shear
cate, T, as UfH in Eq. (2.4), so Eq. (8.28) is identical-to Cq. (2.7), which was
used to define viscosity in Chapter 2.

As an aside, it is useful to note that if we assume that there are no x and z
variations, it follows from the momentum equation, Table 7-2, that 7, is a
constant at each point in the gap for plane Couette flow of any fluid, not
just a Newtonian fluid.
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8@ POISEUILLE FLOW ;
9{ OISEUIL g @ component: 0 == —L %lé (#.300)
! ] r N i
8.4.1 Problem Description i 3@ | d{ do, 1 (8.300)
i z component: 0= R v B el i) M
We now consider steady flow of an incompressible Newtonian fluid in a ! :

long, smooth, round tube of radius K, as shown in Fig, 8-4. This 1s the pipe

flow problem studied in detuil in Chapter 3. We assume steady state, 50 any
solution that we obtuin will apply only in the laminar region, Re <7 2100,

We also assume that we are sufficiently far from the pipe entrance or exit

_ that we may fake the Tow as Tuily developed, so that the velocily 1s indepen-
2o a= dent of axial position, Finally, we assume that there is no variation in the
s _urcumtcremzak direction (i.e., the pipe looks the same from all aneles) so

We have written du /dr in place of dv,fdr because 2, is a function only (.)fr.

The development from this point on essentially parallels the solution for
plane Poiseuille flow in Sec. 8.2.2. It follows from the r- and f-component
cquations that @ is independent of r and 8,

= B (8.31a)

Us

all velocity components are independent of §.

+
—
r —_—
R e
U
i
—bd e e Z e Wy
—
_
e
—

Figure 8-4. Schematic of laminar low in a long, smooth, round tube.

8.4.2 Direct Solution

It iz convenient 10 make one further assumption about the velocity. We
assume that all flow hines are parallel to the pipe wall, so that there is no
radial or circumferentiat flow. The velocity ficld then has the form

]E v, - u'fr). Y, v Uy | (8.2%)

L

We wili use Lyl:ndnmf n,oordumtc:.
the continuity equation is

thi'sm}-)rob]em. From Table 7-1

1 dv,  duv,
PO A S

Since v, and v, are zero, while », is not a function of z, each term is zero and
the continuity equation is satisfied. The equation does not contain any
additional information, however.

The Navier-Stokes equations are given in cyhindrical coordinates in
Table 7-7. When Eqs. (8.29) are substituted into the Navier-Stokes equations,

the nonlinear terms on the left all vanish, as do most of the terms on the
right; and we obtain

'* rcomponent: O %“?; (8.30a}

We can then write Eq. {(8.30c¢) as

1 d t.!'n o P

. papiE R B.3lh)
Fardr w dz ¢

The left-hand side is a function only of r, and the night-hund side s a fune-
tion only of z. Thus, cach must be independent of rland z and equal to a
constant,

L d”.! e av_ constant . b Ag (3.32)
Todr T dr n dz n L
Here, A® == ®(z == L} -~ ®(z == 0). We have thus proved that the pressure
gradient is linear in pipe length; this was assumed 0 Sec. 3.3.1

We rewrite Eqg (8.32) as

r!,. ffjf’ .’.éL(",, (8.33)
r

A first integration gives

d‘”l . l At 2 3 8.34a
-t 2z r* C, ( }
or, diVidill},’ b}' r,

du, ] AG <,

LUt AP | $.34b
e LT (8.34b)
C, is a constant of integration. A second integration pives
Ty
y, = %’ég Py Cilar | CZE. _ (8.35)

where C, 15 a second constant of integration.

The constant C, must equal zero. This follows most eastly by noting that
because of the logarithmic term, », will become infinite as 5 goes to zero

‘wnless C, equals zero. Alternatively, we couid have allowed r to approach
AAIESS & SQUASS S

zero n Eq. {8.34a) or (8.34b); as long as dv,/dr is required 10 remain finite,
it then follows that C, = 0.
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The no-slip boundary condition requires that v, equal zero on the pipe
wiall, r == R:
S B I A® “
roos R v [ 4;7 [‘* Rz | (,2 (836)
Substituting into Eq. {8.35) then gives the velocity profile,

ngrL%Lj;)[: (73‘) ﬁ (8.37)

e

(—A®) is a positive number. !
. We have already computed the average velocity for this parabolic profile
m Example 5.1, Sec. 5.2, and found

| e ————

I
! <vr> e }[RE J:N. v, d

B

(8.38)

S —o?

Thlis is equivalent 1o the Hagen -Poiseuitle equution, Eq. (3.9). Thus, we can
write Eq. (8.37) in the alternative form

) = 2@;{1 ()’Q) 2] (8.39)

Equation (8.39) was shown 1o agree very well with experimental data in Figs.
§-8 and 6-9. Note that the maximum velocity, which occurs at the centerline,
1s equal to twice the average velocity.

The friction factor was defined in Eq. (3.6) as

(8.40)

Here, we have replaced | Ap with (- ~A0Y and D2 with R. Solving Eq. (8.36)
for { —AGYL and substituting into Ly, (8.40) then gives

o Bm o ey 16
S/ g R pluSD T Re (8.41)

This is Eq. (3.8), which was found empirically to fit experimental pipe flow
data, as shown in Fig. 3-1. We have now derived it here from first principles.

8.4.3 Relaxed Assumptions®

It is possible to obtain the solution in the preceding section with fewer

?ssumptions. We need only assume fully developed flow and no € variation
m velocity, or

R R ) (8.42)
The continuity cquation then simplifies to
1 d
— (rv,) =0 (8.43)

*This section may be omitted on a first reading.
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This integrates immediately to ro, == constant, or

constant (8.44)

‘ r
The constant must be zero to ensure that », is fnite at the centerline, r -
alternatively, the constant must be zero so that », vanishes at the pipe wall,
or else the fluid would flow through the wall. Thus, », - - 0.

Next, we turn to the Navier- Stokes cquations. We need only write the r
and & components to establish the further resolts that ny - Qand @@ ().
When Eqgs. (8.42) and (8.44) are substituted into thelequations in eylindrical
coordinates in Table 7.7, we obtain
a@ i

- - pte .. 9¢ 35;
r component: L (8.452)
1 d | d
- D e A f- am e J A5k
& component: 0 —af - g dr(n") (8.45b)

From Eq. (8.45b) it foltows that 0/d6 must be independent of @ and depeads
at most on r, since the other term in the equation depends only on r. Thus,
we can write

9 :
% =i (8.40)

and integrate once* to obtain
@ = Bylr, z) 1 ()0 (8.47)

Note that the “constant of integration” @, can Jdepand on r and =, since it is
a constant with respect to @ changes. @ must be periodic, with the same
value at 8 = O and @ == 2x, which correspond to the same position in the
pipe; this can be true only if f,(r) = 0, and we have therelore proved that
a®/af = 0.

We can now write Eq. (8.45b) as

d 1 d
&7 a0 (849
One integration gives
I d o .
— 2;-(”)6) O (8.49)
where C, is a constant. A second integration then gives
rog = §C - €y {8.504)
or, dividing by r,
n=iCr1 &2 (8.50b)

*8 and r are independent variables, so /L (r} is a constant as fur us & integration and ditfer-
entiztion are concerned. ' :
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C; must be zero in order 1o keep w, finite at r - 0, and then C, st vanish
in order to satisly the no-slip condition {0, == 0) at r == R. Thus, we have
established that v, = 0. 1t then follows at once from Eq. (8.45a) that d0/dr
== 0, and @ = &(z). We have therefore dertved all the conditions leading to
Eqgs. (8.31), and the development then continues as in the preceding section.

8.4.4 Range of Solution

In our discussion of flow in a pipe in Chapter 3 we noted some restric-
tions on the application of the results derived here for laminar flow. Fiest,
the pipe must be long relative 10 an entry length of approximately 0.0550
Re[Eq. (3.144)]. We will subsequently be able to derivean order-of-magnitude
estimate of this entry length. Second, the Reynolds number must not exceed
the critical value of approximately 2100, where the flow becomes turbulent.
Note that the solution for the velocity, Eq. {8.37), does not involve the
Reynolds number and applies in principle for ail Re, 07 Re -2 o). Yer
there is some physical mechanism that prevents the assumptions which we
have made from being satisfied for Re = 2100, Poiseuille flow is a solution
to the Navier-Stokes equations for large Reynolds numbers, but it is an
unstable solution in that #t cannot be matntained in practice. A chaotic, time-
dependent solution which we call iurbujence is the solution to the Navier—
Stokes equations which is stable for Re > 2100.

The experinental observation that the parabolic velocity profile is unsta-
bie beyond a critical Reynolds number can be somewhat unsettling. When
dealing with complex nonlinear equations we must be prepared for the
possibility that a steady-state solution is not unique and might apply only in
a limited range of some parameter, or perhaps not at ali. Stability of steady-
state solutions of the Navier-Stokes equations and other physical and
physicochemical systems is treated in specialized texts. For those to whom
this concept is new, the following simple example might provide some
insight.

Consider the ordinary differential equation

g}’ == DY —2) v(0) = 4 {(8.51)

At steady-state dvfdt = 0, and we have the algebraic equation

v— Dy~ 2= {8.52)

This has two solutions, » = [ and v = 2. The differential equation is readily
integrated to yield a solution

A 1) — (4 — e’
) = o e 553

For A <2 2, (1) will always 8o to a value of | as # — oo, For 4 > 2, u(r)

183
Sac. 8.5 Wue Coating

will never go te u steady state and any informali‘on obtained by :.;oivin‘g !l.u:
steady-state algebraic equation is totally misleading, Compare t‘hns obrx,crw.-
tion with the case of pipe flow for Re > 2100. For the .mat!]cmaucul example
here, v(f)} increases in magnitude and becomes infinite for a value :7-: In
(A - DA - 2). The computed steady state v+ 2 never occurf unlc:,:.. illw
system starts there with 4 = 2 and never changes. This 15 an unstable SH.M—.
tion, since the slightest perturbation would move v{f) to a valuc on one stde
or the other of » == 2, and it would then continue to move according !0' the
differential equation to a value » = | or v —+ co. Infinitesimal perturbations
cannot be kept out of real physical systems, so an unstable steady state hke
v = 2 would never be observed in practice. '

85 WIRE COATING

Ia the muanufucture of coated wires the wire is pulled thro_ugl.x a bath of the
coating liquid and then through a die which “wipcs"' the hqmq and Ecu.\fcs’a
coating of the desired thickness. It is a useful exercise to L‘f)llb’ld(fl’ the situa-
tion shown in Fig. 8-5 in order to refate the ultimate rad}us ol. the coated
wire, K, 1o the radius of the uncoated wire, R, and the die radius, Ry, The
wire moves with velocity ¥, and the die length L iy assumed 10 be long enough
to ignore entrance effects. : _ |

To compuie R, we will need to know the radial dcpcnda‘:ncc ol velocity
within the die. This follows from a simple mass balance. Far downslrcqm
from the die, where there are no shearing forces on the coating, the entire
coaling moves as a plug with the wire. The problem is‘thcrcforc uqulogous to
the free jet in Sec. 6.7, where a change in velocity profile resulted ina change
i jet diameter. At some control surface downstream, the volumetric low rate

ating is

ol conine Q= V (rRY — nRY) (8.54)

Figure 8-5. Schematic of wire cosling.
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On the other hand, at a cross section within the die, the volur tric flow rate is
Ra
Q J 2mru{r) dr {(8.55)
Re

where z is the axial and r the radial direction. Axial symmetry is assumed, so
v, depends only on r and not on 8, At steady state these two flow rates must
be equal, s0 R, is found to be

2 Ra firt
R. =R .- rv frydr (8.56}
(=1 [ nora]

To obtain », we go to the Navier-Stokes and condinuity equations in
cylindricat coordinates. We assume axial streamlines, $0 », 1s a function only
of rand v, == vy — 0. We have already scen that the continuity equation s
satisfied by these assumptions. The flow in the die is a drag flow, with con-
stant cross section and no imposed pressure gradient, analogous to the plane
Couctte flow in Sec. 8.3, s0 we assunte that there i no axial variution in @ in
the die and ¢®/dz -~ 0. With these assumptions the r and ¢ components of
the Navier-Stokes equations are {rivially satisfied with @ = constant, and
the z component simpliftes to

gl Ay, de,
0= n “?- i (r 0 )} (8.57)

A firstintegral of this equation iy

{
r(d?;i =~ constant = C, (8.58)
A second integration gives
vy =C/lnr | C, {8.59)

The constants C, and C, are evaluated from the boundary information. At
r = R_the no-slip condition requires that the fluid move at the wire velocity,
V.. Atr = R, the fluid adheres o the wall and has zero velocity. Thus,

rooR: VL Ok, G (R.60a)
roo R 0 Cln R, G {£.00H)

Solving for €, and C, gives the velocity as

- Inr/R

= V b iy

v{r) "I AR, (8.61)

Note that the velocity is independént of viscosity, 7. It depends only on the

wire velocily and the geometry. Note also that the logarithmic term in the

velocity is retained in this solution since it does not lead to a physically
unacceptable infinite velocity.
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The coating diameter is obtained by substituting Eq. {(5.61) into Eq.
{8.56) and carrying out the indicated integration, giving

we (RE - RINM 8.62
Re = (2 In R,,/R,,) (8.62)

The ultimate coating thickness depends only on the wire and die dimensions.
It s independent of fluid properties and wire speed.

The force required to pull the wire through the dic is computed by
determining the shear siress at the wire surface. This is given by

dv, | dv 14 nk ,
== S Tt 4 S LS [EVRRN R AR 8.63
Tl e ’1(3, az) By = T N TV e
The force on the total wire surface in the die is
2anV, L
e : Bt 64
F, = 2nR Lz,, e T inRUR, {8.64)

Note that F, <2 0, tending 1o hold the wire back. An equal and opposite
force must be imposed on the wire to move it through the die at velocity ¥,
This is not the total force, since there will also be resistance in the bath which
is unaccounted for here. The linear dependence of F, on length, 1., shows that
short dies should be used. There are also other reasdns for ustng short dies
which relate to the non-Newtonian behavior of most coating matcrials,

56 TORSIONAL FLOW e

5
B.6.1 Problem Description

Many commercial viscometers are based on the measurement of the
lorque on a cylinder rotating in a liquid. The system is shown schematically
in Fig. 8-6. In some cases only a thin layer of fluid is contained between an
inner and an outer cylinder; this was the case discussed in Sec. 24.5. We
coasider here the other extreme, in which the outer witl is sufficiently removed
from the rotating spindle that we may consider the eylinder 1o be in an infinite
expanse of hquid. This flow is a prototype of other rotlating systems, and it
gives some insight as well into the problem of cuvitation and conditions
under which it might occur in operations such as mixing.

I the analysis we will assume that L3 R, in which case we will ignore
end effects at the cylinder bottom and at the free hquid interface. The basic
hypothesis concerning the flow is that there is no axial or radial motion, 5o
that the only nonzefo vcmm"iﬁmﬁiﬁ?ﬁmﬁf
We also_assume angular symmetry, so that v, depends énly 6n 7 These
assumptions about the velocily are consistent with The contiinly equation.
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o

Figure B-6. Schematic of torsional flow.

8.6.2 Velocity Field

This is a drag flow with no arca change and no imposed pressure gradient
in the flow direction. Thus, we assume that 80°/38 - 0. Together with the
assumced form for the velocity,

by vr) e, 0 (8.65)
the Navier-Stokes equations in cylindrical coordinates, Table 7-7, simplify to
r component: - p La. = - %Gj (8.66a}
r r
@ component; O =p ‘—;‘{_ [;" i(rrr,)} (8.66b)
a9

z component; O = - (3.66¢)

gz
It follows [rom Eq. (8.66¢) that @ is independent of z. Note that Fq. (8.66a)
contains a nonlincar term in velocity, and that the pressure does have a
radial dependence. We will return to this point subsequently.

The velocity can be obtained dircctly from Eq. (8.66b). A first inlegra-
tion gives
d

} S-4rey) — constant = C, (8.672)
or, equivalently,
vy = Cur (8.67b)
A second integration then gives
ro, = 1C,r* | C, (8.68a)
or, dividing by r,
e (8.68b)
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The fluid is assumed to be unbounded, so it 15 possible for 7 Lo increase
without bound. €, must thercfore be zero to ensure that v, will remain finite.

The no-slip condition at the rotating cylinder requires that the fluid move
with the cylinder velocity, The cylinder moves with an angular velocity 2
and hence a linear velocity RQ; the no-slip condition is therefore

¢,

r-<R: v,-RQ- I (.69
Thus, €, = R™M2, and the velocity has the form
1
g (8.70)

Note that finiteness at r == 0 is not a problem, because the smallest radius
encountered 1s r = R,

8.6.3 Torque

In order to find the torque we must first compute the shear stress on the
cylinder. This is a stress on an r surface in the § direction, so we require T,,.
From Table 7-6 we find that

Top = a[r -g,- ('r') + ri— ‘;:9 (8.71)

To obtan the shear stress at the cylinder surfuce we substitute tig. (8.70)
and cvaluate Eq. (8.71) at r == R:

N (819)
o KM =
The calculation of the torque then follows in a manner identical to that in

Sec. 2.4.5. Referring to Fig. 2-12, the differential foree is LRz,,df, and the
differential torque is L.R*r,, df. The lo:a! torque is therefore 2ni.Rr,,, or

G = - 4nR'LgQ) (8.73)

The negative sign arises because this is the torque exerted on the cylinder by
the flurd; a positive torque of the same magnitude is required to rotate the
cylinder. The viscosity can be determined from a single reading, but it is
preferable to use the slope of a plot of GAxRAL versus (.

. 2qRQr
= o e 2T

r - r

T.s ex 2902 (8.72)

r-R

8.6.4 Pressure and Cavitation

The pressure is independent of @ and z, so we can wrile Eq. (8.66a) as

de¢ pv; . P(RIQ_X
=t i_mr..)_ (8.74)

This pressure variation is required 1o balance the centrifugal force. Equation
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{8.74) can be integrated to give
P = E@i@f (8.75)

Here, @, is a constant, equal o the pressure far from the rotating cylinder.
@, is the maximum pressure; the minimum pressure occurs at the cylinder
surface.

The phenomenon of cavitation was introduced in Sec. 6.10. This is the
formation of vapor bubbles when the pressure falls below the vapor pressure
of the liquid. Conditions for cavitation can be computed from Eq. (8.75).
We set r == R to obtain the minimum pressure, and we set @ = &, the vapor
pressure. Cavitation will then occur for

cavitation: R JK&;’M (8.76)

An illustrative calculation is helpful here. We take @, as atmospheric
pressure, approximately 10° Pa. The vapor pressure of waler al room tempera-
ture is approximately 0.025 x {{° Pa, which can be neglected relative to
®,. p = 1000 kg/m’. Substituting these values into the right-hand side of Eq.
(8.76) gives a critical value of RQ of about 14 mfs. Such & speed is often
obtainable on a rotating shaft. Cavitation is a violent phenomenon that can
cause a surprising amount of damage.

8.7 RECTILINEAR FLOW AND HYDRAULIC
DIAMETER* ’

We have obtained solutions for pressure-driven flow i slits and round tubes.
Solutions can be obtained for other regular cross sections, although the
forms are not as simple as the ones derived here. One useful result for an
arbitrary cross section can be obtained without a complete solution,

The concept of hydraulic diameter was introduced in Sec. 3.6 Lo enable us
to deal with flow in noncircular cross sections. In examining the data avail-
able, we found that in the laminar region the friction factor was inversely
proportional to the Reynolds number, but the constant of proportionality
depended on the shape. We demonstrate that analytically here.

The flow peometry is shown in Fig. 8-7. The conduit surface is described
by a function R(#) in a polar coordinate system. Flow 1s in the z direction, and
the cross section is constant. There is a pressure difference A® over a length L.

We assume that all flow is parallel to the conduit walls, so that the only
nonzero velocity component is v,. v, will depend on both r and @ in this irregu-
lar cross section, but we assume that the flow is fully developed and indepen-

*This section may be omitted on a first reading,

Sac. 8.7 Rectsnear Flow and Hydiaulic Diamster 189

R{6}

Figure $-7. Schematic of flow in a straight conduit ol arbitrary constant
cross section.

deat of z. The continuity equation is then automatically satistied, and the
components of the Navier-Stokes equations in cylindrical coordinates become

rcomponent: 0= —%r (8.7Ta)
1 d@

. I 877b

# component: 0 =30 { H

J 1 o*n, .

z component: = _—"f)'z + ﬂ"w a\ &t) by 90”1] (8.770)

It follows from Fgs. (8.77a) and (8.77b) that & == L ®(z); since the second
term in Eq. (8.77¢) depends only on r and @, we can mu:, replace ¢¥/dz by

A®/L and write
AG’ - dvy 1 d'y, %78
2 q[r ar ar) o 39"] (8.78)

We now multiply both sides of the equation by the ditlerential area in
cylindrical coordinates, r dr df, integrate over the arca, and divide by the total
ross-sectional area, to obtain

i c?u i @,
&= _-.J; OJ 5(r% ) o 'ézﬁ] dr d8 (8.79)

We now introduce a change of variables and define a dimensionless
velocity, u, and a dimensioniess distance, .o Let

vy = u<2’,> F o= f—l.)ii

5 {8.80a, b)
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D, ts the hydraulic diameter. The! dimensionless location of 1he perimeter is
defined by

R(6) - 2D (8.80c)
Equation (8.79) can then be written
AG‘ r] = du I %
(o >f f &f Eam]df 48 (381

The double integrai on the right depends on the shape of the cross section,
but not on the length scale or flow rate.
The hydraulic diameter is defined in terms of the area, A4, and perimeter,
P, as
4.4

4A 44

Dypro 2o me e - {8.82)
Fed —
j RO O w,,j QY
Thus, we can express the area in terms of [, and rewrite Eq. (8.82) as
A 1650
5 F, (8.83)

where F, is a shape fuctor that d:;p::nds only on the shape of the conduit
Cross section but not the size:

E{& .
J‘ J [ ( du) 1 au}d{"df)
F, . oot L (8.84)
4 j =(0) db
Equation (8.81) can then be rearranged to the form
AT Dy ””J‘ ;
2p<vl>2 L h b\ 1/ {" (8'85a)
or, equivalently,
I
fe- —%5—’ (8.85b)

8.8 TUBE FLOW OF A POWER-LAW FLUID

Ail the examples considered thus far in this chapter have been for incom-
pressible Newtonian fluids. 1t is useful for comparison to examine the tube
flow of a non-Newtonian fluid in order to sce the differences in behavior and
the consequences of the Newtonian assumption.

The power-law fluid was defined in Eq. (2.10 ) for plane Couette flow. The
general form of the equation is analogous to the three-dimensional form of

Ll

N
i gbe g
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the Newtonian fluid in Tables 7-3, 7-6 and 7-9 except that the viscosily 15 a
function of the velocity gradients in the form

p == K31 12

The function 1 is shown in Table 8-1 for three coordinate systems.

(8.86)

TabLe 8-1
Tue FuxncTion 4N RECTANGULAR, CYLINDRICAL, AND
SpuErICAL COORDINATES

Rectangular: 4 = 2[(60”‘) (?-;;') + %;) l
e g e %

<G G G

Cylindreical; 411

v g S
gl STl s
6”:— ar)‘
-+ I +
. =4 (05
oSt p ety

Fal

AFACR

1 dr
\"—I}g ;0(3[:9) Fsin @ 3;1
du, @ e\
o e ()]

The development parallels that in Sec. 8.4. We assume that the velocity

fizld has the form
(8.87)

v, = v(r) v, = vy =
This form satisfies continuity. We cannot use the Nuvier Stokes equalions
because we do not have a Newtoniun fluid with a constant Viscosity. Thus,
we must use the momentum equations in Table 7.5. 1t readily follows from
£q. 8.87 that the only noncero components of the stress are 1,, and 7,
which depend only on r. The momentum equations therefore reduce to

r component: 0 == w%? (8.884)
@ component: 0 := _*,IT %{; {8.88b)
z component: 0 = — %‘f n % ARG (8.88¢)
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It immediately follows from the r and 8 equations that @ — &(z), so that Eq.
(8.88¢) can be rewritten
14, _do_ae
rdro T de L
We can replace d®/dz with the constant A®/L because the left-hand side of the
equation depends only on r and the right-hand side depends only on z, and
therefore both must equal a constant.
Equation (8.89) can be integrated once to obtain

(8.89)

rT,, = _2-Er -4 C, (8903)
or, dividing by r,
T, = g.g’., I fi; (8.90b)

The constant C, must equal zero in order for the shear stress to remain
finite at the centerline, and we have

Tpy =F le' (89])

Equation (8.91) is, in fact, a general result for fully developed pipe flow,
although we have derived it here for the special case of a power-law fluid;
see the previous macroscopic derivation in a footnote in Sec. 3.4.2,

From Eq. (8.86) and Table 81, we can now express T, 10 terms of dv fdr
and write Eq. (8.91) as

Aldv, Pl d, AR
Karl & =" #.92)
A® s negative, and thus dv /dr must be negative. Equation (8.92) is thas
equivalent to
dl."_ AFP N 1/n
dr = *“(‘z—“m,) g ©
This is integrated once to obtain
—— n A(P B (held/m _|
v = =t l(_ 2_@) r e, (8.94)

The constant of integration is evaluated from the no-slip boundary condi-
tion, », = 0 at r = R, and the final result is

- n Rrtt . AP 1iap~ - Im {mé1)/n
o) = o z‘[ X (_'L_ )] L’ (R) ] @.95)
This reduces to Eq. (8.37) for the special case n = 1, which is the Newtonian
fluid.

The average velocity is obtained from area integration:

@)= s f “2ru () dr = mﬁwﬁ[Tf(_Af)]’ (8.96)
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Thus, Eq. (8.95) can be written equivalently as
_3nd1 - (_f_ (”m':l (8.97)
vty = A L1 (%)

Figure 8-8 shows velocity profile data obtaincd. by streak photography‘for a
polymer solution with a value of n = 0.48 obtained from a shear expcnm«:flt
in & viscometer, together with Eq. (8.97) forn = 0.'48_ it is to be noted that
the profile is blunter than that for a Newtonian fluid.

2.0 T T 1 T
1.5 £q{897) with
e n-0.98
o /
o
{vpd
i
0.5
a r left of 1he cenlerling
® ¢ right of the canterline
0 1 1 1l 1
4] 0.2 04 086 08 1.0

-2

Figure 8-8. Velocity profife in & tube for a solution of polyacrylamide in
water. The solution is approximately a power-law fuid v!mh n = 0.48. The
data were obtained by P.J. Cable using streak photography.

8.9 CONCLUDING REMARKS

The solutions to flow problems that were obtained in this chapter represent
important, but very special cases. The anticipatcdv vlecity dcpcndcnc_c on
the spatial variables was such that the nonlincar 3nert1al terms were iden-
tically zero and the pressure distribution had a particularly convenient form.
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Gravity

8.5. An incompressible Newtonian fluid is contained between two disks separated

8.6.

8.7.

by a spacing #. One disk rotates relative 10 the other with an angular velocity

a} Write the boundary conditions for thi
s problem and use them to rati i
a flow field of the form v, = v, = 0, vy = rf{z). o rationalize

b) ShOW thata solution to th avier- CXist !1)1 these
€ Nd Ier Sl()kcs equations d i
‘ " OLs not 5
RSSUmCd klncma“cs. ’ l

Show that the shear stress ., is a linear function of radia} position for fully-

developed pipe fiow of any flui i

f ¥ fluid, Newtonian or non-Newtoni :
the extra-stress is a function only of velocity gradients. nian a3 long as
The flow shown in Fig. 8P7 is an idealization of a gear pump. You may
assume that f7 §< L, 50 that the flow reversal near the teeth can be neglected
an(}.on!y the region where the flow is paralel to the walls needs to be analyzed
{This assumption is not a good one for a real gear pump.) .

a} Compute the velocity profile and j
the pressure gradient. (Hint -
the net flow rate is zero. Why T {Hint: Note that
b) Compute the stress on the moving surface.
¢} Describe how this result coul
- uld be used to compute the lorgue on a gear

Surface Moving at Constont Speed

%
2 5/ / ’
H
y \ g
4
x
AT, A L

l_.'. vv e e
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. B A single screw extruder is a device thutis commonly used in plastics proces»ing

1o build up pressure in a liquid (among other uses) 50 that the liquid can be

extruded through a die of specified shape. (A meat grinder 18 a screw extruder.)

Following certain geometric approximations, the screw extruder can be

analyzed in terms of the flow process shown in Fig. §P8. Fluid enters the

channel at pressure @, and leaves the extruder at pressure ®,. Uis related to

the relative speed between screw shaft and barrel, / is the depth of the chan-

nel, and L is the distance that a fluid particle maoves along the helical screw

channe! from entrance to exil.

a} For H < L, the flow rearrangement near the entrance and exit can be

neglected, and only the region where the flow is parallel to the solid surfaces

noeds 10 be considered. Compute the velocity profile and flow rate in terms of

U and @, — ®, for a positive flow rate. Find cquations.

b} Show that the maximum pressure increase occurs as the flow rate goes 10
zer0.

¢) Compute the power input in terms of Uand &, - &',

d) Fluid is to be extruded at a flow rate per unit width ¢ between parallel
plates with a spacing H and length L. What is the required valuc of U?

Surface Moving at Constont Speed

FIT TR PSP ET I IS I IS I TIPS I IS SIS INIIY
| L |

9. An incompressible Newtonian fluid is pumped ismi)crmutiy through a long

horizontal pipe at very high pressure, where the pressure dependence of vis-
cosity must be taken into account. Compute the flow rate-pressure change
equation when the viscosity-pressure dependence is of the form g7 == 17 exp Ap.
(Hint: Neglect the radial variation of pressure and use your solution to esti-
mate the error involved in this approximation.)

&18. An incompressible Newtonian fluid flows radially outward between two long

porous cylinders, as shown in Fig. 8P10.

2) Compute the pressure change from the outside of the inner cylinder (pt. B)
to the inside of the outer cylinder (pt. C).
b) What value would a pressure transducer placed at C record? (Consider
your answer carefully?)
¢) The flow rate per unit length through each porous cylinder is given by the
equation :
g = k|Ap|Rjy
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where & is a constant and K is the mean radius of the cylinder. Compute
1?1: pressure change from the inside of the inner cylinder (pt. A} to the out-
side of the cuter cylinder (pt. D).

d} Show that it is possible to move fluid from A to D with no net pressure
chan_gc. Should this be patented as a design for a catalytic reactor that
requires no net encrgy input 7 Why or (obviously) why not? Be specific;
vague references to perpetual motion muchines are not sufficient. '

~— Prassure
Tronsducer

B.11. '.l“hc viscosity of a certain Newtgnian liquid depends on temperature accord-
ing to the relation

Tyem o Mo
M = BT =Ty

where Ty is a Arcfcrcncc temperature. The fluid flows under the influence of a
pressure gr'adlcm between two flat plates, as shown in Fig. 8PIE. The walis
are maintained at temperatures Ty and Ty, where T is the reference tempera-
ture and T, > T,. The temperaturc can be taken, 10 a first approximation,

Constant Temperature T,
y*H

A{Y

(AP TITINI I TIITIIIII I IR TEITIIEIIIIIPIIA ylo
Constont Temperature Tg
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Chap B Problems

to be a finear function of position:
TaT, | {I - Tl i

Determine the flow rate-pressure drop relation.

£12. Two immiscible incompressible Newtonian fiuids flow cocurrently in a plane

channel, as shown in Fig. §P12.

a} Determine the velocity distribution.

b} Compute the flow rate of each phase, and compare the flow rate ratio to
the in situ volumetric ratio (i.¢., the volume ratio of fluid in the channel).

EIPPIITIIISEI IS IIEIEEI I TINIITS T vy H
Fluid B2 pp . Mg

- y. h
Y1 tFIUid Lippom — :

Aty T T T TP T I I T T I ITTIIIIZILRILIZ y = O

2.13. I has been suggested that the no-slip boundary condition should be replaced
by the following: ;
The rangential velocity at a solid surface is proportionul 1o the shear siress.
Solve the probiem of laminar flow in a pipe (Sec. 8.4) using this boundary
condition. Show that the flow rate for a fixed pressure drop will depend on
R* in large pipes and on R? in sufficiently small pipes, and that f == 16/Re
only in the kimit p{v) — 0. Thus, the R* dependence of flow rate or the f-Re
relation over a wide range is exgrerimental support for the no-slip condition.
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9.1 INTRODUCTION

.In this chapter we consider the solution of a transient startup problem for an
fncoqlprcssib[e Newtonian fluid as a first introduction to the role of the
mcrt'sai terms in the Navier-Stokes equations. A transient problem necessaril
requires ‘hF solution of a partial differential equation, and the startup probicn{
.descnbed in this chapter ts one of the few transient cases for which an easil
interpretable analytical sofution exists, "
Th-e .soiu!ion of even elementary partial differential equations is probabl
Unfamnhar to many readers of this text. We shall therefore first state ihy
soluuc?n without proof and examine the important physical conge ucncesc
We will then derive the solution by two diiferent methods, one of ?hem an.

approximate procedure that is based on a thorough i i
e e gh physical understanding

9.2 PROBLEM DESCRIPTION

We .congdcr l‘hc case in which a large (“infinite™) plate is suddenly set in
motion in an mfinite expanse of fluill. The situation is shown schematicall

in F:g. 9-1. For all time 1 < 0 the plate and fluid are at rest. At ¢ - o* lhy
vcl_oc'lly of the plate in the x direction changes suddenly to ;el value U Thc
fluid immediately adjacent to the plate must also take on the finite ve!oc}ty o‘f:'
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Figure 9-1. Schematic of a plate in an infinite cxtent of fluid. The plate is
set in motion with constant velocity U at 7 = 0.

the plate for 7 > 0, because of the no-slip boundary condition. The inerkia
of the large mass of fuid above the plate prevents the remainder of the fluid
from adjusting instantaneously to this new motion of the plate, however, 50
there will be a velocity variation in the direction normal to the plate. This
velocity variation will change with time, for we know that increasing amounts
of fluid will move with the plate as time goces on. '

The fluid motion is assumed to be parallel to the plate; thus, motion
takes place only in the x direction, and varies only in the y direction. The
velocity then has the form

v, = vy 0) v, == v, v 0 (9.1

This form satisfies the continuity equation, but continuily provides no
sdditional information.

This is a drag flow with no imposed pressure gradient and no change in
aoss section, s6 we may presume that d@fdx == 0. In that case the Navier-
Stokes equations in Table 7-4 simplify to .

i I z

i xcomponent: p %l;i == 1 %__4_:25 {(9.2u)
: ¥y component: (U IEER g(ﬁ {9.2b}
z component: 0 = %(E (9.2¢)
} X

The y and z components simply state that 0 is 2 constant, Note that Eq.
(9.28) contains a nonzcro inertial term, p dv,/0f, but that the equation is
¥near in the unknown, »,.

Equation (9.2a) must be integrated once with respect to time, so an
faitial condition is required to evaluate the resulting integration constant.
The initial condition is no flow at r = 0:

= Oati=0  yi-0 (9.3a)

The cquation must be integrated twice with respect 1o y, requiring Iwo spatial
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boundary condittons. The first is no-slip at the surface of the plate: 1.00
v,=Uaty= t >0 (9.3b)
The second condition is that v, remain finite throughout the infinite spatial
expanse. This is, in fact, equivalent to a stronger statement; an infinite time 0TS "
15 needed to overcome the inertia of an infinite amount of fuid. Thus, the
fluid at y — oo will not move uatil £ —+ oo
v, = 0 ut ¥ oo { < oo (93(3) v
< n
Equation (9.2a) is commonly known as the diffusion equation, because it T 0.50 :
describes the diffusion of mass and heat as well as the situation described !
here. The solution is well known, and can be obtained in a number of ways.
Students who have studied the Laplace transform would probably choose to By
transform the time dependence, solve the resulling ordinary differential G.23
equation in y, and then find the inverse transform from a table of transforms,
We shall obtain the solution in different ways in later sections.
0 ‘ ‘ '
0 05 10 i% 2.0

9.3 BOUNDARY LAYER

y// Ant/p

Figure 9-2. Velocity as a function of the combined variable yf 410/ p
for a plate suddenly set in motion.

The solution of Eq. (9.2a) for the velocity, with boundary conditions (9.3), is

vy, 1) = U[l crf( «/4};1 {/p)} (9.4)

The error function is a tebulated function, like the sine, cosine, Or exponential,
and can be found in any good set af tables of mathematical functions. It can
alse be found in statistical tables, because it is the integral of the statistical
“normal distribution.” The error function is defined as

; 5

Note that v, can be expressed in terms of a combination of the independent
variables y and 1.

The velocity distribution defined by Eq. (9.4) is plotted in Fig. 9-2 as
v,fU. The important observation to be made here is that the velocity drops
nearly to zero for y ~ 2./4n1fp. Thus, we find that at any time the influence
of the wall is transmitted by viscous shearing only a finite distance into the
fluid; this distance is proportional to the square root of the product of
kinematic viscosity {7/p) and time. The wall region, where viscous forces are
important, is known as the boundary layer.

The boundary layer is one of the most important concepts in Auid mechanics.
If we may generalize from this single example, it is evident that there are two
qualitatively different regions in the flow field when both viscous and inertial
forces are important. There is the boundary layer region near the solid surface,
proportional in thickness to ./nffp, where the presence of the solid surface

is a factor because of the transmission of the viscous stress. There s the
remainder of the fluid, beyond the boundary layer, where lhc'prcscncc of _thc
wall is not feit and the fact of viscosity is irretevant. The precise demarkation
between these two regions is ambiguous, but 1t clearly exAxsts. The Cfmccp{
of the boundary layer is very important in obtaining approximate solutions to
the Navier-Stokes equations.

9.4 DIMENSIONAL ANALYSIS
(SIMILARITY) SOLUTION

The solution to Eqgs. (9.2a) and (9.3) is most easily oblained by dilﬂcnsim.ml
‘a.nalysis. The procedure that we will use works only for problems in which
b * there is no characteristic length, however. . |

* Examination of the equations shows that there dre six vanables: v, U,
L% 2.y, p, and 7. There are three dimensions, so there can be at most three
:bdcpcndcnl dimensionless groups. Three such groups are readily found by
l faspection to be v, /U, ¥ pint, and yUp/n. Thus, we can wnte

v, oo v’ 219_2) (9.6)
= function of ( PTR
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J Jo g . . 0
tis easy to show, however, that v /U cannot depend on U, so there cannot be £
any dependence on »Upin. This is done as follows: '
We introduce g dimensi s i - i ]
onless velocity i - 5 U. Equat 9.2 '
becors | N quation (9.2} then 3

As y — oo we have { - - oo, 50 Eq. (9.3¢) can be written
== O at § e oo {9.13b)

i Two conditions are all that we are allowed for a secdnd-order ditferential

. equation like Eq. (9.12), but we have not yet accounted for the initial con-
dition, Eq. (9.3a). This states that v, =0 al =0, 7= 0 corresponds 1o
{ = o, however, s0 Eq. (9.3a) can also be written in the form of Eq. {9.13b).

¥ Thus, we have reduced the partial differential equation to an ordinary dif-
- ferential equation. {(We have been able to carry out this reduction because of
® the absence of a characteristic length. For problems with a characteristic
kength it is often possible to introduce 2 change of variables that reduces a
" padtial differential equation to an ordinary ditlerential equation, but the
i boundary conditions can rarely be transformed satisfactorily.)

’ Equation (9.12) is a linear ordinary differential equation that s casily
. Iaegrated. We note that Ao Jd0F == d{dv [dDA], so that . {(9.12) can be

du gy e

P91 = Mg N
and the boundary conditions {9.3) become ;
e at f e Yo 0 (9.8a)
vesdaty -0 {2 0 (9.8b) 29
== 0at o oo !l ou (9.8¢)

Equations (9.7} and (9.8) contain the five variables 1 - vl g 2. and 1,

bUI not U. ]Illls v ,’b{ cannot bL‘ unclion ualior 9.0 C L 0Of
PR a f n 0’- [1’. B e
¢ ton ( ) 2133 hcrcf -}

e ey »ip
77 = function of (-m) (9.9) “written equivalently as ¢
' ;
Note that /5] p represents a chora .. stic distane o ' j( '{%) = o
disnen vqlfe_ ep gm,nl:..a Lhdvl’d(.l(_rlh“L d{stantc, undy,/,\/t].f/p 1s 4 refative g " 4 : ( )
lance; a veloctty profile in which the relative velocity is g lunction only of This has a s luti
a refative distance s called a simif, e a similari ] o A euton
ative : stmilar profile, or 4 Similarity solution 1o the do
Navier-Stokes equitions, Hci CGet .
The essence of the solution 1 ¢ i in F
) ; : s contained in Eq. (9.9 at i i ; i i '
i mechanical, We define the new varizhle 4 (09), and the remainder where C, is a constant of integration. A second tntegration then gives
oy : = ¢ ety ¢ (9-16)
(=t el z
i ¢10 & "

The constants C, and C; are evaluated using Egs. (9.13) and noting that the

definite integral Jm exp (- {*)d{ equaly /a2, resulting in the solution given
[t] '

b Eq. (9.4). '

:jfhc square root and the factor of 4 are both for convenience and ure intro-
uced to make subsequent equations somewhag mare compact. We now
return to Eq. (9.2a) and write the derivatives as follows -

Orodn ol gy

ar d de ¢ ’\/m dr (9.11a) |

I, L dvor g 85 INTEGRAL MOMENTUM

WAy T T i 116y | % APPROXIMATION
QEE’{ o _({_(va) 9 R
dy dfNdy ) gy dntfp dt> (9.11¢) Lolution of partial differential equations, even of the most elementary form.,

Mquires the development of certain analytical skills which most readers of
s materia) have probably not yet mastered. The approach outlined above,
wming dimensional analysis, provides a nice rationalization for the introduc-
thos of the new independent variable and reduction of the mathematical
g problem to solution of an ordinary differential equation. Despite the logical
‘shmplicity, however, it is unlkkely that someone unaccustomed to this way of
s salving problems could have devised the method.

" With a firm understanding of the physical process it'is often pussible to

Subsmutmg into Eq. (9.2a), we then obtain the ordinary differentiaql equation

) The .im'tia[ and boundary conditions must akso be written in terms of the
ew variable, At y = 0.f=0. Thus, Eq. (9.3b) can be writlen

ve=la{ =29 {5.13a)
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despite the fact that it is not constant but increases wizh‘u'mc_ W:, :31(:5{
. Aypothesize that the velocity is a function only _of'y,’é;: that i, 1he' ‘Ts,hdp‘t (_>.
¥ the velocity function relative to the charactcm_'nc penctration dx?.iamc. 1;
always the same, although the value at any point changes with time as
increases. We can therefore write

v, = U@,(%) 9.22)

where ¢ is an as-yet-unspecified function. In order to satisfy the boundary

devise approximate procedures for solving a problem. It is convenient to -
introduce one such method here, which is sometimes known as the integral A
momentum (or von Karmdn-Polhausen) approximation. There are several
approaches which are equivalent and lead to the same ultimate equation.
The first and most physically grounded is to apply the principle of conserva- 38
tion of momentum to a macroscopic control volume of length (x direction)
L and width {z direction) ¥, and extending far into the fluid (y - + 50), The
total x momentum in this control volume is

- it it 1s necessary that @ satisfy two construints:
+ momentum - LWJ pv. dy ©9.17) conditions, it is necessary ¢ b
[ ¢(0} e ] (923‘1)
The only x-direction foree is that imposed by the movi lat plate:
¥ I €15 imposed by the & aovmg Hat plate Sy = 0 (9.23b)
foree = AWt |, = — LWy T (4.18 . . Fler s
! ’ ! 97 |- s . The former condition is that of no-shp at the plate, while the latier 1s the

The negative sign is needed because the sign vonvention requires that T,, bt
the stress exerted by the ftuid on the plate. Equating the rate of change of |
momentum to the imposed force then gives

requirement that o, = 0 for y > 8. We should also require ¢°(1) - 0 0
satisfy the reguirement of continuity of do, /dy and hence the shear stress for

w0 <y <o, _ _ ' ‘ —_—
We can now perform some simple manipulations by combining Eys.

LW :;; f pu dy o — LWnp gl:}x (9.19) 9.21) and (9.22). First,
o Foly=0
i : 4 RN [Te 9 24
or, dividing by LW and noting that p is a constant, 7 BE; L nUd (} )‘3 ',_o my Ud() (9.24)
d ‘?;f vody d g“f (9.20) Here, the prime denotes differentiation with respect to the argument, pfd.
o i }' e 3 i

Equation (9.20) is our starting point. It is useful 10 note that it can be
derived directly from (9.2a), the difTusion cquation. We simply integrate the
entire equation from y -: 0 to infinity to obtain®

- d - ~ gty F
tdy s p = e RER— il
J; Pl pd’fo D, d_y J; 1 3 dy "&y -

At this point we start to make use of our physical understanding of the
problem. At each time there is a distance, 8(1), beyond which the effect of the
wallis not felt and the velocity is essentially zero. Thus, we can approximately
replace the infinite integral in Eq. (9.20) with integration from 3 == 0 to
¥ = (1),

Also,
» J v, dy = pU J "¢ (%) v = pus J $(4) 5y pUS f $(E) e
° ° ’ (9.25)

! N 3 . N g .
The definite integral j (&) & is simply a constant, so kq. (9.21) becomes
[}

dé _ 1 d&* _ [‘__ _ELQA_}(&T) 9.26)
de 2 dr T P

This is a very elementary differential equation for 8(r). With the imtial con-

dv dition 8(0) = 0(no boundary layer at 1 = 0}, it has the solution

d i
p“aTIJ‘ v, dy: -
0

3 (9.20)
Y i-u 5wy =] - AM :n(m‘)m (9.27)
Furthermore, we know that & is the characteristic length for this problem, jl (&) dE ?

*Note that there are some minor technical considerations here in the wse of the calculus,
Interchange of time differentiation and spatial integration in the first inlegral is possible
only because of the fixed firnits and the fact that there is no flow through these surfaces,

The integration by parts assumes continuity of du./dy for all 0 < ¥ < oo and the vanishing
of dvn/dy for y —+ oo,

The coeflicient of (m/p)'? 15 a constant. Thus, without making‘ any
explicit statement about the form of the function $(1/5), we have established
that the boundary layer thickness grows as (#/)'/*. The actual value of the
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coefficient is refatively insensitive to t} . . 3
! Ve particul: . . : L . . L - .
satisfying $(0) ~ 1, §(1) = $(1) = 0 isp ealar function §. The yuadratic 3 ;V(nh integration by parts of cach integral, this simplifics 10 Eq. (9.26) for
P 1). f
05(%) SRR B 2% - ()’)2 (9.28 This last approach, which directly exumines the error in satisfying the
Carrvi ‘ ¢ 28) differential equation by use of an approximation, 15 a special case of a class
pi r Fe : - . ! X h
Ying out the indicated differentiation and integration gives k:  of techniques known as methods of weighted residuals. They are of consider-
8ty == 3.46{ 172 %, able use in problems in heat and mass transfer and reaclion cngitcering as
) (70_) .29 § . well as in fluid mechanics.

w?uch agrees quite well with the exact boundary layer thickness shown i

Flg.. ?—2. The same result is obtained using a cubic function S(y/d) with t;:n
addmofmal §moothncss requirement ¢"(1) = 0. Even the cruécst p(l):;\;ib[: 4
approximation, qS()f/é) = | = (3/6), which ignores the requirement of .con-
timwity of dv /dy, gives a thickness S(t) = 2.0 (mt/p)*. Once the function ¢

haS bce“ scle cd [hc VC]()Clty IO”()W d[l CL“ ’IOIH [Eq. 9 22 El[]l[ the s tress
ct . 5

£ 97 CONCLUDING REMARKS

The inferaction of viscous and inertial stresses results 10 a boundary layer
" pear a solid surface. It is only in this region that the viscous contnbution is
important. The boundary layer thickness is of the order of magnitude of
(@t/p)/*, where ¢ is the time that the bulk of the fluid has been in motion
relative to the wall.

Exact solutions 1o the Navier -Stokes equations are rare, and it 5 usually
necessary 1o make approximations to obtain solutions to flow problems. The
notion of the boundary layer is the foundation of one of the most fruitful
procedures, for obtaining solutions to flows with large nertiul terms. We
shell devoie a subsequent chapter to this topic. Since hieat and mass transfer
are often of most interest near a solid surface, it 1s evident that the boundary
tayer region will be of considerable importance in these transport processes.

9.6 WEIGHTED RESIDUALS®

;?lercf another way of deriving the differential equation {9.6) which iy a bit
. [orc nr'cc.t and gem‘:rai, although it does not allow the convenient physical
Interpretation of the integral momentum approach. We rewrite Eq, (9.24) as
dv, a2y '
P F 0 (9.30)
‘[:"_r;c substitute the approximation Eq¢. (9.22) into this equation, the two terms
i 'n.ot sum 1o gcro, bcca_usc the approximation is not a solution to the
equation. There will be a residual which depends on y and 1. Thus, we have

residual = pa(?!-Uqf' (%)* ’I;%;i Ug (%) S é{l (pyqﬁ' t}? b ’”b") 70

|
BIBLIOGRAPHICAL NOTES

For an introduction to methods of weighted residuals, see

Poaayson, B. A, The Method of Weighted Residuals und Variational Principles,

9.31) Academic Press, Inc., New York, 1972

Alr frrcets ;

Oih;ough the approximation does not satisfy the differential equation at each

1 W, - PR o or f ) e H .

o [, ve can seek to satisfy the equation in some sense on the average, The
ost strmghtforward way of doing this, but not the only way, is to require

that the average value of the residual over the flow field be zero;

PROBLEMS

&1 Consider an infinite expanse of an incompressible Newtonian fluid in which
an infinite flat plate oscillates along the x-axis with displacement L sin i,
Compute the velocity distribution in the fluid after initial transients have
died out. Is there a boundary layer? {(Hint: Look for a!solution of the form

i v, = A(y) sin wt + B(y) cos w1, Why?)

- &2 Anincompressible Newtonian fiuid is contained between two stationary infinite

fat plates separated by a spacing H. At 1 = 0 the bottom plate is instantane-

ously accelerated to a velocity U relative 1o the upper plate.

a) Show that the solution cannot be expressed solely in terms of the single

variable { defined in Eg. (9.10).

5
L (residual) dy = 0 9.3

Integration is only from zero ¢

0 & because the velocity is as i
for ¥ > 8. We therefore obtain Y assumed to vanish

45 & , i a
75 o)sﬁ dy i'tij;gﬁ’dy:() 9.33)

e S .
This section can be emutted on a first reading.

o~
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b} If you have suflicient experience in solving linear partia!l differential equa-
twons, obtun the velocy as a function of position and time. Show that the
velocity profife becomes hinear as ¢ -+ oo, (11int: the asymptotic result for
r+ wocan be obtained directly from a Laplace transform sotution, without
inversion, by application of the final valuc theorem.)

9.3. Repeat the inlegral momentum solution in Sec. 9.5 for a power law fluid (Lq.
8.86) and show that the boundary layer thickness grows as 117412,

Converging Flow 10

10.1 INTRODUCTION

Exact solutions of the Navier- Stokes equations have been obtained in only
a small number of cases, and most of these are flows Like the ones in Chapters
8 und 9 for which the nonlinear inertial terms arc tdentically zero because of
the geometry. Fewer than 10 cxact solutions have been obtained for flows of
physical interest in which the nonlinear terms are nonzero. Thus, the primary
skill that needs to be learned s not that of obtamning ¢xact solutions; it is
rather the reduction of the full Navier-Stokes equations through the use of
physical experience to a problem that can be solved. Such approximation is
the subject of the next portion of the text. This chapter is devoted 10 the ana-
lysis of one of the few existing exact solutions, because this solution provides
insight into the kind of behavior that is to be expecied and sought after in
the development of physical approximations.

The flow geometry of practical interest that we would like to solve is shown
in Fig. 10-1. There is a converging or diverging section between two regions
of fully developed tube or channel flow. Such flows are commonly encoun-
tered in applications, including polymer processing operations. This problem
is not amenable 1o analytical solution, however, ant! must be further simpli-
fied. We shall treat, instead, the idealized configuration shown in Fig. 10-2.
Here, we consider the converging or diverging section by itself, and we 1gROTE
the entry and exit regions where the transition 1o Poiseuille flow must take
place. The converging section is assumed 1o be continuous from the vertex

211
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Figure 10-1. Schemaiic of a finite converging or diverging flow.
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Figure 10-2. Schematic of an infinite converging or diverging flow.
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to infinity. The presumption s that this wdcalization will represent the con-
verging section in Fig. 10-1 except near the entrance and exil.

The Navier-Stokes equations can be solved exactly both for flow ina
cone and for flow between converging flat plates. The plunar flow involves
slightly fewer manipulations and is adequate for our purposes, so we shall
study only it. This flow problem was tirst solved by Hamel in 1916 and 15
known as Hamel flow.

10.2 SOLUTION

The Aow is best described in a cylindrical (r, &, z) coordinate system, as
shown in Fig. 10-2. r is measured from the vertex of the plates. The total
angle between the plates is 2a, with the wallsat @+ | a. The fluid 15 assumed
10 be Newtonian and incompressible.

We will assume that there are no variations in the z direction, so that
v, = 0. We will also assume that the flow 1s entirely radial,® in that fluid
pasticles move to or from the vertex along lines of constant #, so that v, == 0.
The continuily equation in cylindrical coordinates from Table 7-1 is then

1 d
T&;(r"') O {10.1)

That is, rv, 15 independent of 7. We have also assumed that », is independent
of z, so LEg. (10.1) integrates to

o, = function only of & - 'f(8) {10.2a)
or

v, = Ji(.r‘?? (10.2b)

In this case, the continuny cquation has given us importaat additional
information about the flow, The fact that », becomes infinite at the vertex,
r = 0, is not a cause for concern here, since we recogmze that the flow which
we are computing 1s not valid near the vertex of the plates.

The function f(f#) will be determined in the course of solution of the
Navier-Stokes cguations. Some restrictions on the function follow from
boundary and flow conditions. For example, the velocity must vanish at the
side walls, & == -{ &, because of the no-slip con({ilion, 50 the function f(8)
must vanish for 8 = fa:

f(+a) = f(--a) = 0 (10.3)

*As we shall sec, this assumption leads to a scli{-consistent solution for Newtontan fluids,
and it is also valid for power-law fluids. The assumption leads to a contradiction for some
non-Newtonian fluid models, however, and there are experimental data for the converging
flow of non-Newtonian polymeric liquids that do show a hOBZE(O vy COmMponent,
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The flow rate over a width W in the z direction is

0= v, Wr df

1tis more convenient to use the flow rare per unit width, ¢ = QfW; qis then

i == J nr df) = j ‘,. 118) db

T'his r:‘:]alic)n partially specifies f(8) for given ¢. Note that [ is positive for 3B
diverging flow from the vertex and negative for converging flow toward the F:
vertex. Thus, ¢ defined in this way has an algebraic sign, with positive ¢ z

representing outflow and negative g representing inflow.

The r and § components of the Navier-Stokes equations, with Uy = ¥ .
3 TV,

= Qand dfdr = @/dr = 0, become

L e, o d® d1 4 1 %,
pu G =y g b
| 9@ 2 on
0 - b o0, 2 dn
798 TG
Substituting Eq. (10.2) for v, gives
Ll e o diy
TR R d§?

.90 2pdf
0 36 Vg

Equation (!0.?b) has been multiplied by r 10 simplify subsequent manipula-
tions. Tht‘j casiest way to proceed here is to eliminate the pressure. This is
done by differentiating Eq. (10.7a) with respect to @ and (10.7b) with respect

to r, giving
—ppdf . 8O g
K v tEw
L0 andf
O T

Subtracting, we obtain

=2p df _ q df | 4nd
r’ fa_@ TP dgy + ;gd_{g

or, equivalently, multiplying each term by r/y,

2\ pdf L d
G o+ g+ 436 =0

[:qua:i_cm (10.10) does not ir_woivc rin any way, so our initial assumptions
regarq:ng the f_i(')w are consistent. 1t is a third-order, ordinary differential
cquation, requiring three conditions on f(8). These are given by Egs. (10.3)

and ¢10.5).

Sec. 10.2 Solution 2ib

It is useful for purposes of presentation to scale the dependent and
S  independent variables. We define a normalized angle, ¢, and a normalized
(10.4) SN : riab )
- Bow variable, F, as follows:

. (10.11a)

{10.5)

F o (10.11b)

wl? miw

# ranges between - | and 1. Equation (10.10} und the boundary and flow
© gonditions {10.3) and (10.5) then become

dF | dF 2 df

por N eI pflPYS 2
mfd¢yd¢,+4ad¢ 0 _ (16.12)
F(—=1)= F({1) - 0 (10.13)

(10.6a) !
‘ J F($) dd = (10.14)

-1

10.6b

( ) o = J%Ifiﬁ , (10.15)
“ The parameter R represents the ratio of inertizl {order of pg?} 1o viscous
(10.7a) forder of nyg) stresses, so it plays a role analogous toithe Reynolds number.

There is no true Reynolds number as we have defined 1t previously in this
peoblem because there is no characteristic length. @ can be positive or
negative, depending on whether there 1s outflow or mflow, respectively; the
~ range of & is - o0 < B << oo, Note that 8 goes to zero both as py/n -0
and as ¢ — 0.
' The fact that we have succeeded in reducing the set of partial dilferential
equations 1o a single ordinary differential equation means that we can now
obtain the solution with littie further effort. Equations (10.12) through (10.14)
an be solved analytically, although the solution is in terms of integrals that
must be evaluated numerically, We shall not go through the development,
which is similar to the one below for the limiting case |®]  » wo. We rather
show the result here of a numerical solution of Eq. {10.12) to obtain (Fid).
adjusting the unknown initial conditions dFjdd and J*Fjdd® at ¢ == 1 by

(10.7b)

{10.8a)

(10.8b)

(10.9) teail and error until the conditions F(j-1) = 0 and J—' F(¢)dd -~ 1 are
t
satisfied.
The function F{$) is shown in Fig. {0-3 for & + /4 (45"). The curves for
{10.10) &= 4! and ® = —! cannot be distinguished from the curve for & == 0

on the scale of the figure. It is important to note the very different behavior
~ for inflow and outflow. When & is large and negative {convergent flow) the
adial velocity is nearly constant over most of the included angle, approaching
*" avaluc of F{¢)== 4, and all the velocity variation 1s in a small boundary layer
mear the wall. When @ is positive (divergent flow), on the other hand, Fidy
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Figure 10-3. Dimensionless velocity function Fidy, @ = n/a (45°). Curves
for ® = -} 1 and -1 do not difler significantly from the curve for & = 0.

becomes nf:gatiyc near the wall for ® > 14, indicating a backflow toward
the vertex in this region. This is known as How separarion. The backflow is
unstable, and a diverging laminar flow of the type assumed here cannot be

maintained in practice; turbulence occurs when 61 exceeds the value leading
to separation.

10.3 ORDERS OF MAGNITUDE

The scaling of dependent and independent variables resulting in Cq. (10.12)

was carnied out with a particular end in mind. Both F and ¢ are quantities !

that are expected 1o be of the order of magnitude of unity. Furthermore,
. - . . ’ *
changes in F will be of order-of-magnitude unity, and they will occur over

changes in ¢ of order unity; thas, derivatives of F are also expected 1o be of |

the order of magnitude of unity.* Each term in Eq. (10.12) is thus a quantity

that 13 expected 1o be of order unity, multipled by a parameter, « or ®. The *

. L
Note that this will not be true for large negative values of ®, where changes in F all

take plac : ; F is i i i
place over a very smal! range of ¢'| This is an important point that will be taken up

again in Sec. 10.6.
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t walues of & and & thus determine the relative importance of cach of the
_ terms in Eq. (10.12).

For example, consider the case in which &t is small. The term F dF{dd
i Eq. (10.12) is then expected to be small relative to the other two terms. i
we were to solve the equation by neglecting that term, we would expect the
&' solution 10 be in error only by an amount of order &; for sufficiently small
- @, this error would be acceptable.
In the three sections that follow we will solve Eq. (10.12) for three hmiting
‘cases, R — O, & ~— 0, and | @] ~» co. These three cases correspond to three
eommon procedures for obtaining approximate solutions (o the MNavier-
. Stokes equations, known as the creeping flow, lubrication, and bourdary layer
approximations, respectively, which are discussed in detail in the next por-
 ion of the text. The approximations can be compared here to the exact
" solution in order to develop some feeling for the extent of applicability.

- sents the ratio of inertial 1o viscous terms, this lunit corresponds to & situa-
tion in which the inertial stresses (the pv - Vv terms) are small relative Lo the
visoous stresses (the gV2v terms), as might ocour in the flow of a highly viscous
" Bquid such as a molten polymer. We assume that a solution with an error
: that is proportional to ® can be obtained by simply setting 8 (o zero in Eq.
[0.12). We thus obtain the equation

A dJF__ 2
® = 0: d—q's-flq'a

v——

dF

dg
Equation (10.16) is a lincar equation with constant coeflicients. The

- general sofution is '

(10.16)

F($) = A | Bsin2ad i+ C cos 2up (10.17)

L The conditions F( 1) = F(-~1) = O give B=- 0,4 = -
: {10.17) is thus

( cos 2e. Equation

1 1 vy .
J. F(é) d¢) = == j C{COS 2I‘I¢ — C08 20:) dqf. = E’.(."l_[_] ?gnd%m, f‘?}.%i')
-3 -t
(10.18)
 Bguation (10.17) can thus be written
R =0 F(P) = w{cos 2ad -- cos 2a) (10.19)

Sin 208 — 200 COS 20
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applied 1o obtain the limiting valye

® = 0: [ir_r; F($) == J(I — ¢1)

figure only for a > 0.35(20°).

Flg)
10

an=30°

L i 1 L I 1 L
-0.8

-086 -04 -02 - o] 02 0.4 06
¢
Figure 10-4. Dimensionless velocity function F(¢$) for ® = 0. The curves

fora = Qand & = 20° differ by only a few percent, mostly near the walt
(¢ —+ 3 1), and cannot be distinguished on this scale,

We can obtain a rough estimate of the range of validity of the approximate

selution by determining when the neglected term, ®F dFfdd, will be com- 5

parable to the two terms that we have retained. The comparison can be made
to either the term d’Fjd$? or the term dg? dFfd$, since they are equal in

magnitude i the approximation @ = 0. For g = x/4 the maximum value of

F($) in Eq. (10.19) occurs at the centerline and equals rn/4, while the maxj-
mum value of dFjdd occurs at the wall and equals 7%/8. Thus, within the
accuracy of the approximation the maximum value of the product F dFjd$
is shightly less than unity, and the ncglected term is indeed approximately

equal to ®. The maximum value of the term 4a? dFjdg ism*j32, at ¢ = +1, B

which equals about 3. Thus, for g = x/4, we must have ® < 3 in order to use

the approximate solution for 8 = O with a negligible error. As we saw in Sec.

10.2 in the discussion of Fig. 10-3, the solutions for ® = + | areindistinguish-
able from the solution for ® = 0 when ¢ = /4.
Flows for which the inertial terms can be neglected are called creeping

flows. The creeping flow approximation results in a linear set of differential
tquations. '

(10.20) |

Equation (10.19) is plotied for several values of & in Fig. 10-4. The deviation 33
from the parabola for ¢ = 0, Eq. (10.20}, can be observed on the scale of the P

105 LUBRICATION APPROXIMATION,
a—0
For small angles the terms involving & may be neglected, leading to a solu-

tion in which the error may be expected to be of order «. Sin(.:c ®Ris propor-
tional to @, setiing & to zero in Eq. (10.12) leads to the approximate equation

w0 F (10.21)
@ = 0: b 0
This has a solution
F(g) == A+ Bp + C$* (10.22)
From the no-slip boundary condition it follows that 4 = --C, B = 0, a.nd fl
further follows from Eq. (10.14) that = —§. Thus, the complete solution 1s
a -0 F($y - 31— ¢Y) (10.23)

This is the result given in Eq. (£0.20) for & - O in the hmit e -4, and we

therefore see that the lubrication approximation is a special case of the
creeping flow approximation. o .. -~ y
The physical interpretation of the lubrication approximation® is obtained
by using Egs. (10.2) and (10.11) to write the velucity as

FACI .

-l ()] e

v, = L

i i ists ' senterhine 13
For a small angle the Cartesian coordinate distunce y from the centerhne 13
approximately equal to arc length,

y o= rf {(10.25)
sothat Eq. (10.24) can be written
=4 [ ._.z.i._‘J {10.26)
T EEDL Y

Here, H is the width of the channel at any radial distance from the vertex and
b a function of r:

H{r) = 2r sin o = 2rat (£0.27)
Since g can be expressed in terms of the average velocity,
g = (o 3H | (10.28)
we can write £q. (10.26) in the final form
i (% ’] (10.29)
v, = g<u,>[| %)

Equation (10.29) is identical to Eq. (8.15) for flow bctw_feen parallel plates.
The approximation « = 0 is therefore equivalent to treating the flow locally
(ie., at each radial distance from the vertex} as though the flow were between

*The smell-angle approximation is cquivalent to an approximasion commonly maide in
the analysis of lubrication problems, and hence the name.
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parallel plates, but using the plate spacing /{ which is valid at that particular
position.
The range of validity of the small-angle approximation cannot be esti- ;
mated here, because when the solution is substituted into Eq. (10.12), the
term d*Ffdg® vanishes and nothing is left for comparison with the terms
da’ dFld$ and BF dF]dp. We found in the preceding section, however, for the

,} angle that is much smaller than a. Thu.s, the appropriate scull.ng v.jr}:abkl(. t:fur
" # is not a, but the angle corresponding to the boundary layer thickness.
B This angle is estimated as follows: ‘ _ . .
From FEqs. (10.2) and (10.11), », = f{f)r . Fylar. For F=}. v, =

* gf2ar. Then, following a fluid particle,
..

o= 4 (10.32)

solution shown in Fig. 10-4 for ® = 0, that the parabola corresponding to Todr T 2ar

a =: 0 is a good approximation to the complete solution for ® - 0 for values or

of o up to about 20”. [ O - constant (10.33)
q

i we consider outflow, we can take the constant to _bc zero, The boundary
layer thickness was found in Chapter 9 to be' proportional to the squar.c root
of the product of kinematic viscosity and l:me. of flow past the wall, thus,
ming Eq. (10.33) as representative of the flow time,

10.6 BOUNDARY LAYER APPHOXEMATION,
JA] —+ oo

If we divide Eq. (10.12) by ® and let [®] -+ co, the equation simplifies to a - “ar
single term: boundary layer thickness = 8 ~ \/'fo - r\/p I-g l (10.34)
= oa: paF _ .
U= oo Faﬁsh =0 (10.30) ‘The angle over which the boundary layer extends is therelore approximately
This has a sohwtion F = constant] and it follows from the integral flow rate ér, or

condition, Eq. {10.14), that the constant equals |-

!(ﬂi ey F{(f)) i (10.3”
This result does indeed correspond to the flow in Fig. 10.3 for large negative
@ for the region away from the wall, but it cannot satisly the no-slip condi-
tion F(—1) = F(} 1) =0 and it bears no resemblance at all to the flow for
large positive Q1.

This situation illustrates a problem that can be encountered in the blind
apphication of a limiting process. The mathematical limit {®] -+ co 5
singular, in that the highest derivative term is lost and the order of the dif-
ferential equation drops from three to one, Thus, although there are three

& ag 1
boundary layer angle = e ,\/plgi = o |3t} 12 (10.35)

I
it is therefore clear that the changes in F take place over an uilglt’: of order
&|®|"**, and this is the angle that should be uch to scale &, Since we are
interested 1n the region near the wall, 3t 15 convenient Lo measure the angle
" from the wali and to replace 8 with® 8 |- «. We therefore define a scaled angle

C#aetﬁl.‘cfn =g 1 DIAP? (10.36)

We can then replace ¢ in Eq. (10.12) with { and write

H dF

physical conditions 10 be imposed {Eqs. (10.13) and (10.14)), there is only GHGH”*F%? + &P %Cg PAa? |GV daf 0 (10.372)
one constant of integration. . "

The resolution ltes in a physical understanding of the limiting process. or, dividing by |@® V2, .
Infinite & corresponds to an inviseid fluid, since the viscous terms are taken ﬂpﬁ{f N ‘i’if; oy Al dE 0 (10.37b)
as negligible relative to the inertial terms. Since an inviscid fuid does not (& a4 a1 4
transmit shear stresses, it need not satisfy the no-stip condition. We know If we now let |R] -+ oo, this simplifies to
from the problem studied in Chapter 9, however, that there is_ﬂcgion necar ) dF  d*F 0 (10.382)
if?e wail, penetrating into the fluid a distance proportional to ./n/p, where the @ >0 £ ar - ag ’
viscous terms smust be considered. Thus, £q. (10.31) may indeed describe dF  &F
the flow in the inviscid core, but the viscous terms cannot be neglected in the R < 0: _FCTC + €T =0 (10.38b)
boundary layer near the wall.

The ordering arguments used 1o stmplify the differential equation clearly *This applics at the walt § = —a; an identical procedure follows at the wall § = i

break down in the boundary layer, since changes in F 1ake place over aa by replacing & with € - a.
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Note that the problem is no longer singular, in that the third derivative is
rctained. The equations for converging and diverging flow differ in the sign
of one term.

The condition £° Oat ¢ = —a is writien in terms of { as

Flo) -0 (i0.39)

As we move away {from the wall u.} the edge of the thin boundary layer ¢
will not change much, but, because of the |®|'/? term, { gets very targe. Thus,
we can replace our other boundary conditions by the observation that as
{ - o0, Fapproaches a constant value of approximately e

{ ~roo: F~.-~>i %?m»() (10.40)
Equations (10.38) can be written
. 1 dF*  'F )
G- 0: 3 ur Ve 0 (10.41a)
oo L LdFr L @wF
& <0 - T 4 A0 - {0 {10.41b)
Integrating once, and using Eq. (10.40),

O Vpr gy 4IF ant = L Fi(oo) = L .
a0 wff I agi constant = 5 Fi{oo) = 5 (10.42a)
&0 - 1 Ft Al constant == — -1--F2(00) e (10.42b)

T 2 prél 2 8 ’

A second integralion is carried out by multiplying by dFd(:
I dF  dFd*F 1 dF

R oG 2f.ld 4. d{ dcz___g, e
{10.43a)
_1dF (g )
- E“d): 2 diNd
1 . dF | dF&F 1 dF
& < 0 2F Cw}~dcdc;+8dc
(10.43b)
- . dF 1 ( ) -
TR
Integrating,
-0 3 dF ___l_
=0 gr () g
, i : {10.44a)
= conslant == —6—}'”(00) - ?F(OO) = 5y
.o by i d!')x i
R<0: —Lpy (dc + g F
! | (10.44b)
e oL = | - e fra RN TN
constant 16 Foo) -} § Floo) = -} 74
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If Eqs. ([0.44) are evaluated at { -+ 0, with F(0) - 0, we have

o F
& > 0: (]C) N (10.453)
® < 0: (‘22) - dyar 0 (10.45b)

Clearly, we cannot satisfy this equation with a real function F for ® = 0.

Thus, the hypothesis of the existence of a boundary layer has led to a con-

wradiction, and @ selution of the type that we are seeking cannot exist Sfora

diverging flow. This observation is consistent with the numerical solution

shown in Fig. 10-3. Henceforth, we will consider only converging flow, ® <2 .
Equation {10.44b) can be rewritten

- dF d
da 3 - = /3 4D e d 10.46
BV TP I e/ GTHOFTT A (10.40)
of tntegraiing,

L ~SESF 1) - __
b/ T In {m T 'ﬁ JT} (10.37

I readily foltows that the positive sign is required to obtain the proper
behavior as { -+ oo. Rcarrangmg, we can solve for f(qt») as

2235 T 10235

This function is plotted in Flg. 10-5. Note that the wall boundary layer region

- i (10.48)

a3 T Y T
04 .
0.3 -4
4
Flé)
Q.2 -
LR .
0 t 1 1 1
0 t 2 3 4 3

(¢ 1)/ ]}s2

Figure 10-5. Dimensionless velocity function F($) [or B ~-+ - oo,
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extends only an angular distance of order 7/./[0. Beyond this small dis-
tance F(¢$) 1s approximately equal to { and the fluid behaves as though it were
inviscid.

The approach that we have taken here is a speciat case of a mathematical
technigue known as the theory of singular perturbations. As in the suddenly
accelerated plate problem, we have computed behavior in a boundary layer.
The type of approximation that we have used to obtain the solution here is
extensively used in finding high Reynolds number boundary layer approxi-
mate solutions to the Navier-Stokes equations. We will return to such
approximate solutions in Chapter 15,

10.7 POWER REQUIREMENT

We are frequently concerned with compuling the power requirement for a
given flow. We often speak loosely of computing “pressure drop,” since for
flow in a straight pipe the power requirement is simply the product of flow
rate and pressure drop. In more complex flows, however, the pressure change
by itself is not the quantity of significance. This can be nicely iliustrated by
considering Hamel flow.

We will compute the power requirement assuming a horizontal system, in
which case the equivalent pressure @ and pressure p are the same. If there is
vertical motion over a large distance, the additional terms to overcome
gravity must be added.

We will necd the pressure p and the stress component 1,, in order to com-
pute the power. p is obtained from Eqgs. (10.7) by integration. First, Eq.
(103 7a) 1s rewritten

dp 1 dzf
2L ) (1049)
This is tntegrated (o obtain i
&
p=pe— y(prt 1 n %) (10.50)

The integration constant p., is independent of r, but it could depend on 8.
To determine this dependence we differentiate Eq. (10.50) with respect to 8
to obtain

P dp- 1 af L S\ _dpo | 2ndf
0T a8 ( o/ d@ s) = ig - W10 (10.51)

The last substitution 1s carried out using Eq. (10.10). Comparison of Eq.
(10.51) with Eq. (10.7b) demonstrates that dp_/df is equal to zero and p.

is a true constant. :
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The stress component 1, is related to the velocity from Table 7-6 through
the equation

du,
== —‘;— ‘ (10.52)
Since v, = f(§)/r, we then have
_zﬂffz@) (10.53)
r

The power requirement is equal to the rate at which work is done to force
fluid through the system. At surface | in Fig. 10-6 the force per unit distance

-

1
Figure 10-6. Schematic of stresses and surfaces used in power calculation.
into the paper on the arc sector d@ is (p — 1, )r dff. Thus, the rate of work
per unit distance (henceforth, we will drop the term “per unit distance,” but

it will be understood) to move fluid across that sector of the surface 13
v,{p ~ 1, d8. The totzl power requirement at surface | is therefore

- j' v,(p - 1, db = J:-.f(p‘ :r,,)dé? (10.54)

Using Eqs. (10.50) and (10.53) we may write P, In terms of the funcuon
f(8) as

P =g - (ii“*) J' C - anf)fde (1055

We obtain a similar result at surface 2, except that the sign is opposite, since
here the control volume is pushing fluid into the surroundings. Thus,

o ra ) [t e

The net power requirement is the algebraic sum of the two,

(i“lr“; B il;})f ( P r:j,j’: - 4qf)fdﬂ (10.57)
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Equation (10.57) can be simplified a bit by i i
. y tntegrating Eq. X
Equation {10.10} can be written * & g Eq. {10.10) once.

dfr
p U Sl g =0 (10.58

Integrating once, we obtain

Y widihs of the upstream and downstream channels (which, of course, are not
B eoasidered to exist in this analysis.) Since the ratio of 'volumetric flow rate ¢
* fo channel width is simply the mean velocity, P* can be written alternatively as

P = Ag(Vi— VHPY A&, ) (10.64)

and ¥, are the mean velocities upstream and downstream of the con-
wging seclion, respectively. We emphasize again that this result 15 only
spproximate, since we have not accounted for the sections where the profile
changes from the plane Poiseuille flow up- and dowastream of the converging
section 1o the Hamet flow in the converging section. The closer the Hamel
Sow is to a parabola, the better we can expect the total power requirement
‘s be given by Eq. (10.62) or {10.64). This relfation is discussed further in
Sec. 17.3.3.

The function P* isolates the angle dependence of ithe converging section.
'We can obtain simple analytical expressions for the limiting cases ® -+ 0,
g — 0, and ® -— —oo, For ® == 0, the function F(#) is given by Eq. (10.19).
I gubatituting into Eq. (10.63) gives

dxf
PI* 1\ n s + 4nf = constant = 1f"(a) (10.59) 3
where (&) denotes d2ffd8? evaluated at @ = x. When this is substituted into 3
Eq. {10.57) and we use the fact that r B df = ¢, we obtain, finally

=4y~ flron o[ rou] o

QOur prior calculations have beenlin terms of the function F = affy and the

lndcpcﬂdcﬂl Va!'iab]l, ¢ R 9"’& 1f we makc lh Slihb‘ l‘h“l()l! then P can l”‘
= . €5¢ ] >y
Wf]".en ’ ‘

gy | ! !
P g - 75)[&2 [ réra- F"(t)] (10.61)

B [_ﬁa_g | cos? 20) — 4 sin_gg cos 29513‘_‘},2_9‘
(sin 2o -- 200 €Os 7a)E (10.65)

i‘mali‘y, for purposes of presemtation and comparison of resolts, it is uscful
to define a dimensionless power requirement P* which is a function only of ;

& and a: S
% This function is plotied in Fig. 10-8.

For the lubricalion approximation, & - * 0, the function F($) is the
. parsbola given by Eq. (10.20). When this is substituted into Eq. (10.63), we
obtain the result

P 4 : ’ 1 — ! *
™ L(zr, GnoR " O sn m)z:!P (®, o) (10.62)

PH®, @) 5= sin a[; Lf (¢)d¢—f¥(ﬁ} (10.63)

The coefficient of‘P“ 15 writlen in terms of r sin § to facilitate thinking with
regard to the configuration in Fig. 10-7, where 2r, sin § and 2r; sin & are the

3

a-—r0: PY== (10.66)
.'l-la'e, we have neglected a term proportional to a relative to the § term, and
I we have used the small-angle approximation sin & = a. Equation (10.66) is
i plotted in Fig. 10-8, and it is again evident that the lubrication approximation
. saffices up to an angle of about 20°.

For rapid converging flow, & —» —-co, we can use the estimates from the
: boundary later analysis. We find there from Eq. (10.42b) that

} rpsina e

A
N
JaA

d*F
eT’FL-o - —} (10.67)

/

" Simce dl = |®[V2dp and ¢ = 1 at{ =0, this gives
F(1y = —}|®] (10.68)

Ia addition, outside the boundary layer F= i, s0

Figure 10-7. Schematic of a finite converging flow.

[ rr b~ [ 0o
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) b ™ s
o 1 20 3 40 30 6O 70 8O S0

a(degrees)

i
Figure 10-8, Dmensionless power requirement as a function of angle of
convergence, | — 0. The dashed fine is the result using the lubrication
approximation for small a.

This term can be neglected relative to the term containing |®, so we obtain

. {R]sin’a
®Roor ooz pro LENE (10.70)
Note that in this limit the power P15, in fact, independent of the viscosity, i.
For cases where the limits computed here are not applicable, the numer-
ical solutions of Eq. (10.12) must be used.
/

10.8 CONCLUDING REMARKS

i
The important information to carry away from this chapter is the range of
behavior to be expected of solutions to the Navier-Stokes cquations when
both viscous and inertial terms interact. It cannot be stated too often that
exact solutions of the type exhibited in this chapter that include both inertial
and viscous terms are rare, and students are not expected to be able to
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produce new nontrivial solutions routinely. Indecd, a.ny new exact solution
is a worthy subject of a research paper in a good technical journal. What can
be expected of students, however, is a firm grasp of the way that inertial,
viscous, and geometrical effects interact and influence flow behavior.

The three limiting cases applied to Hamel flow, the creeping flow, lubrica-
tion, and boundary layer approximations, are the subjects of subsequent
chapters. These approximations represent simplifications of the mathematical
structure at the expensc of a severely limited range of applicability. 1t is only
through such simplifications that most detailed flow problems of processing
interest are solved. This ts the time in the reading of the text to easure that the
relation between the approximate and exact solutions is clear; in subsequent
applications we will not have an exact solution for comparison.

The final point made in the chapter, regarding the computation of power,
is also quite 1mportant. The phrase “pressure drop” i1s firmly embedded in
engineering culture, but the reading on a pressure gage may not have any
significance in 2 given flow situation. The example considered here is allus-
trative of that important fact, since a knowledge of the pressure change
between r, and r; cannot be translated into a calculation of the power
requirement.
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PROBLEMS i
10.1. Show that a purely radial solution (v, = v, = 0} cannot exist for converging
flow in a cone.

10.2. Planc stagnation flow is shown schematically in Fig. 14.2. The velocity field
far from the stagnation point has the form v, = Ax, v, = —Ay, where x is
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Ordering and 11
Approximation

111 INTRODUCTION

Because exact solutions of the Navier- Stokes equations are possible only in
rare instances, 10 is necessary to establish systematic approaches for the
development of approximate solutions. We saw in Chapter 10 that the dif-
ferential equation describing Hamel flow could be simplified conswderably
under certain limiting conditions. In this chapter we will examine the logic
that was used 1o obtain the simplifications, so that we may develop procedures
that can be applied 1o the Navier-Stokes equations in other flow situations.

ﬁ‘-‘({ CHARACTERISTIC QUANTITIES

Approximation requires an estimate of the order of magnitude of each term
m each equation, so that the important terms may be retained and the
unimportant terms neglected. Such an estimate is obtained by making cach

term dimensionless. We define 2 dimensionless velocity vector ¢ as vV,
where ¥ is a characteristic velocity of a moving surface, for example, or a
mean velocily computed from the flow rate. It is presumed that the maximum
velocity in the system is of the same order of magnitude as the characteristic
velocity, so the maximum magnitude of the dimensionless velocity ¢ will
not be large compared to unity. We shall refer to terms whose magnitudes
tange between zero and a value that is not large relative to unity as being

of order unity. :

233




235
actansuc Pressure
234 Chap. 11 Qidenng and Approximation Sac. 11.3 Characten

. dividing by 7¥/L%,
pLi\ ¥ (!L”_E)v T _(!!{,:)v& 1 vl (11.4b)
( fIT) af 1 n
cocfficient of the ¥ » V¥ term is readily seen to be the Reynolds number,

Re = p¥L (11.52)
n

For simplicity we shall restrict ourselves to incompressible Newtoniaa
fluids, and we shall not consider free surface flows for which the gravity term
needs to be treated separately. We assume that there is a single characteristic
velocity and a sinple characteristic distance. The characteristic distance i
the length scale over which changes take place in the flow field. In pipe flow
the charactenstic distance is the diameter or the radius; in flow past a sphere
i the radius or didmeter of tfie sphére. We thus define characteristic and 8
dimensionless quantities as shown in Table 1i-1. The assumption that the

flow field is described by a single characteristic length is a restriction that we§l
shall have to relax in later chaplers.

5 Reynolds number:

o we may write Eq. (11.4) in the equivalent form
s . L - o
Pf‘f) 9% | Rev .0 _(w-_)v@ 4 O (Lt
(qT af nVv
ja sometimes convenient to define the Strouhal mumber,
Tasre 11-1

. l mber‘ Sr e -!A/Z~ (l i'Sb)
CHARACTERISTIC AND DIMENSIONLESS VARIABLES g Strouhal nu .

L

L . . . . . -al time, or, better, a dimen-
Physical variable Charaateristic quantity Dimensionless variable Strouhal number is a dimensioniess rc"fpmlfdi tme, ations can then be
e SN S oaless frequency. The dimensionless NMavier-Stokes equations cal
Velocity, v v ¥ = "P ‘writen in the form *
! W av Nives | O (11.4d)
%= X R Sr"‘f-l-v'vv)ﬂ“‘("’) ! ’
Postion, x L f = c( Y, Y,’V -
Gradient operator, V Lt Vo VL
Time, ¢ T P } .
e 113 CHARACTERISTIC PRESSURE
Equivalent pressure, @ i1 & = i

Fhe characteristic pressure 1s not independent of thclolhcr L.‘haractcns[lw
jlquentitics. We know from the engineering chgulil _cquuuon _ and 13
mph:s in Chapter 6 that for flows in which inertial eftects doms'nutr: an

' hﬂu‘c smail, the pressure is of the order of p¥ % Thus, wecan wriie

inertiaily dominated: f'—ﬁ_ py: (11.6)

The continuily equation Tor an incompressible Auid 1s

a1y,

Substituting the dimensionless variables defined in Table 11-1 then gives

e

,,iv.v;.oii (1.2

{ Txuation (11.4) can then be written

av ) _
) inertially dominated: Re (Sr" 57 4997 V(?) 9w (1L

‘V-v.—wo 5 (i1.2b)

The continuity equation is unchanged in form by the nondimensionaliza

tion_and does notl contain any parameters.
The Navier-Stokes equations are

. i
lig; 4-pv - Vv = VO | pVly % (1£.3)

T

Substitution of the dimensionless quantities then gives the form®

1 (ﬂ;f) g;‘__’ + (Ri_’i)v U9 _(fg.)w + (%-)Vzv (11.40) ;

3

. ' ) . . s
When the viscous lerms are much more importunt than the mcrtm!}tcrth .
, [ “quivale » can say that the
know that the pressure is of order ply. Equivalently, \tlc, Ld[: say
Tet et e o LT wrl &
i der of a characteristic viscous stress an
geessurc is of the or :

i I' v L8
viscous dominated: 11 = ﬂL— (11.8)
|

Y .
viscous dominated: Re (br ‘g? i ¥ -V?) LR VI (L)

When inertial and viscous terms are of comparable magr?s[udc then clthc;

Sarm may be used. Equation (1 1.8) 15 the more co.mmon csnmal;: of (;:.dc'r 0_

magnitude in that case, so Eq. (11.9) is the dimensioniess form of the Navier
Saokes cquations most commoniy encountered.

.

*A typical term in Vv is d2v,/dy2. The substitution then follows as

Jrv,  Btv, VD) ¥ dW, _ Vo,
ayr T dydy T HINWLR T L& T LY



11.4 CHARACTERISTIC TIME

In some problems there s a charact::ri:,lic time imposed on the system, such
as the period of an oscillating surface. In others, however, the only charac-
teristic time is the time required for a fluid clement to move through a chacic-
tenstic distance. In such a case the characteristic time is simply £/¥, and we
Can wrile

I

2 (11.10)

chasacteristic time - flow time: T
Equatton (119} is then ‘
charactenstic time -- flow time: Re (gf 4 ¥ Vi‘) =~ - Y& | V2§
(in

11.5 ORDERING ARGUMENTS

The dimensionless forms of the equations now allow us to make physically
based simplifications. 1t is assumed that all dimensionless quantities are of
order unity, and changes m dimensionless quantitics take place over dimen-
stonless length scales of order unity. Changes in guantities of order unity
are also of order unity ] thus, since derivatives are of the order of changes in
dimensionless vartables divided by the dimensionless characteristic distance,
all derivatives are of order unity. Hence, if the proper characteristic quantities
have been used for nondimensionalization, every term in the dimensionless
equations is a term of order unity multiplied by a dimensionless group. The
relative importance of cach term is therefore determined by the magnitude of
the dimensionless group. .

As an ilfustrative example, consider the case of a long cylinder of radius
R that ts immernsed 1o an infinite body of fluid, The cylinder oscillates about
its axis with frequency w:

v, = Vsmmwtatr = R (11.12)
With reference to Eq. (11.9), we therefore have
- R¥p -V 11t
Re == d Sr-Hw (1L13)
Two limiting freguency ranges can then be considered
W& Fse 1 ]sr'g.; <|v .01 (11.142)
cuj,>fg,8r<<l: Sr“g; 19 . 99| (11.14b)

In cach case, one of the two inertial terms dominates the other, and we can
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Wrile dpproxirmations 1o Eq. (11.9) as

Se» 1 Rev-¥v- . 9@ ¥ (11.15a)
Sri: f;:g:w e 1 Vw (11.15b)

Note that cach of these approximate equalions 15 a notable simplitication.
Equation (11.15a) is a pseudo-steady-state equation, because the time deriva-
tive term is no longer present. Equation (11.15b) is a lincar equation, because
the nontincar portion of the inertial terms is negligible compared 1o the time
ratc-of-change term.

Equations (11.15) can both be {urther simplified in the case of small
Reynolds number. If Re is small compared to wnity, it follows from Fq.
{11.15a) that the term on the left is small compired 0 the terms on the right;
thus, we have

St land Rel: 0= 9P | O (1.16a)

If Re is small compared 1o Sr, the term on the left of Eq. (11.15b) 15 small
tompared to the terms on the right, and we have '
Sr<liand Re<CSr: O = -0 | V¢ (l1.16b)

Equations {11.16a) and (11.16b) are identical, but they apply in different
ranges of the physical variables. The conditions for Egs. (IL.16a) and
(11.16D) to hold are, respectively,

_ Vo
Se>» 1 and Re € 1: w<R'<(\p’;7<i (117w
St <1 and Re < St % Ko T (11.17b)

It is essential in approximations like these that the limitations on appli-
cability of the equations be defined carefully. When a solution to the 2pproxi-
mate equations is obtained, it should be checked to establish that it does
indeed satisfy the assumptions that were used in its derivation.

11.6 SOLUTION LOGIC

The logic for obtaining approximate solutions to the Navier -Stokes equa-

tions (as well us 1o other equations describing physical phenomena) is as
follows:

. Make the equations dimensionless so that all variables are of
order unity, '

2. Estimate the terms that can be neglected in the full (exaer) equations
because they are multiplied by small parameters. Delete these terms
to obtain simplified (approximare) cquations.
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3. Obtain a solution (o the approximate equations. -

4. Estimate the magmitude of the neglected terms in the exact equations
10 ensure that they are truly negligible relative to the terms which
were retained.

It is important o0 examine this Jogic. We are seeking an approximat_c
solution to the exact equations. The actual solution process outlined above is
shown in Fig. [1-1. Note that all operations are contained in the loop on the
right, which does not include the sought-after solution. Our approacf_i is
based on the presumption that an exact solution to the approximate equations
is also an approximate solution to the exact equations, This is certainly true in

most cases, but it need not be so, and the approach s flawed logically.
]

Simplitication -
Exact Equalions }—————-{Approxlmolo Equations

Solution

Desirad

Exact Solution to

Approsimole Solution to ¢ ¢
Approximate Equations

Exact Equatons

Figure 11-1. Logic of the process for obtaining approximate solutions.

The problem with the logic is nicely iltustrated by the following example
developed by Sepal: i
00tx 1 y==01 (11.18a)
x b0ty = 1t {11.18b)
I we assume that x and y are of comparable magnitude, we expect to be
able to neglect the first term on the left of Eq. {11.18a) relative 10 the second.
This leads to the approximate equations
y =0l (11.19a)
x b 101y = 11 {11.19b)
This set of equations has a solution y = 0.1, x = 11 -~ {101){0.1) = 09
The neglected term 1n Eq. (I1.18a) 15 then (0.01){(0.9) = 0.009, which is
negligible compared to the retained term, p = 0.1, Thus, the solution satis-
fies the consistency test outlined above. In fact, the exact seluiion to Egs.
(1l.i8a)and (11.18b)is x = —90, y = 1!
Counterexamples of this type are usceful, in that they remind us to stay on
our guard when seeking solutions to the mathematical equations describing
physical phenomena.

11.7 INVISCID LIMIT

We have alrcady scen that {imiting bchavior at high Reynolds numbers
requires careful mathematical treatment. Equaiion (11.7) for inertially
dominated flow can be rewritten

Sr"g%-f-v-w | V@ = Re ' 9% (11.20)
If we now set the term on the right to zero as an approximation for Re > 1,
we obtain

ar

This is the equation that would be obtained for an inviscid fluid, 7 = 0.

Equation (11.21) has been extensively studied, and its behavior in many
geometries is discussed in texts on classical hydrodynamics. The limit in
passing from Eq. (11.20) to (11.21) is singrdar, in that the highest derivative
term has been lost from the equation. The mathematical consequence of this
singularity is that one boundary condition cannot be satistied. The unsatis-
fied boundary condition must be the no-slip condition, since an inviscd
fluid cannot transmit a shear stress and can, therefore, slip past a wall
without adhenng. Classical hydrodynamics is the-cfore refevant only in
cases where the flow is not affected in an important way by the presence of a
no-slip surface. Inviscid flow is considered in Chapter 14,

The limit Re -+ oo for cases in which the no-slip condition is important
is discussed in Chapter 15 on boundary layer theory. That theory requires
the solution to Eq. (11.21) as a part of the overall solution. The general
approach is a part of a mathematical theory known as'the theory of stngular
perturbations.

Re > vo: S Y V9 VB =0 (t1.2n
I

11.8 SINGULAR PERTURBATIONS®

The theory of singular perturbations and the way in which it can be applied
10 the Navier~Stokes equations can be illustrated by the following problem:

e T8 b u s <0 (11.22)
w0 =0 (1) =1 (11.23)

This nonlinear cquation is intended to serve as a prototype for a steady-state
version of Eq. (11.20). € is a small parameter, so € d'ufdx? plays the role of
the Re™'V2¥ term; u dufdx and f play the roles of the ¥ - UF and & terms,

*This section may be omitted on a first reading.

219
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respectively. Equation (11.22) has an analytical solution only {or the casc in
which f{x} 15 zero.
An “inviscid™ solution is obtained by taking the limit as € — 0

€0 WMy p(x) - ; ‘;‘f [ f(x) =0 (11.24)

Equation (11.24) is readily integrated once to give a sotution

{11.25)

¥

= [ 2 s ]

The single constant of integration ¢, cannot be chosen to satisfy both of the
boundary conditions given by Eq. #(11.23). We choose C, 1o satisfy the
“outer™ boundary conditton, u{!) == 1. This leads to the ourer solution,

L8]

o = [1 12 103 ]

The outer solution does not satisfy the conditton at x = O and cannot be
applied near x - 0.

The region near x ~= O is accounted for by “streiching”™ the coordinates
to account for changes in that regron. We define the new “stretched™ inde-
pendent variable

(11.26)

y oo X (11.27)

Equation {11.22) then becomes

1 d*u 1 du .
Pdhuw L du ey g £1.284)
€ dy? b “ gy b Aer) (

or, multiplying by €,
Au B efleyy = 0 (11.28b)
dy? dy

If we now take the hmit € -+ 0, the highest-order term is retained and we
obtatn an equation vahd near x = O

du _ du bVodu*

g Ay e g LAt 11.29
€0 dy? l udy T dy? 2 dy ( )
Lquation {1§.29) is integrated once 10 give
e, : (11.30)
dy

This first-order cquation can be put into the form

R
J‘o z:-_“z—**::*gi ==y (21_30)

The boundary condition u = O at y == 0 is included in the lower limit of
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integration, The integration can be carried out to give the inner solution,

S exp (2C, ) - 1 57 exp (20,5/€) - 1
Uinawr ~ /IC, DL = L ypeexp QCux/e) - by 5,
! v “exp G,y £ 1 v Pexp 20 x/e} T ( )
The constant of integration €, is evaluated by noting that the inner
solution reaches its asymptotic value for large y quite rapidly, since the term
x[e becomes large for even small values of x. Thus, the inner and outer solu-
tions must give the same value for the function w{x) when yp is large but x is
small. The mathematical expression is then
IO TN (TN T (11.33)
¥ orem x 0
When Eqs. (11.26) and (11.32) are substituted into thesé limits, we obtain

> - ¥y -0

lim wypny, - W/2C, = im uy ., [! [ 2J!f(é)d<frn (11.34a)

or, solving for ',
Gy J"ffd’) 4 (11.34b)

The approximate solution 1o Egs. (! 1.22) and {11.23) therclore has dif-
ferent forms that must be applied in different regions. In the boundury layer
near x = 0, where 1(x) changes rapidly, the solution is given by Eq. (11.32),
with ", given by Eq. (11.34b). Everywhere else the “inviscid™ outer solution,
Eq. {11.26), applies.

11.9 CONCLUDING REMARKS

The ordering anatysis outlined here for simplification of the Navier-Stokes
equations will be utilized in succeeding chapters for various Limiting cases.
The essence of an ordering approximation is the restriction of the physical
range of applicability in order to simplify the equations and make solution
possible. Systematic ordering of the relative magnitudes of terims is the single
most important ool available to the analyst secking solutions to mathe-
matical representations of physical problems,

Selection of the correct characteristic quantities is essential for proper
reduction of the equations. This point was illustrated in Section 10.6 on the
boundary layer approximation for converging flow, where we found that
the correct characteristic length was not the full channel opening but rather
a boundary layer thickness proportional to (7/p)"*_ 1n some of the chapters
that follow we will find that specification of the characteristic quantities can
be developed logically.

The ordering and dimensionless groups developed in this chapter presume
the existence of a single characteristic length. Muany flows of practical interest
have rwo characteristic lengths, which introduces an additional dimensionless
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group (the ratto of lengths) and thus an additional ordering parameter.
Lubrication and boundary fayer flows are of this type. For such flows the
procedures outlined 1n this chapter provide guidance, but the equations
developed here cannot be applied directly.

BIBLIOGRAPHICAL NOTES

The counterexampie in Section 11.6 is from a very instructive paper on scaling,
SeGAL, L. A, SIAM Rev., 14, 347 (1972).

The limiting cases Re -~ 0 and Re — co will be be considered in subsequent
chapters. We will not consider cases where the Strouhal number is important: one
such case of interest is the periodic formation of vortices in steady flow past sub-
merged cylinders. There is a brief discussion of this flow, known as von Kdrmdn
voriices, \n Perry's Handboovk ! sec also

BercGer, E., and WiLLe, R., Ann. Rev. Fluid Mech., 4, 313 (1972).

Creeping Flow 12

L

121 INTRODUCTION

Many flows of practical interest have a single characteristic length L and
characteristic velocity ¥, and have no characteristic tme other than T == L[V,
In that case the dimensionless form of the MNavier Stokes equations for
Newtonian flunds can be written in the form of Eq. (11.11):

Re(g; R Vv) S 03 | Uiy (12.1)
Here, Re 15 expressed in terms of the charactenistic length and velocity,
Re = LY2 (12.2)
n .

When Re s very small, the inertial terms on the left of £q. (12.1) will be very
small compared to the pressure and viscous stress terms on the right. For
sufficiently small Re we may ignore the inertial terms and write the creeping
Slow approximation 1o the Navier-Stokes equations,

[Re1: 0= 08 | Vi (12.3a)
The dimensional form of this equation is
Rel: 0= —-V@® { pViv {12.3b})

The continuity equation is unchanged in this approximation.
The creeping flow approximation applies to flows that are “slow™ in the
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sense of having a small characteristic velocity, ¥, but the condition Re &1
can also be satisfied by a very small characteristic fenpth, L, or a very large
viscosity, 1. The large viscosity of molten polymers means that Re will be
small for these liquids even for flows with large characteristic velocities, and
the creeping flow approximation is hearly always applicable for polymer
melt flows.

The creeping flow equations, Eq. (12.3b), can be obtained directly from
the Navier Stokes equations in Tables 7-4, 727, and 7-10 by setting the
density to 7ero. This illustrates the point that the approximation applics to
flows in which the inertial {p¥?) terms are neghgible relative to the viscous
{nV/L) terms. The mathematical consequence of the creeping flow Approxi-
mation is the reduction of the nonlinear Navier- Stokes equalions o a set of
finear equations, The theory of tincar partial differential cquations is much
better developed than the theory of nonlinear equations, so the possibility of
solution is greatly enhanced. This broadening of the class of possible solu-
ttons is obtained, of course, by 1mposing the restrictive physical condition of 2
very small Reynolds number.

122/ FLOW BETWEEN ROTATING DISKS

Flow between rotatiog disks is shown schematcally in Fig, 12-1. A fluid 15
contained between two cireular disks, one_of _\wh.ich...r.o;at,cs‘.r_c.l,aﬁ'\-'c:j'_c_ﬁ)f"t'_il_c,_
other with angular velocity Q. The spacing /M between the disks is assumed 10
be very small felative 16 the disk_outer radius, R, This configiration arises
THHTERY, 3 pplicationss s"nciu‘("}ﬂi;}éﬂlrhbripzft i:(;h..gi.[l_d_ ‘[)‘Q_I.y_gy}_q[ provessing, and it is

a useful design for vnsuh1!ymcati]?§1]énl_}\[cwabh tpuatcr_mc{hcve]muyi
fictd and the torque required to turn the moving disk. A closed-form nnalyliczii‘t
S0lution cannot be obtained for this problem for arbitrary Reynolds number,
and we will obtain a solution that is valid only in the crecping flow fimet,

The system s monst conveniently described in cylindrical coordinates,

Q

Figure 12-1. Schematic of low between rotating disks.
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with the origin at the center of the bottom plate. Y\w/gmmljﬁﬁ}_]_p_\gﬂﬁﬂ\c1lh{:r
the velocity nor the pressure is a function of angular_ position, so 9/d

The continuity equation for an incompressible fluid and the creeping flow

approxi_rﬁ_‘gt_igg_.!Q.&l.\.;:]ﬁl.@gigr.;.ﬁ.t.o_kcg,s:qysat.ig!l“s‘saisjhq" obtained from Tables
T-1 and 7-7, respectively, as '

e (‘;r(m,) 1 ‘3’;' =0 (12.4)

reomponent: - _“%_‘j; -+ r][gr(j gr rar,) S f;z%] (12.5a)

8 component: 0 - q[ g}(.rl. (;7; rv,) " ‘f;?;ej (12.5b)

'—'-"{'z’f:"' - z component: () .- wf;;-) 4 _ri gf (r ‘;i') i %?;’V (12.50)

The density was set equal to zero in Table 7-7 in order to obtain Kys. (12.5)
from the Navier-Stokes equations.

If we take the bottom plate as moving and the {pp plate as stationary,
then the Velocity at any radial position on the 'bcj;(()m plate is tangential,
witha vatue r€), Thus, the no-slip boundary Condition requires that v vanish
on the upper plate and that o, and », vanish on the’ lower plite; with ',
cqual to 160 ! pate, with #,

1, = r{) l; {12.6a)

0

{12.6b)

4

We have not written any boundary conditions in the r direction. We require
finiteness at r == 0. The assumption H/R < | allows us to neglect the small
region near the outér edge of the disks. and a boundary condition 5t 7=

is not required. This procedure is analogous. Lo neglecting the small entry and

exit regions for fully devcloped flow in a long pipe.

71" Egquation (12.3b) for v, is uncoupled from the ot her equations and.can.be.
i solved directly. It provides a nice demonstration of the way in which the;
: "boundary conditions can be used to deduce the form' of the solution. Note:
‘that'y

POTticAal o » Hver the entire Tower plate. The simplest wa Y10
easure satisfaction of This'boundary condition is to look for a solution that is
always proportional to r: ' '

} Ve == rf(z)% (12.7)

Sz)is ,_a.n___tg_n\kpgwr_x‘{ua,c!_ior)"&"”i, hfbl&éws from Eqs. (12.6a) and (12.6b)
that f{z} must satisfy boundary conditions

SO =  f(H)y-=0 (12.8)
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Substitution of Eq. (12.7) into the & component of the creeping flow equa-
tion, £q. (12.5b), Icads to an equation for f{2),
d}
Al A (12.9)

Thus, f{z) must be a linear function of z. The boundary conditions {(12.8)
are satisficd by the hnear function

z
f(z) = Q(! - }.{.) (12.10)
The velocity then follows from Eq. (12.7) as
ny rQ(t ;},) (211
Fquations (£2.4), (12.53), and (12.5¢) for u,, v,, and @ are clearly satisfied

by
v, = v, = ( ® == constant {(12.12)

This means that all fluid_particles maoye in circular Q??_E‘l:‘_,ﬁj}__ﬁ._!??af"{- Thc con-

stancy of the pressure in this rotating system. may. secon surprising. at first,,

since the § component of velocity increases with distance from the origin.

There are no centrifugal terms to be balanced by a rad: I pressure gradient,

however ; the centrifugal terms are inectial (pF?) terms, and thescare neplected

in the creeping flow approximation.
To find the torque we must first evaluate the shear stress at the lower
plate. From Table 7-6 and Eqs. (12.11) and (12.12), we have
(e gg) = - 2
{Note that 1,, is independent of z for this flow.) A differential segment of the
lower disk is shown in Fig. 12-2. The differential force on the sector of arca
v dr d8 is

i
dF - T, dr df = w—g}?r‘drdﬂ (12.14)

The force is directed tangentially. The differential torque is rdF
" dG = rdF - J;}r!drde (12.15)

The direction of the torque vector is normal to the plates and is the same
cverywhere. Thus, the differential torques can be summed to give the total
torgue: -

ot AT e

H x In 4 i

;f.Gr:J.JGxJQj f P dr df = TR (12.16)

H j, ) 2H -J

ey e

Ris the outer radius of the disks The torque required to turn the plate is —G.
Equation (12.16) is the basic cquation for the parallel-disk viféometer.

Torque is a straightforward quantity to measure. The viscosity of a Newtonian

‘
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—T

r9

A ~ dAscgrgg

Figure 12-2. Schematic of a ditferential segment of the bottom disk for
caleutation of the torgue. '

fluid is obtained from the slope of & plot of torque versus Qf#f for various
values of Q and/for Jf.

It is still necessary 10 establish that the conditions for creeping flow have
been satisfied, The characteristic length is clearly the plate spacing, I, The
characteristic velocity is less obvious, but it cannot exceed the tip speed, RQ.
Thus, the Reynolds number can be written

Re — LVp _ HRQp  H'Qp R
7 7 n H

The condition Re < 1 could be a stringent one, because K/ / will be quite
large.

This estimate of the range of validity of the creeping flow solution is, in
fact, too restrictive, and a better estimate can be obtained from direct CXAIM-
nation of the Navier-Stokes cquations. With the assumption that », is the
dominant velocity component, it then follows fromy inspection of the left
hand side of the Navier-Stokes equations in Table 7-7 that the dominant
term is pu}/r. Thus, we can write

(12.17)

rs
inertial terms ~ PF* ~ pr{1t (12.18a)

The estimate of the viscous terms is not as strasghtforward. The dominant
term is clearly g 8%0,/d2%, but this term vanishes identically in the creeping
flow approximation. From Eq. (12.13) it follows that 1 dv,/d7 is of order
Y/ if. Even if the crecping flow approximation is slightly in error, we expect
changes in 5 dv,/dz over the spacing to be bounded by an amount of the
magnitude of the stress itself, so the derivative term will be bounded by a

term of order 54}/ H divided by the spacing, H. That is,

. '
VISCOUS terms ~ g %;;f ~ ’i’;? (12.18b)
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We can therefore write ;

inertial terms priy iHQp ‘
e i LY PTAET H AL 9
viscous lerms QY 2 n <l (1219

This condition is easily satisfied in practice for viscometers. We require
separately that R/ 5 1, for we have neglected any deviations from the cir-
cular flow pattern in the ncighborhood of the tiquid-air interface at the edge,

12.3 FLOW AROUND A SPHERE
12.3.1 Problem Formulation

We studied flow around a submerged sphere in Chapter 4, where we found
that for Re < 1 the drag cocfficient varies inverscly with Reynolds number
[Eq. (4.3)]. This was interpreted as a regime of negligible inertial forces. We
will show here that this result, known ds Stoker low, can be derived from the
creeping flow equations.

The flow is shown schematically in Fig. 12-3. A sphere of diameter D is
submerged in an infinite body of fluid. The Auid moves past the sphere uni-
formly with a velocity U that is, an observer situated at any pomt on the
surface of the sphere will see a uniform flow with velocity U at a large dis-
tance from the sphere, although the velocity near the sphere will differ from
the constant value. (We have changed nomenclature here from that used i
Chapter 4. The subscript p 1o denote particie has not been retained, and the
relative velovity between the sphere and the surrounding fluid has been
changed from ¥, 1o U/ U5 commonly used in the Auid mechanicy literature
te denote a veloctty fur from, and unaffected by, a sold surface.)

|

NN

Figure 12-3, Schematic of untform flow past a sphere.
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The characteristic velocity for this flow is clcarﬁy the relative uniform
velocity, U, and the characteristic length is the sphere diameter, D). These
choices are unambiguous, because £/ and D are the only velocity and length
specified in the problem. The Reynolds number is thercfore as defined in
Eq. (4.1a),

Re - 2Up : (12.20)
n
The condition for applicability of the creeping flow approximation is, of
course, Re < |.

The flow is best described in a spherical coordinate system, as shown in
Fig. 12-3. We will assume ¢-direction symmetry, ¢/dd = 0, and vy ==
Then the continuily equation is X

e FACY R (12.21)
- i
The r and @ components of the creeping flow approximation to the Navier.-
Stokes equations are obtained from Table 7-10 by setting p ~ 9, as follows:

O E D) koo )

5 2 d 5 (12223
n 2
= i 3?9! T pEvecot 9]
S N L N Y A T
0~ P I ’][rz (}r(rl c?r) ' r¥sin 4 98
(12.22bh)

(0 + A S ey

The no-slip boundary condition at the sphere surface r == K requires
r=R: v =9, =0 {12.23a)

The boundary condition far from the sphere is obtained from the requirement
that the flow approach the uniform velocity, U/. When the velocity vector at

large r is resolved into r and @ components, as shown in Fig. 12-3, we obtain
the condition

Fo==o00> w, = {/cos§ Vg o= U sin @ {12.23b)
12.3.2 Solution of Equations

The solution of Eqs. (12.21), (12.22), anyg {12.23) is suggested by the form
of the boundary condition at infinity. The boundary conditions usually
provide insight into the structure of the solution. In this case we sec that the 8
dependence far from the sphere is given by a cosine and sine relation. It
seems reasonable to look for a solution that retains this simple angle depen-
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i
dence over the cntire field. Thus, we are motivated 1o seek a solution in the
form
v, = Alrycos @ {12.243)
e v H{rysin § (12.24b)

Alry and B{r} arec unknown functions of r, but comparison with Eqgs. (12.23)

shows that 4 and B must satisfy the following conditions at r = R and
g 0o

r- R ARy = B(RY = O {12.25a)

reorool Aco) e U Bloo) == - U {12.25b)

The remainder of this section is given over to the use of Eqs. (12.21) and
{12.22) to find the functions 4A{r) and B(r). Readers who are not interested in
the details may wish 10 skap to the solution, Egs. (12,34 and (12.35).

Substitution of Eqs. {12.24) into the continuity cquation, Eq. (12.21),
yiclds

cos 61 1A | 2cos8 gy
=5 _2,,1(,) b ; B(ry - 0 (12.26a)
Dividing by 2 cos 8fr climinates the 8 dependence and gives an cquation
tavolving only A and 8,

r dA

Ay b5 BG)y = 0 (12.26b)

This equation shows that the assumed form of solution is consistent with
continuity, and furthermore continuity reduces the number of unknown
vartables by showing how 4 and 8 must be related.

We now turn to the r component of the creeping flow equations, Eq.
(12.22a). When the form of the solution given by Egs. (12.24) is substituted
into this component equation, we obtain an equation that can be written

%(f == 77 (function of r) cos & (12.27)

This relation requires that @ be of the form
® =08, gll{r)cos b {12.28)
F1{r) 1s an unknown function of r. ®, must be independent of r, although it
could depend on 8, Substitution of Eq. (12.28) into Eq. (12.22a) then gives a
relation among I1, A4, and B:
0= W) 1 4, %g) _ A4 ‘if_r’g:') (12.29)

i tE R rt

We must now satisfy the § componént of the creeping flow equations, Eq.
(12.22b). Note that @, v,, and v, arc now expressed in terms of the functions
Tl(r}, A(r), and B(r), respectively, with specificd @ dependence, so there are
no remaintng degrees of freedom. Thus, Eq. (12.22b) provides an important
consistency check on the assumptions that we have made about the solution.
When Eqs. (12.24) and (12.28) are substituted into Eq. (12.22b) we obtain,
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after some grouping of terms and multiplication by rfsin 8,

O - n(r} i ‘:7 Li rl f!ﬁ{(? 28(!’) 2A(f)

r r r

(12,309

Thus, the assumed & dependence for v, and 1, docs reduce the partial Jif-
ferential equations to a set of linear ordinary differential equations for the
three functions of r, H(r), A(r), and 8(r). It should be noted that it is also
established in the derivation of Eq. (12.30) that @, must be a (rue constant
and not 2 function of &,

The three linear ordinary differential equations, Egs. (12.24), (12.29),
and (?2.30}, are most easily solved by ehminating It and 810 obtain a single
equation for A. Equation (12.30) is differentiated with respect to r to obtain
an cquation for dT1/dr, which is then substituted into Eq. (12.29). Equation
{12.26b) is then used 1o climinate 8 The resulting fourth-order cquation for
A(r), after some simphbfication, is
. rd-/-‘ .2

d*A4 ’_,d’A rtdt 4
dr dr? drt T OB et

0 (12.31)
T.wo of .Ehc boundary conditions for this fourth-order equation are given
directly in Eqgs. (12.25), and the other two are obtained by eviluatung Eq.
{12.26b) at. rio= Randd 7 - 6o and using the conditions for 8 in Eqs. (12.25).
The resulting four boundary conditions are thus

. A
e Ry -4y (12.32a)

reroor Mooy wy 44 (12.32b)

dr |

‘ Equation (_12.31) 15 a special form of Lincar homogencous equation that
is knqwn. as Ewler’s equation® This cquation has solutions of the form r*.
Substituting 4 -  ino Eq. (12.31) gives

r{-ont -2 | S 6n} = ()

n must be a root of the polynomial in parentheses. The roots are i = 0, - |
—3, 12, so the general solution to Eq. (12.31) s .
Alr) = C, } Curt Cor 3 | Cyr?

The conditions (12.320) at r - oo regquire that C, = 0, Cy+= | U, while

the conditions {(1232a) at r == R become

C, ¢ |
A(R) = S ST SO
B = U b+ 5 =0

d4R) . _C, _3C,

dr Rt pE T 0

‘ *There are mun).f equations named after Euler. Equation {12.31) should not be confuscd
with the flow equations for an inviscid fluid, which arc also known as Eufer's oquation.
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These latter two equations have a solution C, = —3UR/2, Cy= FURYL %
The complete solution to Eqgs. (12.31) and (12.32) is then

O LB

B(ry and I{r) then follow from Egs. (12.26b) and (12.36)

. Inl/ /RN
p=®, — pgricosacos & | sin «sin &) — “2%' (:) cos§ (12.36)

Wc.wish to calculate the net force on the sphere in the direchon of flow.

This is done by multiplying the stress at the surface by the differential surface
as

By = —vf1 - 3R —},(ﬁ)} (12.33b) &

no = ()

Finally, the r and @ components of the veloci
are obtained from Eqs. (12.24) and (12.28):

(2 e ) E )

ty and the equivalent pressure 'ALr = R, 1, has the value

r= Ry, “%Sinﬁ (12.37)

3R IRV ; '
v, = U[I - m e - -~~-(~) ‘rcosﬂ 12.34q) ; ' i

2r F 2\r /). ¢ ) ' The resolution of the stresses is shown in Fig. 12-5. The component of 1,
v — U1 . 3R _:_(,&)’ sin 8 (12.34b) 3
e 4 5 TNy ' ‘

gl RN\

@ @, u.’ZgR“ (r) cos 8 (12.35

@, is the uniform pressure in the fluid far from the sphere,

{
12.3.3 Form and Friction Dray'

We are now able 10 cafculate the
sphere. In doing this calculation it
® = p |- pgh, where p is the pressur
datum. We need to work with the

force exerted by the moving fluid on the )
ts helpful to make vse of the relation
¢ and 4 is the height above an arbitrary

pressure and gravity terms separately in
order to distinguish the buoyancy term. We take the flow direction to be at

an angle & to the direction of gravity, as shown in Fig. 12-4, with /t = 0 at the
center of the sphere. Then i = r cos (8 - @) - ricosecos@ | sinasin@)

Figure 12-5. Schematic of the stresses acting on the surface of a sphere.

:Mcsistsin Gdf dpfor0 << 8 < m,and - R*sin 8 db ‘!95 fornm <2 8 -2 2.
¢ Becausc of the symmetry about 8 — 0, we need only consider the hali-plane
3 < 8 < m, and we obtain the total furce by mu!fipl){mg the result for the
baif-plane by two. The net force in the flow direction is thus

F= 2J4hh J.a" {(—pcos 8 — 1,5sin OIR? sin G 6 dp
=0 [ By

-Ju LA ] ] ) 3 U ]
= ’ f [-—6’0 4 pgR{cosacos @ i sinasinb) i ﬂqum coa(?}
g0 Ja-o
s 1w Fom
— - R sin 0 cos 8 dO d -1 J' 1 i 0 R*sin 0 0
direction of flow st Jo-o
: =§;pgR’ cosa | 2zqRU | 4anRU (12.38)
h=0

. ,
. ) . ) is i dent of the pressure at mfimty, &,
Figure 12-4. Relative orientation of flow and gravity. Note that the result is independe p
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The first term on the right of Eq. {12.38) results from the gravitational
force and will be recognized as the buoyant force; compare Eq. (4.28). This
_ stationary fluid. The second term (2rqRU)
arises from the pressure variation induced by the flow and is often called
U), which arises from the shear stress at the
of skin friction. The total drag force

force will be exerted even in a

Sorm drug. The final term {4z R
surface, is often called fricrion drag
induced by flow is

Fo v bmpRU == 3ng DU

This iy Sro{u's' law, Eq. (4.4), which'we have seen in Fig. 4-1 (o be a good
representation of experimental data for Re

< 1.

12.3.4 Consistency of Solution

F.inail.y, itis of some interest 1o estimate the extent of applicability of the
solution in order to check for conststency of the approximation. The inertial
terms are of order pv,da,/dr. With Eq. (12.34a) we can write

. . du i 3R I fRY\?
tial: 1 LA EE TP G
inertial:  po, 3 p{Ll s 2( ;—) }COS 9}
"3 R 3 R?
. {UL? R r} cos 9} (12.40)
3pU’R
2r
.Hcrc we have .rclained only the dominant terms, noting that R << r and cos §
|rs of order unity. Similarly, the magnitude of the viscous terms is estimated
rom
o I g do, JnUR?
VISCOUS: n ;,i' ’B;(fz 'a‘r-) ~ '—,Lr-“;-"— (]24!)
Thus, the ratio of inertial to viscous terms is
inertial  3pU R[22 L RUpsry? ! ry\?
viscous  3pURFT T L}TE(R) ) Re (7?) (1247

Thc ratio of inertial to viscous stresses is small near the sphere as long as
Re 15 small. Sufficiently far from the sphere, however, where r 3 R, the iner-
tial 1crm_s become comparable to the viscous termts and the creeping flow
assumplion breaks down. The failure of the assumpttons far from the sphere
'3 ot important physically, because for r 3> R both the inertial and viscous
terms are negligible and the velocity and pressure are close to the uniform
values Fhat they would have in the absence of the sphere. Thus, we only need
a solution that is valid close to the sphere, and the creeping flow approxima-
tion provides this. The inconsistency of the creeping flow solution far from
the sphere is of mathematical importance, however, for it restricts the pro-

(12.39) . :
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sedures that can be used to construct “corrections” to the creeping flow solu-
tion for flows when Re is small but cannot be taken to be zero; specifically,
1be approach outlined in Sec. 17.2 cannot be used.

i

124 SQUEEZE FILM

The analysis of a squeeze film provides a rather nice example of solution of
. the creeping flow equations. The squeeze film process is shown schematically
in Fig. 12-6. Fluid is contained between two disks of radius R. The upper
disk moves toward the lower with a speed V. As the spacing H between the
disks decreases, fluid is squeezed out at the edges. The problem is to com-
_ pute the relationship between the imposed force, the speed and spacing of
7 the plates, and time. Configurations of this type occur in lubrication and in
‘ 5 the molding of objects from molten polymers, aithough the surfaces might be
¥ of & more complex shape in practical applications.

F
v - g n H{t}
— 1’\/(!)
/
— ———
x
b
e O

rs0 r*R

Figure 12-6, Schematic of a squeeze tilmn.

The relevant length scale in the problem is a characteristic spacing
between the plates; the initial spacing, £, is the maximum value and hence
gives the most conservative estimate. The characteristic velocity is the
maximum velocity of the upper plate, ¥,. The Reynolds number is then

Re - HoVep
7

. The only characteristic time in the problem is the time required for the
piates to come together, which is of order H,/V,,. Thus, the characteristic
time is constructed from the characteristic length and velocity, and the
dimensionless Navier-Stokes equations are as given by Eq. (12.1). In the
limit Re -— 0 we therefore obtain Eq. (12.3b). It is important to note that
the ime derivative term is neglected, even though we are dealing with a tran-
sient flow. The creeping flow limit for this time-varving flow introduces «

(12.43)
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prewdosteady-state assumption in a natural way, and the problems can be
analyzed as though the flow were steady at cach instant in time.

For the problem under consideration here there is no rotation, so we
assume that », — 0, d/d8 ~ 0, and write the creeping flow equations in
cylindrical coordinates as

ar d 1@ %, .
0 =Gr a5y 5o v K] (12.44a)
or 1 8¢ dv, au,
0 o T q[? 9?('. va'r) + “c?‘z_"} (12:445)

The §-component cquation is simply /98 = 0. The continuity equation is
unchanged by the creeping flow approximation:

i@ dgn,

- 9r(,,—v') § il 0 (12.45)
No-slip boundary conditions at the bottom plate are

z=0; v,=mn =0 (12.46a)

The Nuid adheres 1o the top plate, so
o= M v, = - Vi ?, = () (12.46b)

Note that the location of the top plate may, in fact, be unknown. The
negative sign is needed with V(1) because the plate moves down in the figure,
while the positive = directton is up. ¥ may be constant or it may vary with
time, depending on the problem formulation. We shall require a boundary
condition in the r direction as well, but this is best discussed later.

Our usual practice in obtaining a solution to the flow problem is 1o exam-
inc the flow field and attempt (0 make a physical statement regarding the
velocity. The boundary conditions are suggestive regarding v,. Al the upper
plate the fluid moves downward uniformly at all radial positioas, so v, at
the upper plate is independent of r. Similarly, at the lower plate », is also
independent of r (1t is, in fact, identically zero). 1t seems likely that the
downward portion of the motion is ajways uniform, and we seek a solution
in which =, is independent of r:

», =7 $12) (12.47)
(v, must depend on 1 as well, but we can suppress this dependence for now
since f does not enter the flow equations at all.) From the continuity equation,
we then have

}1* gr,(w,) = . 49(2)

dz

or, after integrating,

.. _ 7 d$ | constant
v, = g GP 00 (12.48)
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’ijhc con_stam of integration (which could be a funclion of z} must be zero,
since v, 1s surely finite at r = 0 for all z. Thus, it follows from the hypothesis
Eq. (12.47) that

e L d$
v, : 5 7 (12.49)
WC now turn to the creeping flow equations, {(12.44a) and (12.44b). Upon
substitution of Egs. {12.47) and (12.49) for the veloclty components, these
equations simplhfy to

. ¢
0_—37 - 5 (12.50a)
a® 2
0 = % + qu {12.50b)

These two equations are most casily solved for ¢ and @ by first climinating
the equivalent pressure. We differentiate Eq. (12.50a) with respect to z and
Eq. (12.50b) with respect 1o r to obtain

b3 +
O 1

= gy g I (12.51a)
3 i
0 = _a’_g’_z, 40 i (12.51b)

Thf: pressure term in Eq. (12.51a) is therefore zero, and it follows that ¢(z)
satisfies the equation

d'¢

gy =0 , (12.52)
Following four integrations, we obtain
Gz} = a 4 bz 4 ezt | gz (12.53)

The boundary conditions are expressed in terms of ¢(z) by substituting
£gs. (12.47) and {12.49) for the velocity components v, and v, into Egs.
{12.46):

A i
atz = 0: ¢.H£= (12.548)
atz = Hi): ¢ —pyy Ui (12.54b)
dr
Note that time, 1, enters the solution through the time dependence of f(r)

and F{r) in the boundary conditions. Evaluating a, b, ¢, and o then provides
the details of the velocity field:

v e = [ T 2 5] (12.552)
.1 d 3rz ¥ ’
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: : - . . . tmospheric
If either (1) or V(s is specified, this pair of equations completes the desey Opfﬂfu"
tion; note that (1) = —dHdz, :
The equivalent pressure is con?putcd from Eqs. (12.50). From Eq.(12.50 upper plate i exiting, fluid
we have : .
e &S 6 1 -
or = AT gy = (12.3 o
- . . F$4
This is integrated once to give R
r= s
- 3V : '
@ H? + function of z Figore 12-7. Schematic of fiow at the outer edge of the upper Dl"“? of a
F E [2.50b h film. Tt is assumed that the Auid exits parallel to the wall, without
rom Eq. (12. ). we have mmmre s(j-, that the 7 direction is normal to the free surface.
d.G,) = }i gf¢ '
9 aat g can thus evaluate @, and express the equivalent pressure as
which integrates once to Tt
d$ 6n. o0 = (2405 - ) Spt e
@ = 75+ function of r = L—-u%-if(l - }3) + function of r (12, )

e that this analysis assumes that there is no significant curvature of the
Wiaserbdve Camt. T faL9TE) cstablishes the functions of d surface at the exit, so that surface tension effects may be neglected. It
and z to within a constant. The fdnction of z n Eq. (12.57a) must equal eld also be noted that ®, can be evaluated by considering a lnormul steess
z-dependent term in Eq. (12.57b), except for an additive constant, and the _ 8ce at the free surface adjacent to the lower plate, including the gravi-
function of r in Eq. (12.57b) must similarly equal the r-dependent term jnRRER ot eal term. and the identical result is obtained. o

o cxprnons 1o o it Cortant. We can therefore combine | The para[’;olic distribution of pressure with radial posttion noted in Eq.

two expressions for @ and write , [§1.60) is quite important in practice. There is a cons@crabic variation of
® @, 3_,111 hZ (2 ! r2 12 aver the surface of the plate, and the stress is most intense at the center.
Bl BE [ B LT —— \
¢ H [ H(H ) H*] (12.

Baas, buckiing might be a problem in the absence of adequate prccaut-ions. ]
‘ i imp plate bs the integra
The constant @, must still be evaluated, since we will require & if we The total force which must be imposed on the upper platg is the in
to compute the force. We have already used all the boundary conditic

the negative of o, cv;ualc:!M:l z = H: the negative is required because
stated thus far, so we shall have to introduce an additional physical cond
tion. This is done by considering the forces acting on the fuid as it exits fg

the stress excrted by the fluid in the positive z direction. Atz = H the
the space between the disks at 7 ==

ﬁ?ﬁj’?}ﬂ?"i&o, .59.:.0.'.11.-, - b
x "3V ine o vyap g o JEAVR (12.61)
We take the datum for the gravitational term at the upper plate, z = F’zj 2mr@r, H) dr = J; —IrlfT(R )2 dr 24r
At this elevation, then, @ — #- The fluid exiting at the edge of the disk ’ i i C
. ) . ! s ates je o t under con-
exposed to atmospheric pressure, so that a balance of normal stress at the Let us suppose that the squeczing of the [:;m}::b y rﬁiz:;do(}upt:tz s“pat:ing :
surface requires that ¢,, equal atmospheric pressure; see the schematic fosce. We can then use Fq. (12.61) to.ﬁn ! c_lvaE (12.61) as
Fig. 12-7. There is no loss of gencerality in taking atmospheric pressure to bag i time. Noting that V' = —JdH/dr, we can rewrite Eq. (12.

2610, 50 We may wrile diH __( 2F )Hs (12.62)
dr T 3nnR*

atzr=H r= R 0'"_—‘0'"=~7p-]- 2,,%& (!2’5*) .
: s first-order equation has a solution

From Eq. (12.55a} it follows that g [0z is zero at z = H. Substitution of Eq. i
. 5 1 4Ft 63
(12.58) into Eq. (12.59) then gives H(@n = (Tig + 3an“) (1269
nVR? _ . ] - . .
Az=Hr=R 0=g,= -0, 43 }:r/JR (12.59%) Rl B, is the spacing at time zero. Equation (12.63) is known as the Stefun equa

Lo T et e

o RS
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Figure 12-8. Squeeze film spacing as a function of time for two silicone
fluids. The solid lines are the continuous experimental traces from a posi-
tton transducer and the dashed lines are Eq. (12.63). {a) Dow Corning
200 fluid, 7 - 139 Pa -5, F = 30 N, R = 63.5mm. (b} GE Viscasil, » =
36 Pa -5, Fe=TTEN, R = 3.8 mm. Data of $.). Lee.

tion. Figure 12-8 shows a comparison between the Stefan equation and some
data on the squeezing of two Newtonian fluids. It 1s evident that the equation
agrees well with the data.

The range of applicability of the solution can be estimated from the
Reynolds number. The charactcrisllic spacing is the height, H, and the
characteristic velocity is ¥, From Eq. (12.62), however, we can replace V
with 2FH/3ngR*. Thus, we have

- H¥p . 2pFH:

Re = 7 3ap'R?

Alternatively, we can estimate the neglected ferms in the full Navier Stokes

cquations. In the z-component equation, for example, the retained terms are

of order pd*v,[3z% ~ 6V/H?. The term pOv At is approximately p dV/jdr
= pd*Hjdr*. Thus,

pAnJOL _ pdIH[d  (6pFH? dH[di)3ngR* PFH*

7,3 T nviiY (6n dH[dD[HY — = 3gpigs <1 (12.65)
Here, we have ysed Eq. (12.62) to determine d*Hide?. Simtlarly, the term
pv, dv,/dz is of order 6pV *IH. Henct,

2, dv,/dz . 6p(dH[dD H _ 2pFH*
70,1022~ {dH]dn/HE = 37%7}7 <1 (12.66)

< (12.64)
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There is consistency, then, between the various cstimates of the range for
which inertial terms can be neglected, and a conservative criterion is always

F& ’i’:(ﬁ)' (12.67)

125 CONCLUDING REMARKS

The examples in this chapter have been selected 1o tiustrate the scope of the
creeping flow approximation and its application to both steady and time-
dependent flows. The mathematical simplification, which leads 1o a set of
linear equations, is obtained at the expense of restricting the scope of the
problems that can be solved. This trade-off is frequently fruitful, for there
are many low Reynolds number problems of physical interest, -and the
techniques for solving linear partial differential equations are well developed.
It is always necessary in such a case 1o be sure to establish the consistency and
range of applicability of the solution, however.

These three examples also illustrate the manuer i which the form of the
motion is deduced from the boundary conditions. Each problem involves
velocities that are functions of two independent variables, but in cach case
the dependence on one independent variable could be established from the
functional form at a boundary. This approach will not always provide the
correct relation, but it is systematic and is often effective.
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PROBLEMS

12.5. Obtain the velocity profile and power requirement for crecping flow of an
incompressible Newtonian hquid between converging infinite plancs (Fig.
10.2}. Define limits on the applicability of the solution .
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i
12.2. An incompressible Newtonian liquid flows through a conc of hall-angle .
Obrain the velocity distribution under creeping flow conditions. (Hint: Seek

a radsal solutton, with v, = v, = 0. The problem reduces to solution of a linear
ordinary diffcrential equation.)

12.3. An incompressible Newtonian fluid flows radially outward between two disks
(Fig. 12P3). Ignoring the flow rearrangement near the entrance, obtain the
velocity profile and flow rate in terms of the pressure drop from R, to R,.
Tgnore inertia, and define conditions under which the solution is valid.

Top View Side View

12.4. Usc your solution to Problem 12.3 to eslimate the time required to fill a disk
mold, Fig. 1294, The mold cavity is vented, so the pressure al the ftaid-gas
interface is always atmospherici (Hint: Note that the creeping flow equations
apply to quasi-steady state flows with negligible inertia, Thus, replace R, by
R n your equation for the flow rate and obtain an independent equation for
R from 2 macroscopic mass balance.)

|
Qft}

Air
ps0

b i 3

A simphified schematic of a compression molding process is shown in Fig.
12P5. A cylindrical charge of a very viscous incompressible Newtonian liquid
is placed between two disks, and the disks are then brought together. Obiain
an equation relating the spacing between the disks to the imposed force.
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(Hint: This problem is nearly identical to the squeeze film, but fluid does not
leave the edge of the disk, Thus, the boundary condition Eq. (12.59a) is not
applicable, and a different boundary condition is required. You may assume
that the radius of the fluid cylinder is always much larger than the disk spacing,

in which case it can be shown that the curvature of the free surface can be
neglected.)

vy e -v{ts2

T Hit)/2
= O
= -H{1)2

vy V{2

iz6

A cone-and-plate viscometer is shown schematically in Fig. 12P6. Assuming
that inertia can be neglected, obtain the velocity distribution and torque.
(Hint: Assume a purely tangential flow, with o, == », = 0. Deduce the
r-dependence of v, from the boundary conditions. The problem will reduce
to a hincar ordinary differential equation with variable cocfficients.)

G ¢

Cone rotating
with angutar

vatocity Q]

[

Liquid held between cone and plale

Stationary plate

Top View Side View

12.7. A column of liquid is drawn down tn cross-section by imposition of a foree,
as shown in Fig. 12P7. The imposed force is sufficiently large that the gravita-
tional body force may be neglected. The cross-sectional area of the cylinder of
liquid is the same at all axial positions at any time. Incrtia may be neglected.
a} Show that the assumption of “uniform drawdown™ requires that v, be
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12.8.

12.9.

Chap. 12 Creeping Flow

independent of r and #, and obtain an expression for v, in terms of
b} Show that p is independent of r and equals —§ dv,/dz. (Hint: Cona

o,, at the outer radius of the liquid column.) ;
¢) Show that v, = [z, where I" may be a function of 1.
d) For a constant imposed force, show that LiLy = (1 — Fij34,q)™", whe

Lo and A, are the initial length and area of the liguid column.
(This analysis is a first siep in describing the process of continuous filan
drawing 1o form fibers.)

Uy 1. gl

The Lubrication 13
Approximation

1
i Ll
t
Lin ‘
~—iR(1} =
1
]
|
:33.1 INTRODUCTION
I 4
) hubrication approximation is a simplification that applies to flow bcawcgu
F ly paralle!” surfaces. This approximation was first used by Reynokds in

6 1n & study of lubrication, hence the name. The tommon name of the
pecedure is unfortunate, however, for it implies an unduly restrictive range

N JURPIe ’ ! ) applications; the fubrication approximation i3 fundamcntal_ 1o ihe slud?,' of

ewtonman liquid. The pressure in the bubble {rclative 10 the quicscent: ssing, where it forms the basis for the analysis of extrusion,
liquid far from the bubble) can be related thermodynamically to the superhes T proccsSI.g, : ons. H s, therefore, one of the
required for the bubble to grow. Obtain the reiation between the bubble rading 35 : , calendering, and moldlng opcrauon.s. t'bi ~ Neavier —%tokcs equa-
at any time, R(s), and the bubble pressure. Inertia of the fluid being pushed | st important methods of approximate solulion of the Navier 5 1
away by the growing bubble may be neglected.

A small bubble is formed and grows in a large container of an 1sothermal

We shall first introduce the lubrication approximation m an ntuitive
aper, and this introduction may suffice for some readers. We shall then
‘develop the formalism through a more careful ordening analysis and consider

farther applications.

In commercial compressien molding a cold fluid may be placed between hot
plates, causing a viscosity gradient. As a first approximation to this problem, %
repeat the analysis for the squeeze film, Sec. 12.4, for the case in which the 3
viscosity is a known function of position between the plates: 11 = 1n{z). {w,
can be expressed explicitly in terms of an integral of a function of 1(z) for the |
case in which 77 is symmetric aout the center plane. The problem is slightly ‘
casier i the origin is taken at the center plane, with each disk moving towards :
the center with velocity ¥/2.)

3.2 INTUITIVE DEVELOPMENT

s _ . ' .
Coasider the pressure-driven flow of an incompressible Newtonian fluid

tween converging planes with a very small half-angle ¢, shown in Fig. 13-1.
R the walls were perfectly parallel (¢ == 0) this would simpl_y be tht? problem
. plane Poiseuille flow studied in Sec. 8.2, with a parabolic velocity profile

-]
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should be moted that nothing in the derivation of Eq. (13.5) ia fact
pes that Fi(x} be linear. The conduit could have a nonlinear shape, as

e in Fig. 13-2, as long as the slope dH/dx is always small. In that case we

wall ot y« Hy)

micly, of course, that the length of the conduit be long compared to the
spacing between the walls, so that we may assume fully developed

Figure 13-1. Schematic of pressure-driven flow in & plane channel with
slowly converging wails.

B G m

{We have retained d®/dx in place of A®/L for reasons that will become obvig
shortly.) Similarly, using Eq. (8.14) we may write the flow rate per unit widi

g, as
W A (m. “’L"’)
4 127 dx

If the angle & is small, we may reasonably expect the flow to be nearly tha
same as flow between parallel walls, so we expect Eqs. (13.1) and 13.2) ta R o
apply, except that H is now a function of x. Thz flow ?ale(is a)consta(nt at) ) AT ORDERING ANALYSIS
values of x, 50 it follows from Ec‘\. (13.2) that d®/dx must vary as H(x) nod g
cannot be a constant. 2

The power consumption depends on evaluation of O,.; compare
10.7. The viscous stress term 24 do, fdx is zero for flow between paraliel wall
50 the power consumption is simply equal to the product of flow rate and¥ .
pressure drop. For flow between nearly parallel walls we may obtain do_fix
by differentiation of Eq. (13.1); the result is proportional to dH/dx, which i}
equal to o for small @, and hence may be ncglected. To within the smafil ‘ H) ——
angle approximation, therefore, the power consumption is again determin .
solely by the pressure drop. The pressure drop is obtained by rewriting F
(13.2) as an equation for @,

given by Eq. (8.12):

(13

‘will develop the lubrication approximation for two-dimensional plane

but, with obvious changes appropriate to a different coordinate sys-

the results will clearly apply to axisymmetric thred-dimensiona! flows as

The geometry shown schematically in Fig. 13-3 is the basis for the
L

- s

Y
x

av . 12ng
dx = TEG
) Flgure 13-3. Schemalic of a slider block. The botiom surface moves rela-
tive to the upper surface with velocity U. The spacing and change in spac-
ing are both small relative to L.

This is integrated to

AP = H12pg J H"3(x) dx

with a power consumpltion ering analysis. The lower surface moves at velocity U relative to the upper

face. The geometrical parameters satisfy the following inequalities:

P g]A®| = lzqqzr' H3(x) dx (13.9) H (
| | " y iy 13.6a)
Whe.n the equation for the linear function H(x) is substituted into Eq. (13.5)’ -
we simply obtain Eq. (10.66). This is plotted in Fig. 10-8, where we see that o (13.6b)

the assumption of nearly parallel flow is good up to a half-angle of about 15*,
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Equation {(13.6a) is the assumption of a long flow channel, and EFq. (13.6b) is
the “nearly paraliel™ assumption. We will be dealing at all times with flows
for which the inertial terms are negligible,* as we shall show in Sec. 13.7. Our
starting point is therefore the creeping flow equations for an incompressible
Newtonian fluid, which for a two-dimensional planar flow have the form

do, dn

a0 (13.7)
i

9% (@,

0 dx }q((}x‘ ' (}y:‘) (13.8a)

o35 G 1 )

To carry out an ordening analysis we witl need to express the flow equa-
tions in dimensionless form. The significant feature of this problem is that it
comains two characteristic lengths. The characteristic length in the y direc-
tion is clearly a spacing between the surfaces; 10 be specific we may take #,,
since H, and M, do not differ significantly. There are also changes in the x
direction, however, and these take place over a distance of order L; thus, L
is the characteristic length in the x direction. The dimensionless coordinates
are therefore

Pyl }‘: ¥ I}Jf; (13.9)

The characteristic velocity in the flow direction is clearly the lincar veloc-
ity of the lower surface, U There will also be some flow in the » direction,
however, since the walls are not parallel. This y-direction flow will be charac-
tericed by a velocity that s different from U, and we shall denote it as V. ¥ is
an unknown at this stage of the development and must still be determined.
Recogmzing this fact, we wrile the dimensionless velocily components as

: ?;’5 (13.10)

¢ 8 (13.11)

The characteristic pressure, I'1, must also be determined.
It 15 convenient 1o consider the dimensionless equations one at a time.
The dimensionless continuity equation, Eq. (13.7), is

Uds, Vb
T ot + i 3){ - 0 (13.12a)

“Recall that the inertial terms vanish identically in perfectly parallel flows of the type
studied in Chapter 8.
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or )

()55
The dimensionless group UH,/VL must be of order unity. This follows by
considering the consequences of any other choice. If UH (VL is large com-
pared to unity, then the §i,/d% term in the dimensionless cquation (13.12)
will dominate and 05,/3% can be neglected; in that tase, the equation sim-
plifies to 69,/d% =~ 0, which contradicts the aecessity of allowing v, to vary
with x as the spacing changes. Similarly, if U#,/VL is very small compared
i0 unity, we may neglect the 0% /0% term relative to d5,/@7; in that case, the
equation simplifies to 35,/@% — 0, and the boundary condition requiring #,
to vanish at the wall then requires that &, be zero everywhere, which is 2 con-
tradiction in a changing cross section. The coutinuity equation therefore
defines ¥ by the requirement that UM,/ ¥L be of order unjity:

Vo g;fz (13.13)

Note that, consistent with onc's mtuition, V < U for this ncarly one-dimen-
sional flow.

We now turn to Eq. (13.8a), the x component of the momentum equation.
In dimensionless form this is written

0. 1100 'IU[(H,)‘ '3, a=a‘]

Lo b uillL) 9 ! G (1314

.
One simplification is immediately obvious. Since H JL <\, the x-dertvative
term in the brackets may be neglected relative 10 the p-derivative term. This
is consistent with our intuitive understanding that rates of change in the y
direction are much Jarger than rates of change in the x {flow) direction. We
may thus rewrite Eq. (13.14) as
THN P o,
(Ge) % = 3 (319
The two terms in Eq. (13.15) must be of comparable magnitude, since neither
term can dominate without introducing a contradiction: indeed, for paralle
walls Eq. (13.15) is simply 2 statement of the balance between the pressure
drop and shear stress terms. Thus, the dimensionless group NH UL must
be of order unity, and we obtain an expression for the characteristic pressure:
UL
i H == ,’L_
: i (13.16)
Finally, we consider the y éomponcnt of the momentum cquation, Eq.
(13.8b). In dimensionless form, using Eq. (13.16) for M, this is written
0. _BULI® U [(H‘)’G‘Z’, d*a,]

wr oy i (1Y) gl 1 g5t {317
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As before, we may neglect the v-derivative term in the brackets relative to
the p-derivative term. Thus, we cap write Eq. {13.17) after some simplifica-
{on as : _
; ggz (%)1%}?’5:0 (13.18)
All the characteristic guantities have been defined, so there are no more
degrees of freedom. We must therefore conclude from Eq. (13.18) that, to
within the approximation that H /L < 1, ¢8/@¥ is negligible and ® is a func-
tion only of X. This is a primary result —that we may neglect variations in the
pressure over the width of the channel.

We can summarize the ordering analysis by rewriting Egs. (13.15) and
{13.18) 1n dimensional form:

6 - ®x) (13.19)
g%’ . ,,%}{’; (13.20)

These are the equations that describe flow between parallel walls, except that
d®/dx need not be a constant and v, may depend on x as well as on y.

13.4 LUBRICATION EQUATIONS

Equations (13.19) and (13.20) are the basic equations for the lubrication
approximation. Because of their very simple structure they can be solved
dircctly and expressed in alternative, more useful forms. Because d@/dx is
independent of y, Eq. (13.20) can be integrated twice 1o give

1 40,

i = e e - Cy b C 13.21

, v, 2” dx ,V & |}’ l 2 ( )
The “constants™ of integration €, and C, are independent of y, but they will
depend on x. Il we lake the origin of the y coordinate at the moving surface,
we have boundary conditions

at y o= Q: r, = 17} (I322a)
at y = MH(x): v, =0 (13.22b)
C, and C, can then be evaluated to give
L R R A 4 [: - JL_] 13.23
e U ] 37 s YHON | = it (13.23)

Equation (13.23) is simply the equation describing the velocity distribu-
tion between two flat plates with an imposed pressure gradient. In this case,
however, we do not know the pressure gradient. This is a typical situation in
applications of the lubrication approximation. We may not know the flow
rate between the plates cither, but we do know that it must be the same at all
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values of x. Defining ¢ as the flow rate per unit width, we have
E His}
= j v, dy = constant {1324y
1]

and, carrying out the integration of Eq. (13.23),

= UHx)  10(x) d®
9=y g dx (13.25)

Equation (13.25) is sometimes taken as the starting point for the lubrica-
tion approximation. It can be looked upon as an equation {or d®/dx and
rearranged to

@ _ U og 7
dx = '2"{511’():) H’(x)} (13.26)
or, integrating once,

! T dx " udx .
& = P [t e
; {x) o i (w;Ujo 100 l2qu-o I (13.27)

®, 15 a constant of integration that represents the pressure at x == 0. Finally,
a useful expression relating the flow rate, g, the relative velocity, U; and the

overall pressure change, ®, — ®(1): can be obtained by setting x == L in Eq.
(13.27) and rearranging:

£ )
ul, B

L
2 J H3(x) dx
[1]

@y - P(L)
7Y
129 L H (%) dx

=4 (13.28)

For the case in which U = 0, this is simply Eq. (13.4). Note that although
Fig. 13-3 is drawn with two plane surfaces, H(x) can 1n fact be any function
of x as long as dH}dx is small compared to unity.

13.5 COATING

We analyzed the problem of wire coating in Sec. 8.5. The treatment there was
somewhat oversimplified in that we took the dic to be of uniform cross sec-
tion and assumed that the reservoir pressure was atmospheric. The real situa-
tion is more likely to be like that shown in Fig. 13-4, with a possible pressure
drop between the reservoir and the die exit. We will analyze this flow here for
the coating of a sheet rather than a wire, in keeping with the two-dimensional
equations developed in this chapter. The case of a wire die is identical, except
that the equations for axisymmetric flow are used. The sheet case applies to
the wire as well when the maximum spacing between the wire and the dic
wall is small compared 10 the radius of the wire,
The coating thickness H, is related to the flow rate by the equation

g =UH, (13.29)
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. in Fi : all. Fluid in the region

%, o8 Wel Bauation (1334 is loted in Fig. 13- fora planc wall. Fuidn eton

is swept out and forms the coating, wht iid in the r
= .;féx)):; H(xF)) simply recirculates. The recirculation will result ina %cz:g
;iqmd . idence time in the die for a portion of the Auid and could lead to degrada-
QRArvVoir s

1 1 ati : = avoided b
| on of the coating material in some cases. Recirculatioh can be Y

msuring that the spacing between the moving surface and the die wall never
aceeds 3H,.

B SR SHUAA AT

Figure 13-4, Schematic of a wire coaling die.

5 —
Die Wali
We can therefore write Eq. (13.28) as 4r
L Recirculating
-2 . 3 -
H - @, - (L) 1 L H™2(x) du a3 . Flow
£ L R - H -
12qU L H(x)de ° [ #7200 ax 2 H {x)/ Hy
L]
If there is no net pressure drop through the die [®, == P(L)], the coating hr
thickness depends only on die geometry. In general, however, a presm ot T > X

drop across the die will be employed, and for a given sheet of wire speed the
pressure drop determines the thickness. The pressure drop required for
given coating thickness is oblaihed by rewriting Eq. (13.30) in the fo

Moving Sheet

Flgure 13-5. Recirculation in a coating dic with a planc wall.
1.

I L rH
®y - O(L) = 129U f ?'iT(_x"}[iiGS - “2"] dx (133

0

136 SUIDER BLOCK

It s evident from Eq. (E3.31) that the couting thickness can never be less th

one-half the exil spacing of a converging die, or else a negative pressure drop

3 M N - N Ity lll
W The application of the lubrication approximation 1o a classical problem
.
ould be required.

Iebrication is illustrated by reference to Fig. ij_.}' We suppose lt.mt ;‘l‘a‘cﬂstﬁ
mary block is completely immersed in the fluid. The pressure m.t ¢ —illo
wade the space between the moving sheet and the block, but near x ;kc
sad x = L, is then simply hydrostatic. Thus, 0.?(1‘?, .:.-_:VE??, and w§ .ma?r aor
'@, = 0 without any loss of generality. it then follows from substitution

% Bag. (13.28) into (13.27) that

@(x) == 6nqU J i(;%ﬁq(} dx (13.35)
~, \ -

It is of interest to examine the velocity profile in the die. If we replace
in Eq. (13.26) with U#, and substitute for d®/dx in Eq. (13.23), we @
express the velocity at any position as

o, U(f ;{)[‘: - 3(! %)ﬁ}

it 15 understood in Eq. (13.32) that #f is a function of x, The term in brackete?
will be negative over a portion of the cross section whenever H > 3H,, indb
cating a negative velocity and a region of backflow near the wall, as showsn
schematically in Fig. 13-5. The region of zero net flow (flow forward exact]

compensated by reverse flow) occurs in the region Hy, <y < H, where H, :

[ H20 ax
defined by the equation

. (13.36)

3 == 2
J' H 3 (x) dx
0

M
Q== J v, dy y
<,

-For the special case of a plane surface (a wedye),

7 6nU__(H, - HCOIHO) L) (133
' HI— H: H(x)

The u;;ward stress @, consists of a pressure term and a term 277 60,/6)'1.‘
& From the continuily equation, dv,jdy is equal to —dv,/dx, and the latier i3

Whea Eq. (13.32) is substituted into Eq. (13.33) and the integration carriod |
out, H, is found to satisfy the equation :

wedge: O(x) =

o H(OH,
Hy{x) 1) = 2A, {13.34)
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proportional to dH/fdx and can thus be neglected. The force per unit widih
acting upward on the block is therefore

Fy e JLW(x)dx (13.38)

]
For a wedge this force is

_ 6qUL? HY _2H, - {QJ 13.39
wedge:: F, == 'ﬁ?q__ﬁ}[m (If:) T TH, T Hy (1339

The normal force is nonzero only for #, %= H,. The {orce Fy takes on a
maximum for &, ~ 2.2H,; in that case
AL e ‘ UL
wedge: £, _..~0.16 -’IHT {13.40)

Clearly, a very large normal foree is exerted by the thin film of liquid for
small H,. This is the basis of effective lubrication. A . _

The force required to pull the plate past the block is obtaincd by integrat-
ing the shear stress at the plate:

L e, 13.41
o g e (a0

(The negative sign is required because ndu,/dy is the stress exerted by the
fluid on the plate, white we require the equal and opposite value) For the
special case of a wedge the integration gives

. w UL [0 Hy 6(_!{3_%_&1):, £3.42)

wedge:  F, o= . H,if In H FOTH, {
At the ratio H [H, = 2.2, corresponding to the maximum upward force, we
have )
UL
wedge:  F, .., == 0.75 ’1; T (13.43)

We can then compute the coefficient of friction, the ratio of tmposed shear
foree to obtained normal force, as

: i
. coeflicient of friction == &= ~ 5 i (13.44)

N max

This can be madc-a very small value for a sufficiently thin liquid film.

13.7 NEGLECT OF INERTIA

Our starting point in the derivation of the jubrication equatiqns was taken
1o be the creeping flow cquations. It is helpful 10 examine the tertial terms
to ensure that they are indeed negligible,
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The x fomponent of the steady-stale Navier- Stokes cquations is
do_ AV 'y, v,
Pl o g8) = 30, (ot 55 ave

In dimensionless form, using ¥ and I a5 defined by Egs. (13.13) and {13.16),
respectively, we obtain

PV g, 07, _nluLr 3% H\® 95 _(3?'17!
| BE(”* 9% ”"3;“)“ HT| 757t (L) gt 3j,] (13.46)

Thus, the inertial terms will be negligible if

. )
. E,[U_ < ’ﬁ/{ (13.47a)
or, equivalently,
(PYHNH o H 1
f(rz £ = Re (13.47p)

ment for general creeping flow, Re < 1.

13.8 CONCLUDING REMARKS

The lubrication approximation ilustrates the way in which ordec-of-magn;-
tude estimates can be ysed L0 simplify flow problems when the flow is “almost™
one-dimensional, providing two characteristic length scales and hence two
characteristic velocities. The same type of ordering will be used again in
Chapter !5 on boundary layer Alows. The use of the lubrication approxima-
tion has led to considerable insight into both lubricatian flows and polymer

achieved becayse processing applications such as extrusion, molding, coating,
and calendering involve the flow of a very viscous liquid between surfaces
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PROBLEMS

13.1. Estimate the pressure drop in the slowly-varying cylindrical contraction shown
in Fig. 13P1.

13.2. Repeat Problems £2.3 and 12.4 for a case in which the spacing H between the
disks is a slowly varying function of radius, H{r}.

13.3. An cnd-fed sheeting die is shown schematically in Fig. 13P3. Fluid flows
axaally because of an axial pressure gradient. There is also a side flow through
the dic because of the pressure difference between the tube and the die exit.
Estimate the flow distribution along the length of the die. You may assume
that the axial tube flow is locally fully-developed Poiseuille flow, and that the
die flow rate at each position is fully-developed plane Poiscuitle flow. (A nearly
identical analysis applies to slow leakage through a porous-walled tube, as
in flow in the kidney))

R

Stream Function, 14
Vorticity, and Potential
Flow

14.1 INTRODUCTION

Three auxiliary functions, the stream function, the varticity, and the poteniial
Sunction, are often used to represent and interpret solutions of fud mecha-
nics problems. The stream function is applicable tp certain incompressible
flows. Vorticity is a measure of local rotation and is broadly used. The
potential function is important in the inviscid bmat. \:\/c shall briefly introduce
these concepts in this chapter.

14.2 STREAM FUNCTION

Consider a two-dimensional plane flow of an incompressible fluid with v, ==
0. The continuity equation is

du, | dv
ax | ayz

s O (i4.1)

The stream function w(x, p) is defined as the function such that

v, = -+-‘§g ‘ (14.2)

Clearly, the continuity equation is automatically satisfied when Eqs. (14.2)
are substituted mto Eq. (14.1). The equivalent relations in cylindrical coor-

_ Oy
v, = 3}7

17
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i
dinates, with », -~ 0, are

B AR

The Navier -Stokes cquations can be rewritten in terms of w.

The significance of the stream function is that lines of constant value of
in a steady flow are sireamfines (compare Sec. 5.6). Streanmiines are often
more casily visualized than are velocy components. For the converging
flow described in See. 10.1, for example, we might anticipate that the stream-
lines will be straight lines converging on the veriex, In that case we expect
to be a function only of angle 8, and thus we are led immediately through
Eq. (14.3) 1o Eq. (10.2b), v, == f(§)/r. where f(8) = — dyp/dg.

The difference in value of the stream function between two streamlines
indicates the portion of the flow contained between those streambines:

xg "la
[rotr [ty = ey iy (14.4)

14.3 VORTICITY

Vorticity is the name given to the local rate of rotation in a {fluid, and the
symbol @ is often used. Consider the element of fluid in Fig. 14-1 that is
rotating with angular velocity w, and hence with a linear velocity raw, Then

v, rwsinl o —re —f T e P (14.54)
v brwes @ - | rew -f- == b x@ (14.5b)

1t therefore fullows that

& e “ii"(c?“z d?rx) (14.6)

ox  dy

X

Figure 14-1. Schematic of a fluid clement rotating with angular velocity w.

Sec. 14.4 Two . Dumensional Potentat § low 1 279

Equation (14.6) serves to define the vorticity for a two-dimensional Aow.
The generalization requires that we consider the components of the vorticity,
w,,, @,.. and s0 on. Equation (14.6) then defines @, notcthat @, = ~w,,.
The other components are defined analogously. 1t should be noted that some
authors define @,, by Eq. (14.6).

An irrotational flow is one for which the vorticity is zero.

14.4 TWO-DIMENSIONAL POTENTIAL FLOW

Two-dimensional irrotational flows, or potential flows, have special propertics
that have led 10 their being widely studied. If we substitute the stream func-
tion, Eq. {14.2), into the definition of vorticity, Eq. (14.6), we obtain

] dz b3
@ s (axﬁ‘z’ | 3;;’) (14.7)

@ For an irrotational flow, @ = 0, and we obtain

a: a?
? @=0: ¥} ayﬁf = 0 7 (14.8)

Lquation (14.8) is known as Laplace’s equation, and 4 well-developed mathe-
matical theory of the properties of its solutions cxists.

Another important feature follows by noting that a potential low must
simultancoulsy satisfy the condition of zero vorticity and the cquation of

continuity:

1 -0 ff;.}’; = 9 (14.9)
ontinuity: 9% ... 9%
Z. continuity: o = dy (14.10)

It then foliows by differentiation of Eq. (14.9) with respect to y and Eq.
{14.10) with respect to x that

(14.11)

This sum will be recognized as the viscous stress terms in the x component of
the Navier—Stokes equations. The corresponding terms in the y-component
equation simtlarly vanish. We are thus led to the conclusion that g porential
flow solution to the inviscid Sluid equations (51 = 0) i3 also a solution to the
Navier—Stokes equations. An inviscid Roid necd notsatisfy the no-ship
boundary condition, so such potentizl flow solutions may not have any
physical significance.

Finally, we can show that, for a potential flow, Bernoulli's cquation is
cquivalent to the Navier-Stokes cquations. The Bernoulli equation for a
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flow without losses was derived in Chapler 5 and can be writlen in the fo

(14.

As derived in Chapter 5, the constant in Eq. (14.12) might vary from og
streamline to the next, since the derivation was along a single streamline. Wi
assume here that the constant is independent of position and is the same ¢
every streamline.

If we differentiate Eq. (14.12) with respect Lo x, we obiain

Je dv, dn,
3x PGl ey, L =0

@ -+ dp(vl - v2) = constant

(14, ;

We can replace the term du,/@x for a potential flow by use of Eq. (14.9)
rewrite Eq. (14.13) as

d?i .l_ b agf)
ox T3y

Equation (14.13) is the x component of the Navier-Stokes equation in the
inviscid limit 5 = ¢ Similarly, the p component is obtained by differentiati
of Eq. (14.12) with respect to p. :

We can thus summarize this section by noting that a potentially usefid
tool has been developed. Potential Aows may be found through solutions of
Laplace’s equation, which is one of t‘hc most thoroughly studied equations in
mathematics. Such flows are solutions not only 10 the inviscid flow cqus~
tions, but io the full Navier-Stokes equations. Potential flows cannot be,
expected to satisfy no-slip boundary conrditions, however, so they will not be.
useful solutions 1o the Nuvier Stokes equations near solid surfaces.

oo

14.5 POTENTIAL FUNCTION

Many phenomena in_physics representing fluxes of quantities can be do-
scribed as gradients of scalars: in such 4 case the scalar is called a pofentlal:-
Heat flux, for example, is proporiional to the gradient of the temperatune.’
Two-dimensional irrotational fows can be represented as the gradient of &
potentiat function is usually

potential, hence the name potential flow. The
represented by the symbol @, so we write

v —Vo

(14.15a)

or, equivalently,

(14.15b)

In polar coordinates Fq. (14.15a) is expressed as

80
o

=

(14.15c)
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Fqg. (14.9), estab-

i Bebstitution of Eq. (14.15) into the condition w == 0 (
Hiion oL L ; htton into the con-

fhes that the flow is indeed an irrotational flow. Substit _
equation leads to an equation for the potentjal [LLM},

ap | e

axt 5yt
we again obtain Laplace’s equation. 1t can be show,
value of © are everywhere orthogonal to lines of & : -
he theory of functions of a complex variable is a toll .thul is often usc;i
- dy Laplace's equation, and complex variable theory s thus co'mm‘on y
e for the solution of potential flow fields. Readers w_h_c have studied com-
® variables will recognize in particular the applicability of the procedure
conformal mupping. Applications of complex variablef theory are beyond
wope of this introductory text, however.

=0 (14.16)

i that fines of con-
nsfant value ol .

1

L6 STAGNATION FLOW

an cxample of the use of potential flow theory, corjsider the following

tic function:

1

—4A(x* — p?) i (14.17)

ere A is a constant, and the factor of 4 15 mtroduced

‘walocity components are then found from Eq. (14.15b),
%

N

br convemence. The

SN S (14.18a)
- dx
o= =92 _ _ 4y (14.180)
r —3},
“The stream function is found from Eq. (14.2), as foliowk:
W= —Iv, dy = —Axy | function of x (14.19a)
Yo }j v, dx == —Axy | function of y (14.19b)

ly be a constant, and

S!Hmtly, the function of x and function of y must simp .
in stream function

the constant can be set to zero, since only difference
. wabses have any significance. Thus, we have

- AXy {14.20)

> The streamlines, which are hyperbolas, are plotted ip Fig. 14-2. The flow
i §3 that approaching a plane wall at y = 0. The fluid dpes not penetrate the
wl (v, = O at p = 0), but the Huid does slide along the wall because of the
moxzero v,. Thus, the velocity field described by Egs. (l4.|8) cannot be
followed by a real fluid right at the surface. As discussed in Sec. 1006, how-
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N & e mlines are shown in Fig. 14-3. The flow corresponds to %mifur‘m
\\ ition o t a cylinder of radius R, with the flow far from the qahfu!cr at
' o g .'....‘ %ﬂj Thcyﬁow has fore- and aft svmme(ry, and there iy bo:ltl a!or‘w“:g
L # rear stagnation point where the velocity is zery. We cinphasize ag

> ! o
2w, is nonzero on the cylinder surface, so the no-slip boundary conditio

Mot satisfied.
Figure 14-2. Streamlines for plane stagnation ftow of an ideal fluid.
ever, and in more detail in Chapter 15, outside a boundary layer adjacent
the solid surface the fluid can be expected to follow the potential flow 0!
tion. Equations (14.18) are frequently used in mass and heat transfer stud
for flow normal 1o a solid body.
The pressure Jistribution is obt

ained from the Bernoulli equation, (14.1
together with Eqs. (14.18), as '

@ = @y ~ §pAP(x? 4y
The tines of constant pressure

(142
are concentric circles, with the maximum
the stagnation point, or point of zero velocity, x = y = 0. Because of the
existence of a stagnation point, this type of flow fi
plane stagnation flow. !

It should be noted that a stagnation flow can exist
small neighborhood of the stagnation point. As the dist
velocity grows and the pressure decreases without bou
sible. There have been some experimental construction
by shooting submerged jets of liquid against plane su
the forward stagnation point of a cylinder is also a
{(14.18), as discussed in the next section.

eld is often referred to ag'®

. tf at all, only jo 8 ¥
ance geis larger, the
nd, which is HNPGh=
s of stagnation flows
rfaces. The flow near
pproximated by Eqs..

The pressure is obtained from the Bernoulli equation as

@ = @y L pUL _(1 _ ?;)z 3 4(-”5) sin? oJ (14.25)
. Note that lﬁc difference between the stagnation pressure anzd the pr:ssxirc 1:
‘the uniform fow {ar from the surlace (r — oo‘) 1s s:mpi.y pULIZ We havesee
this result in Sec. 6.6 in the analysis of the pitot tube.” B

. The pressure on the surface, r = R, is of particular interest:

14.7 FLOW PAST A CYLINDER

‘3 r=R: @ =0, 2pULsin* @ (14.26)
An example that we shall find useful in Chapter [5 is the potential given by_ a’l’h pressure is predicted 1o decrease from the stagnation point (o 8 = 907,
i ; asd then to increase again. Experimental measurements of the pressure on
o U“(r . 7) = (!4.22’) - the surface have been made, and Eq. (14.26) is followed approrxnmalc!y at
I . 7 g i to about # = 120°; the fore and aft symmetry
The corresponding velocity and stream function are, respectively, ! ~wery high Reynolds numbers up

fa ot retained beyond this point experimentally, however, for rcason];; that
> are best discussed in the next chapter in the context of boundary layer theory.

rv, = w—U.,(l o 5;) cos &

N . ) ; i 3q. (14.24),
R? X S otigi wi t oint, then the stream function, Eq. {1
Uy = -f—Ua(l + rz) sin . : otigin at the forward stagnation p

w:U,,(r—gr—l)sinH j

y = _(g%:)xy -} order of (x3, x*y, xyt »*) (14.27)
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Thus, the plane stagnation flow in the preceding section is an approximatio
to the flow in the neighborhood of the stagnation point of the cylinder, wi
A=72U_R,

Finally, the fore and aft symmetry of the pressure means that the g
pressure force exerted by the liquid on the cylinder is zero. We referred to s
a drag term in Sec. 12.3.3 as form drag. (There is a nonzero form drag in
real fluid because of the experimental absence of symmetry.) The viscous’
stress term is identically zero in potential flow, so the theory cannot predict
any friction drag. Thus, potential flow theory predicts that there is no drag at
ail on a submerged cylinder in a uniform flow or, in fact, on any body witk
fore and aft symmetry. This absence of form drag in potential flow thcory'q'
known as d"Alembert’s paradox.

14.8 CONCLUDING REMARKS

The concept of the stream function
senting solutions to flow problems. Potential flow theory has been introduced
here primarily because of the role that it plays in the boundary layer Approxi-
mation for high Reynolds number flows, to be discussed in Chapter 15. The
theory has been quite useful in its own right as well, however; stagnation flow
is often used in heat and mass transfer calculations, for example. The flow of a

liquid around gas bubbles, where the no-slip boundary condition is not &

appropriate at the interface, is well described by potential flow, and the theory
has been successfully applied 1o the motion of dilute solids in fluidized bed
reactors.

BIBLIOGRAPHICAL NOTES

. - . | . - N
The standard references on inviscid flow, including potential flow theory, are

Lams, H., Hydrodynamics, 61h ed., Dover Publications, New York, 1945,
MILNE-THOMPSON, L. M., Theoretical H ydrodynamics, 3rd ed., Macmitlan Publishe
ing Co., Inc., New York, 1955,

There is an excellent treatment in the translation of a classic,

PranoreL, L., and Tievsens, Q. G., Fundamentals

of Hydro- and Aeromechanics,
Dover Publications, New York, 1957,

is & useful one in formulating and repre- -
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The Boundary Layer 15
Approximation

¥
3

1 Jr.

F)

ows in which inertial terms are important are the most di[.ﬁu.:[t o treat
saalytically. The limiting case Re -+ oo corresponds to an mvlsczd ﬂulrd:
; Javiscid fluid flow describes the large Reynolds number motion of rca.l ﬁu:Qa
- gway from solid surfaces, but motion near surfaf:cs cannot be.dcscr:bcd m
“this limit because an inviscid fluid cannot satisty the no-slip boundary
s m’!’:«.lzotr:oundary layer approximation was developed by Prandtl in }9(?4 o
deal with flows in the neighborhood of a solid surfz}cc,.whcre the mvzscx.d
Buid cquations fail. 1t is assumed that the ﬂow.away from the .surfau? is
dosely approximated by a potential flow, for which the Bc.rnou!h equation
applics (Chapter 14), and that the transition from the no-siip surface to the
Iviscid Bow region takes place over a very thin fluid layer; we have seen from
the exact solutions of the Navier-Stokes equations in Chaplers 9 and ]‘0 that
this layer is proportional to ,/n/p. The resulting equations are much simpler
Mhan the full Navier-Stokes equations and can be solved fgr ﬁ.ows near
: wrfaces of many different shapes. The boundary layer appm.mmat‘aon form.s
 the basis for most studies of heat and mass transfer near solid surfaces. Itis
‘sssumed at all times that the potential flow solution f_or an Iﬂ.VlSC.ld fluid
about an object of the same shape is avatlable. ng‘:mm! flow 1s flxscuss.ed
beiefly in Chapter 14, where solutions for flow near w plane stagnation point
and about a circular cylinder are given. Potential flow s_olunons are usually
obuained using the theory of functions of a complex yariable.
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‘ The bou.ndarry layer approximation is similar in concept to the Jubricge
tion approximation, in that there art two length scales that need to be taken

tnto account, and the ordering analysis parallels the one in Section 13.3.

ch characterizes the boundary layer, or transition region, thickness. Thus,
dimensionless spatial variables are i

¥ o= .J(;, (15.3)

EPcall that 5/ < 1.
The characteristic velocity in the flow direction is U, the velocity parallel

E the surface in the inviscid region. The characteristic velocity in the y direc-
om is clearly much smaller than U, but its magnitude is not well defined and
ferds to be found as a part of the derivation; we shall denote this character-
e velocity as ¥. The dimensionless velocity variables are then

15.2 ORDERING ANALYSIS

The flow 1s shown schematically in Fig. 15-1. We consider only two-dime
sional flows, with no variation in the z direction. The distance S(x) over whi

the flow adjusts from the no-slip condition at the solid surface to the potents
flow in the “free stream” is assumed to be very small compared to any linew

s

- v - [y

Doowne ik $oem Zx 15.4
= ¥ gF I (5.4

 The characteristic pressure is denoted 1, and the dimensionless equiva-

st pressurc is writlen

“Inviscid” flow
Ulx) uninflusnced by
/ solid surface
/ ——
- e
—_— - ¥ Boundary loyer,

—=F inflyenced by
- » 8“)( t x wall sheer siress

~ G) i

@ o= 15,
Ti (i5.5)
£
kcan be anticipated that IT will be of the order of the pressure in the inviscid
, §pU2, but we shali let this result come naturally from the derivation.

It should be noted that U and § refer to quantities that may vary with x

\2}‘5‘ Solid Surface position, as shown in Fig. 15-1. For purposes of the ordering analysis we
L ¥ shall aysume that we are using the maximum values of these quantities over
= | 2 the kength L, and we shall treat them as constants.

As in Section 13.3, it is convenient to deal with the dimensionless equa-
" tions onc at a time. The dimensionless continuity equation, Eq, (£5.1), is

Figure 15-1. Schematic of boundary layer flow.

dimension in the system. We shall Imvc an opportunity to verify this assump- U dv, V g% 0 (15.63)
tion later in the chapter. The starlmg point is the steady two-dimensional L -‘;mx + k) BJ ) )
Cor.:lmu:ty and Navier-Stokes equations for an incompressible Newtonian
fluid: US\ 3, | 9, _ 15.66)
(31) A (VL) 7t By :
Tx i‘ (15.1) o . . : _ '
3 Meither term in the continuity equation can dominate the other or a con-

teadiction will result. 1f the group U/ VL is very large compared to unity,
' the term 9%,/07 can be neglected; in that case we have d#,/dx =+ 0 and we
gonclude that 7, is independent of X. Yet we know from the exact solutions
fa Chapters 9 and 10 that the flow in the x direction depends on the time that
fuid particle has spent in motion past the wall or, equivalently in this case,
:om the value of the x coordinate. Simifarly, if the group Ud/VL is small
m;lcrcd to umty, we may neglect the term on the left; in that case we con-
"ehude that ¥, is independent of 3. Since , must equal zero at the surface, we
woiuld then be forced to conclude that 3, is identically zero, and we have no
& paori basis for such a conclusion. Thus, we conclude that U3/ VL must be

ov dv, g+ 9%

oo+, )“*3{“’(“&%**7 %) (15.20):
gmz Jv 0%y a* |
ox

(252 + ?J)"‘T”? n(5% + +5%) (1520,

These cquauons must be made dimensionless for ordering purposes. The
characteristic length in the x (flow) direction is L, which is a linear dimension *
of the_ solid body and reflects the distance over which changes occur in the
direction of mean flow. Changes in the y direction occur over a distance 4,
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i

of order unity 1o ensure that both terms in the continuity equation are of comy
parable magnitude, and we thus define J: g

. Us

Our examination of the x-component cquafion has scr.vcd .p-f‘l‘ﬂ'ifl)f:i)l'h::
ddfine the characteristic quantities. There xs one lmp:)flan_t lsm]p]:g::n;;il hat
i possible as well. The dimensionless dcr:yanves é‘ f),/&x and - ?j.‘; .y‘n EO
both of order unity, since the charactcrisltc.qumltnu:s have beu;afu:s;)ﬂ ’
make all variables and changes of order unity. Thus, the term (d/L) .
#% is negligible compared to 8%*5,/d%* and may be n'cglm:'ted.“ quations, g
Finally, we turn to the y component 0!." thc.NZlW%‘PSlL‘)‘kcs equi -(h. ,H_ s.
{15.2b). This equation may be written in dimensionless form, wi s,

Since 8/L <1, i follows, as expecied, that V < (/.
We next turn to the x component of the Navier-Stokes equations,

2’ (5. %% + v‘?},) ~ -2 f}% + %ﬁ’[(g)l%} + %}7’7] (1538 (15.7), (15.9), and (I15.11) as _

(15.12a)

Or

g(ﬁgg)(ﬁ'% + 5,%) = —*(%;E) %‘§ +[(2) 92, %fyi’;] (15.35)

¢

-y - 1=
1}”1’_ b 4. 5,97 Uee | pU?s (_F?)’ v, 90,
6(5*%% + ”*?9%) == B (L) B G
Of, rearranging,
08 (S8 O, 0, o dh, 59*75] =0 (15.120)
o (0 1(e) S G- 25 o5
The term in brackets is of order unity, and it s mubtiplied E)y. (871.)%, Thue';,
we arc led 1o the conclusion that d®/97 is of order (8/1.)F and is hf:nc:: f]egh-
¢ gible compared to unity. We may therefore neglect any changes in @ in the
¥ direction. This is one of the primary simplifications of the boundary layer
4
i approximation.

The dimensioniess group pl/8*nl must be of order unily. If the group

large compared to unity, the shear stress terms are negligible compared to
the inertial terms and we are fed to the inviscid fluid, which is not a consistent
approximation near the surface. Jf the group is small compared to unity,
the inertial terms are negligible compared (o the sher stress terms; this is the
creeping flow approximation and contradicts the assumption that inertia is
important. Thus, the order of magnitude of § is established - ’

nLy'? - | We may summarize the boundary layer app_mxima{ion by rewriting the
o (ED) ke (159) equations that we have derived in dimensional form:
{The symbol Re, is ofzcri used in boundary layer flow 1o denote a Reynolds ® - Px) (15.13)
number based on distance in the ﬂolw direction: b dn, . qu) L de | qqlt—;‘ (15.14)
Re, = L(,,{f (15.10) & ”(”‘ ax ' gy ax " oy

L {Recall that the term 3%v /dx* is of order (5,:"1_)’“ and 1s ncglclcu:;l r;]al:::;:.l:-o
. #*9,/dy* ]| Since @ is independent of p, tl_lc c.qu.walcm pressure m}t ‘c,, O V.‘}ui
layer is the same as the pressure in the ;nvw{ad {eee stream atr the .:,(emr; R e
‘o x, and is thercfore presumed known cither from the solution to

potential flow or from experiment.*

Hence, Re, == LUpin.}) Equation (I 5.9) is consistent with the results obtained
from exact solutions jn Chapters 9 and 10, where it was found that the
influence of the wall extended tnto the fuid a distance proportional to the :
square root of the product of g/p and the time of Nlow past the surface: Ly .
is the characteristic time for a particle to flow a distance L in the inviscid free
stream.

The characteristic pressure is chosen to make the dimensionless group
N6 pUL of order unity, to ensure that the pressure gradient term is of the
same order as the inertiaj and viscous stress terms:

15.3 MATCHING THE FREE STREAM

nUL , ; The flow in the free stream, outside the boundary hi}’er' satisfies Bernoulli’s
M=1e=~ pu sy squation:
The term gUL}S? is the same as Eq. (13.16), and reflects the fact that the |
pressure force in a nearly parallel flow (IT8) must be of the order of the
VISCOus resistance (rUL{S). The equality to pU? follows from Eq. (15.9),
and s a consequence of the fact that the pressure and inertial terms balance
one another in the inviseid region, where the Bernoullj equation applies.

® - §pv* = constant {(15.15)

*This result is directly applicable to the analysis of thf: pitot tut.x: in Sec. 6.6. ll;(:l.’cr‘:‘o
Fig 5-6. It was assumed that the pressure acting on the side holes in the Ou.u’:r tu -;]l? nzi
mmo as the pressure py in the free stream. We now know t.hu( i boundary !.d.yCij ;Nl 1.;)1'
slong the side wall of the tube, but the assumption regarding the pressure is still valid.
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The boundary layer is a very thin region physically, even though significant
changes are taking place; for a body with a linear dimension L «— 10 % m,
and with a fluid with the propertics of water moving past at a speed of 10 m/s,
for example, then according 1o Eq. (15.9) the boundary layer thickness is of
order 10°* m. Thus, the flow in the region where the boundary layer blends
into the potential flow will be quite close 10 the potential flow that would
exist at the solid surface.

This is an important point. The potential flow has no y component at the
surface, but it does have an x component because of failure to satisfy the no-
slip condition. Thus, the velocity in Bernoulli's equation, Eq. (15.15), is simply
the x component, U, and we can write'

¥ + 1pU(x)* = constant (15.16)

U ts a function only of x because it is the solution to the potential Row
problem at y = 0.
Equation {15.16) can be differentiated with respect 1o x to give
dU
dx = P
Equation (15.14) can then be written in an alternative form that is frequently
cemployed,

(15.17)

dnr dv

o vy UG

Ulxy s always assumed to be known. l"lor a plane stagnation flow, for exam-
ple, U(x)is given by Eq. (14.18a).

Equation (15.18) is second order with respect 10 y and therefore requires
two boundary conditions. The no-slip condition, v, ~ O at p = 0, is clearly
one condition. The other condition is that », must approach the potential
flow velocity, U(x), when p is large compared to the boundary layer thick-
ness, &. This katter condition can be expressed in a form that is useful analyt-
ically in a manner similar to that used in Sec. 10.6. As shown by tq. (15.9),
the boundary layer thickness is of order 7%, To make the x and y coordinates
comparable, therefore, the p-coordinate distance must be “stretched™ by a
factor Rej”?, and we can think in terms of the variable y Re!’?. We then have
the result that v, must approach U(x) for y Rel’* large compared to L. But
even though v is stil quite small at the edge of the boundary layer, we are
dealing with the asymptotic case of very targe Reynolds number, 5o we may
replace the condition p Re}’? 3= L by the condition y Re}’* — co. We thus
obtain the boundary condition®

v, —— U{x) as y Rel’t ~—» oo {(15.19)

F
dU) ,,%;{, (15.18)

*Equation (15.19} is often simply written
ve —r X} as y-—> oo

The end result of any calculation will be the same, since Rey is always a finite constant,
but some of the physical meaning of the condition is fost.

Sec. 15.4 flow QOver a Flat Piate Ay

The fact that the boundary condition is moved “olf (o infimty” 1y of major
significance in enabling solutions to the boundary layer equations 1o be
found.

The continuity cquation contains a term d0,/dp, s0 one p houndary con-
dition is needed for v,, and this is the no-slip condition at ¥ = 0. The remain-
ing boundary conditions normal to the surface are, therefore,

v,=u, 2 Qaty = 0 {15.20)

There is a term dv,/dx in Eq. (135.18) and the continuity equalion, so a
boundary condition in the x direction is also needed. In the case of an object
with a shorp leading edge, like that shown in Fig. 1541, the potential flow can
be assumed 1o exist undisturbed right up until the leading cdge, so we have

sharp leading edge: v, = U{0)at x = O (15.21)

15.4 FLOW OVER A FLAT PLATE

The most clementary application of the boundary layer approximation is 1o
the flow over a flat plate at zero angle of incidence, as shown i Fig. 15-2.

Figure §5-2. Schematic of flow over a flat plate at zero angle of incidence.

If the fluid were inviscid, it would simply slip past the plate with no change in
velocity, so in the potential flow outside the boundary layer the velocity U
Is a constant, independent of x, and there is no pressure gradient. In that
case Eq. (15.18) simplifies even further to
F
oo b5 <t (15.22)
The structure of Eq. (15.22) is quite simifar to that of Eq. (9.2a) for flow
past a suddenly accelerated flat plate, and the physical analogy scems to be a
realistic one from the point of view of a fluid particle. For the flat plae
accelerated from rest, we found that the absence of any true characteristic
length for an infinite plate dictated a solution in terms of the single com-
bination of variables y(p/n)"*. Here. the “time™ that a typical fluid element
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hus been cxposed to the presence of the plate 15 of order x/1/, so we !'nigh!
expect & solwtion in terms of the single variable y(pUfnx)/3. A dimensional-
analysis argument wdentical 10 the one used in Sec. 9.4 does indeed lead to
such an mdependent variable,

There 15 an alternative, less formal approach that leads 1o the same result.
The search for the simplest possible solution to Eq. {15.22) suggests con-
sideration of the possibility that solutions are simifer: that is, as in flow in a
nearly paratlel channel {Chapler 13), we look for a solution in which the
dimensionless velocity depends only jon dimensionless distance from the
plate; ‘

L i et 23

Lo function of 509 (15.23)
We use 8(x), the boundary layer thick ness at distance x from the leading cdg:_:,
to make y dimensionless, because this 1s the distunce over which the flow is
changing-. We know from Eq. (15.9) that the boundary layer thickness is of
order {nL{pU)'"*. On a “semi-infinite” flat plate the only difmncc SC"!? (lrf
significance is the distance from the arigin to a particular point; thus, 1t 15
reasonable to expect 6(.x) to be of order (7x/pU Y. In that case it follows from
Eq. (15.23) that we should seek solutions of the form

171
s ~ function of_v(P{{) (15.24)
U nx

which 1s the same result as that obtained from the dimensional analysis
argument. We deline the variable { as the argument in Eq. (15.24):

B/l N
{ = y(P.l.{) (15.25)
nx

It will be necessary to perform one integration of the function in Eq.
(15.24) in order to find »,. For this reason, and the resulting convenience, it
Is customary to express the ratio w,/{/ as the derivative of a function JALS

Cw - U {15.26)

Here, f7 denotes dffd{ . the prime notution is used tn all writing on boundary
layer theory, and we shall use it for consistency. The following manipulations,
analogous to Egs. (9.11), are then useful:

0 = _.;’f CC Py ;lj_ Y 15.27a
Ey* ’ ?Ixf ¢ )

a g &( . ! -2 ;_I_U v, 15.27¢
d‘xf i f a:t - 2 y( n ) f ( )
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We can now obtain v, from the continuity equation, as follows -

Wy Iy Oy LUV 9y
37; T ax T Uc’fxf 0 - 2 (p.t) yc?y1 (15.28)

=[S S0 e 06

R L AL
= (B o ran
We have taken f(0} « O in the Integration by parts in Eq. (15.29);itis readily
established that any arbitrary value of f£(0) can be used without loss of
generality.

Substitution of Egs. (15.26), (15.27, and (15.29) into the boundary layer
equation, Eq, {15.22), leads to a nonlinear ordinary differential equation:

f S 2 (15.30)

1
Boundary conditions follow from Eqs. (15.25), (15.26), and (15.29). The
solid surface, y - 0, corresponds 10 { =: 0. The no-shp boundary condi-
tions, FEqs. (15.20), then become

¥

(15.29)

LSO = £ 0y - 0 (15.310)

The dehinition of { is such that YR vl correspands tof - oo thus, the
condition that », approach U(x) outside the boundary layer becomes

Sioo) = (£5.31h)

We now have three boundary conditions for the third-order equation,
but we have not yet used Eq. (15.21) at x = 0. Note, however, that x - 0
also corresponds to { = oo, and in that case Eq. (15.21} alse reduces to q.
(13.31b). It is this collapsing of the four boundary conditions to three that
cnables us 1o reduce the problem to solution of an ordinary differential
equation. Partial differential cquations can often be reduced to ordinary
differential equations by variable changes, but it is only in exceptional cases
that the boundary conditions transform as wel]!

Equation {15.30), with boundary conditions (15.31), was first solved by
Blasius in 1908 by a tedious scries method. The equation 1s casily solved
numerically on modern computers by assuming a value of (0}, integrating
Eq. (15.30) to large values of {. and adjusting the value of S7(0) until the
condition f(co) = ] is satisfied; the correct value of SOy s 0332 The
solution is shown in Fig. 15-3, together with some expertmental data obtained
by Nikuradsc, Cicarly, the theory and experiment are in good agreement.
Note that the approach to the condition f'{co) = 1 4 asymptotic. I we
define the boundary layer thickness as that distance for which », = 0.99(,
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Figure 15-3. Numerical solution to Eqs. (15.30) and {15.31), with experi-

mental data of Nikuradse. 1 &

then y cquals & at a value of ¢ approdimately equal to S; setting y == & and

{ = 5in Eq. (15.25) then gives

8(x) s(gg)”’ .: Sx Rep it (15.32)

This result is consistent with the ordering analysis in Eq. (15.9), where the

numerical factor of 5 could not be obtained.

The shear stress at the wall of the plate can be calculated by the use of -

Eg. (15.27b):
i
] do pUNIY L, AL -
[ 1, s sty (PY 0) =: 0.332 (P 15.33
SRk D IR (0 WAL O) w(72)7 | asay

7. is about half again as farge as the crudest estimate, #0/8(x). Equation 3

(15.33) is in good agreement with experimental measurements of frictional
drag.

The solution obtained here is only found experimentally over the first
portion of the plute. There is a transition to turbulence when Re, exceeds a
value 1n the range 2 x 10° to 6 x 10%. Turbulent boundary layers do not
grow according to the x'/? relation in Eq. (15.32). It is interesting to note that
the transition to turbulence occurs at a Reynolds number computed on the
basis of boundary layer thickness, pUS(x)/n, of about 3000, which is the same

order of magnitude as the transition to turbulence in parallel flow in a closed
conduit.

| 556 FLOW PAST A WEDGE

i potential flow past a wedge of angle ff (Fig. 15-1) 15 given by
: U(x) = Ax™ (15 34a)

= 15.34b)
m o= gt i . {

s fiat plate is the limiting case § = 0, while the plane stagnation flow ia
14.6 corresponds 1o § = x, m == L. Flow past a wedge of any angle has
the interesting property that the time for a fluid particle in the potential flow
g move from the leading edge to a downstream position x is proportional to
U(x):

J\
5
-
1

AT A 1 x X 15.35
‘J ‘U"L‘A,& T maxm 1 mUG) (15.35)

would again define { by Eqy. (13.25), with the understanding that U == Ax™,
lomd seck 2 solution in the form i

vy == U0 (15.36)

S

This transformation does work, and an ordinary differential equation is

- plarned

£ H%Jffﬂ d ol - £ 20 (15.37)

Boundary conditions are given by Eqgs. (15.31). The case m .- O1s By, (15.30).
_Equation (15.37) has been solved numerically for a range of values of m.

:*" The stagnation flow, m = 1, has one particularly interesting leature.
; }x[U 15 & constant, so { is independent of x and the boundary layer thickness
fs tho same everywhere. If we use the estimate A = UK [Bq. (14.27),
<} where R is the radius of a cylinder, then the boundary layer thickness every-
: where in the neighborhood of the forward stagnation point is of order 8/R
s me Re™22 where Re is based on cylinder diameter. |

15.6 INTEGRAL MOMENTUM

APPROXIMATION
The integral momentum, or von Kidrmdn-Polhausen, approximation was
» described in Sec. 9.5. This approximation is often used to obtain solutions to

" the boundary layer equations, and we shall demonstrate it by application to
the problem of flow over a flat plate at zero angle of incidence. (Some com-

245
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that the approuch is asymptotic. For purpoxca of ApPProxXImation we assune
mon terminology is of interest here. The preceding two sections have dealt shat v, is indentically equal 1o U for y 5= 8. In that case the integrand in By,
with exact solutions, meaning, of coudse, exact solutions (o a set of approxi- (1543 is zero Tor y * - &, and we can replace the upper limil of «o with 8
mate equations; compare See. 11,6, Solutions such as the one to be described N :
here are called approximate solutions. Exact solutions are philosophically
preferable, because the approximation in deriving the starting equations is
usually better understood than the approximations involved in solution. As
a practical matier, however, approximate solutions are usually required.)
There are several approaches to the integral momentum method, as |
outlined in Secs. 9.5 and 7.6, and all iead to equivalent results. We shall use
the method of dircct integration of the differential equation. Qur starting
point 1s Eq. (15.22), which we integrate over y from y == 0 10y == oo:

T ;! J 'Ua(U —_ 11') t!_}’ ; (154‘1)
ax iy,

wodge fiows, since we have seen that the exact solution is a similartty solu-
ton. Equation (15.45) is always used in this approximation, however, even
i cases where a similarity solution cannot exist, .

The no-slip condition and the requirement that v, - U at ¥ & impose
two conditions on the function ¢:

T dv, dr ~ @, v,
PJ.O ( e |- v,c; )dy = . -a%r.!’y:~w-—r,- ‘;y = —1, {15.38)

7. is the shear stress at the wall. We have used the fact that ¢v, /@y is zero for
Y=+ o0, since w, approaches the cox\smm velocity U in the potential flow
outside 1he boundary layer.

- 15.46)
The integral of », dv /@y can be expressed entirely in terms of v, and U ° $10) - 0 $i) - | (
through an integration by parts: ‘The wall shear stress is expressed in terms of ¢ by
T gv h v T d dn, i
P P, X . -5 U {1547)
J; s Sdy e v ) JU v, <9 d) Uv,|,_. 1 _]:, Vea dy  (15.39) T, - ff dy ¢'( )

Here, we have made use of !hc no- x!ip condition at y e 0 the condilion

% The prime denotes differentiation with respect to the argument, y/d. Fqua-
=% gion (15.44) can then be written in terms of the Tunction ¢ as

"qu’(O) Ut S d J’ ¢(3){] ¢,(.§,ﬂ4y (15.48)

Finally, it is convenient 1o define a new variable, & y/8, and rewrite by,

{15.48) as

Conlmu:ty equdll(m
3:1,
e f dy (15.40)

Substitution of Lygs. (15.39) and (15.40) with Eq. (15.38) thus leads to an
alternative form,

R T (15.41) e - pu Lo f BN BN (15.49)

Since 2v, dv,Jox = v, }*/0x, and U;s independent of x, Eq. (15.41) can also ' . e -

e as/ ¥/ p g ( ) Note that the term L HEE — MO AE 15 a L'.ons!an!, independent of x,
T (dvy _ dUv i 15 whosc value is fixed when the function ¢ is specified. .

e o (:ﬁ— B _‘9}“) @ (1542 Equation (15.49) is a differential equation for the boundary layer thick-

Finally, interchanging the order of integration with respect to y and dif- Bess, &(x). The equation can be rewritien

ferentiation with respect to x, we obtain the equivalent of Eq. (9.20): 254 _dér 2 $(0) (15.50)

O el - s@na

T = pgf";f v (U~ v} dy (15.43)

With the assumption that the boundary layer does not begin to form unil

W . . .
¢ now make use of our physical understanding of boundary layer the keading edge of the plate, and hence 8(0) = 0, Eq.(45.50) can be integrated

flows. Outside the boundary layer », is nearly equal to U, although we know
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at once (o obtamn

. 2¢°(0) I\
" {ﬂ Pt wmm’ (o) (1220

Semitacty, the wall shear stress is

T - n'f,; - {14 J' P oo ae)” qU(fIU)’ (15.52)

Except for the numerical coeflicients, which depend on the still-unspecified
function $({), Eqs. (15.51) and (15.52) are 1dentical in form to the boundary
layer thickness and wall shear stress obtained from the exact solution, Eqs.
{15.32) and {15.33).

The function ${£) must be completely specificd in order to evaluate the
cocflicients in Egs. (15.51) and (15.32) and to obtain, if desired, the com-
plete velocity distribution from Eq. {15.45). If we should choose to approxi-
mate the velocity by a cubic, which has four coefficients, then the two
conditions given by Eq. (15.46) are not sufficient o completely specify $,
and two more are required. A third is obtained by noting that since
v, =5 v, = 0 at y = 0, the boundary layer equation, Eq. {15.22), requires
that d*v,fdy? = 0, or

y-0

$0) - G (15.53)

A fourth condition 1s continuity of the shear stress at y - §, which requires
that du,fdy =~ Qal y — &, or

$(1) =0 (15.54)

The numerical cocflicients are relatively msensitive 1o the function used.
If we write the boundary layer thickness and wall shear stress in the forms

8(x) == (;Ié)”’ (15.55a)

71
w. = bqu(£2)" (15.55b)
nx
then the values of @ and b given in Table 15-1 for various functions ¢(£} do

TasLE [5-
COEFFICIENTS OF 8(x) AND 7, FOR VARIOUS
APPROXIMATING FUNCIIONS FOR THE INTEGRAL
MoMeNTUM SOLUTION OF FLow OviR A FLAT PLATE

é(C) 1 a b
Exact solution 5 {asymptotic) 0.332
14 ¢ 35 0.249
3¢ - 10 4.6 0.323
sin (x{/2} 4.8 0.327
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not differ significantly from the exact solution. Note that the approximating
function $(£) need not he a polynomial,

156.7 ENTRY LENGTH FOR LAMINAR FLOW

One of the simple results that can be obtained from boundary layer theoryisa
rough order-of-magnitude estimate of the entry length in laminar fow. The
system is shown schematically in Fig. 15-4. Fluid enters the conduit with a

D _— — —*__J__ﬁ_r_—:"__—::_"-'__‘“‘_'
— e T =S I;(x} ! —
l—wl L. l

1

Figure 15-4. Schematic of flow development in the entry region of a
conduit.

flat velocity profite; the profile evolves into the parabolic profile of Poiseuille
flow and is essentially fully developed a distance 7, downsiream of the
entrance. The developing profile can be visualized as the growth of a bound-
ary layer along the wall, with the centerline velocily playmg the role of the
free stream velocHy, U, The ftat plate theory should be very roughly applicable
here, since the centerline velocity does not change much in the developing
region; at the entry the centerline velocity equals the mean velocity, while
in the fully developed region it equals twice the mean velooiy 1or low ia a

tube [Eq. (8.39)] and § the mean velocity for plane Poiseuilic flow (Eq.
(8.15)}.

According 1o flat plate boundary layer theory, the boundary layer
thickness is approximately

]‘ 5(x) = 5(3{‘7)'“ (15.32)

We can estimate £, as the distance from the leadjng cdge at which the
boundary layers growing from opposite sides meet at the centerline. Thus,

x=L,for & = D2, or 2 ; P
ST Poars Mo p Le fpuD, A
7 TSy 15560 VS e
#o

This can be rearranged to
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i
where Re 1s based on the mean velocity and the diameter. Given the rather
“crude estimates used here, this is good agreement with the experimental
entry length of approximately 0.055Re, Eq. (3.14a). Order-of-magnitude
cestimates of this type, using theories which apply o idealizations of the true
situation, are common and important enginecring tools. More detailed
solutions, which attempt 1o account for the changing centerline velocity,
give cocflicients of Re in the range 0.028 to 0.065.

15.8 FLOW PAST A CYLINDER AND
BOUNDARY LAYER SEPARATION

The derivation of the boundary layer equations was earried out in Cartesian
coordinates for flow over a plane surface, Because we are dealing with a very
thin region, however, the equations also apply to flow over 2 curved surface,
as fong as the curvature does not change suddenly. For example, we can
apply the boundary layer equations to flow past a circular cylinder, as showa
i Figo 15-5 Here, the x coordinate is the arg length along the surface,

Figure 15-5. Schematic of boundary layer flow past a cylinder,

|
measured from the forward stagnation point, and the v coordinate is dis-

tance normal to the surface. The relation between x and the angle 8 is
x = R@ (15.58)

The potential How past a cylinder is given by Lgs. {14.23). The component
vy, evaluated at the surface r =2 R, corresponds 1o U(x} m the boundary
tayer approximation. Using Eq. (1 3.58) for 8, we therefore have

Ulx) == 2U. sin (;) (15.59)

The boundary layer equations can be solved analytically for this flow,
using a very tedious series method for an exact solution or using the inte-
gral momentum method, but we shall not present the details here. The exact
solution is nor a similarity solution; this is not surprising, because the time
that a fluid particle in the free stream is influenced by the solid surface is not
proportional 10 x/U(x). The velocity profile is shown for various angles in
Fig. 15-6, and the wall shear stress in Fig. 15-7.

Sec. 15.8 flow ast a Cybnder and Boundary Layes Separatiun 3
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Figure 15-6. Velocity profiles as a function of angle for boundary layer
flow past a cylinder.
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Figure 15-7. Walt shear stress as a function of angle for boundary fayer
flow past a cylinder.

This flow ilflustrates an important feature of fluws past objects in which
there is an adverse pressure gradient (i.c., the pressure increases with distance).
According 1o the pressure distribution given by Eq. (14.26), such an adverse
gradient occurs here for angles greater than 907 in flow past the cylinder. The
mcreasing pressure causes a deceleration of fluid in the free stream, since the
Bernoulli equation requires a trade-off between pressure and kinetic energy
terms. The fluid in the boundary layer has less inertia than the fluid in the
free stream, and thus the deceleration in the boundary layer is greater. Under
some conditions, as shown for the cylinder in Figs. 15-6 and 15-7 for § =
109°, the deceleration in the boundary layer is sufficient 1o causc a zero
velocity gradient and zero shear stress at the surface. Beyond this point there
will be a backflow at the surface, the transition region will move from the
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surface out into the free stream, and the assumption of a thin boundary layer
will break down. This phenomenon of boundury layer separation lcads to the
formation of a wake behind the body, where the pressure and velocity dis-
tribution 1s quite different from that given by the potential flow solution.

Boundary layer separation causes a significant tacrease in the drag on a
body because of the additional energy dissipation in the wake. Aerodynamic
“streambining”™ of wirplancs and automobiles is carried out to delay or
prevent the onset of separation of the boundary layer. The very dramatic
drop in the drag coeflicient for cylinders and spheres at Reynolds numbers
above 2 % 10°, shown in Fig. 4-8, is a result of a transition (o turbulence in
the boundary tayer and a resulting shift in the point of scparation toward the
rear of the body. The delay in separation more than offsets the increased wall
shear stress in turbulent flow. '

159 CONCLUDING REMARKS

The boundary layer approximation represents one of the major methods for
obtaining solutions to the Navier -Stokes equations, and the results are
parucularly valuable in studies of mass and heat transfer near solid surfaces.
The estimate of the order of magmitude of the boundary layer thickness, Eq.
(£5.9), 15 often useful in making preliminary estimates and should be com-
mttted to memory. :

Exact solutions of the boundary [ayer equations, both for the (wo-
dimensional flows studied here and for three-dimensional flows, have been
obtained for a large number of shapes, usually through series expansions.
Many more cases have been studied using the integral momentum method,
and results are also avatlable for boundary layer flows of non-Newtonian
Auids.

We have not dealt here with boundary layer separation in any detail, but
1t 1s an tmportant concept, for naive application of boundary layer results
Tor the calculation of muass and heat transfer coctlicients can lead to large
errars 1n cases where scparation is important.
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PROBLEMS

15.F. Equations {15.29) and (15.40) indicate that there is 8 finite value of v, outside
the boundary layer over a flat plate, although such & component would not
exist in an inviscid fiuid,

a) Using Eq. (15.29), show that this result is consistent with the continuity
equation.

b) Explain the finite v, gualitasively by means of a8 macroscopic mass balance
over the control volume shown in Fig. 15P1.
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Turbulence ] 6

16.1 INTRODUCTION

The exact and approximate solutions to the Navier Stokes equations that we
Bave obtained thus far have all been for laminar Aow conditions. Indecd, the
£ peocedures that we have developed are necessarily restricted 1o laminar flow,
inasmuch as the methods require an understanding of the general structure
of the flow field which is to be calculated.

Turbulent flows are chaotic and require special techniques for analysis.
Such flows are characterized by rapid, apparently random fluctuations in the
flow variables. The response of a velocity probe at a point in a turbulent flow
Beld is shown in Fig. 16-1. The heavy hine denotes the mean value about
which the actual velocity fluctuates. The fluctuations arc rapid, and a probe
with sufficiently slow response will be unable to follow the fluctuations and
will record only the average. When we measure a macroscopic property, such
a3 the friction factor in Fig. 3-1, we are measuring a mean property.

We shall restrict ourselves in this chapler to incompressible Newtonian
_ Buids, although it should be evident that many parts of the preliminary
devefopment are expressed in terms of the stresses and apply to any incom-
peessible fluid. We are therefore seeking an approximate solution to the
Navier-Stokes equations under turbulent conditions, where we must take
" axplicit account of the random fluctuations n velocity and pressure. The
wost fruitful approach is to recognize that in many applications we are
interesied only in average quantities, and thus we wilf obtain relations defin-
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Fﬁgure 16-1. Velooty ata poind asa function of time in turbulent flow ia an
(?II channel, Re -+ 7000, v is the direction of mean flow and y is the diree-
ton normwal e the wall. Reproduced from Wallace, FEckelmann, and
Brodkey, J. Flidd Mech., 54, 3% (1472}, copyright by Cambridge Univ::rxiw
Press, by permssion, 1 ’

ing the average behavior over a (imne scale that is_long compared to the time
c.harac!erislic of fluctuations about the mean. We shall therefore derive the
ifme average of the Navier -Stokes and continuity equations in the next seo-
tion. This averaging is straightforward, but it does require some care because
of the nonlinear nature of the equations. The remainder of the chapter will

then b.c given over Lo oblaming approximate solutions to these time-averaged
cyuations.

16.2 TIME AVERAGING
16.2.1 Basic Relations

The average ¢ of any quantity ¢, for which we have N measurements,
£ €0 - oy Ey is defined as
’ E L l
RS

LY 1
10§ varies continuously in thne, and we can make continuous measurements
§(t) over a time interval ¢ — 7" ¢ < ¢ |- 7, then the analogous definition
of the average is

(16.1)

1

5 J:“T S(yde

o - (16.2)

Note that & might be a function of time, 1. Equ;ﬁ?on (16.2) defines a running
average.

. . . i £
A stationary process is one in which the average, £, does not change over
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) X; time as long as T is large compared to the time scale of fluctuations. In a
. sicady turbulent flow, such as flow in a pipe for Re = 2100, the average
quantities, such as flow rate and pressure drop, do not change in time, 50 we
arc interested in stationary processes. We shall restrict ourselves (o stationary
. Processes, or processes which are steady in the sense that averages over Linte do
- mot themselves change with time. This will include most pipe and boundary
Ly Jayer flows of processing importance, but may of course exclude some cases
£ of interesi. For stationary process we <an simply treat the time scale of
" measurement as unbounded, and define the average by

4 b s i o s n i s

H - s+ It fg
-1 {ydr 1

%

v BT s 16.3
E-“E,?_T . {16.3})

e s o

We now turn explicitly to flow variables. Consider the velocity compo-
v pent v, which is a function of position and time, » (¥, 1, 2, f). The time-
averaged velocity component, v, is & function only of position in @ steady

N B E
- lim ﬁﬁj . v lx, p, z,T)dT

T oo

XS (16.4)

The mean value al a point is a usetul frame of reference, and we generally
consider fluctuations about the mean. Fluctuations about the mean are con-
ventionally written with a prime,*

(16.5)

L,y ) s
Note that the time avcragé of a fluctuation must be zero. The integeal of 2
sum is the sum of Lhe integrals, so we may write the time average of Lyg.
{16.5) as :

0

vx, ¥, 2,0) - odx 1)

. Y 3 B (16.6)

v
v,

We have made use here of the fact that the time ayerage 15 4 constant in

time, and the time average of a constant is the same constant; hence, the
time average of any time average is simply the time average itsclf (o, - )

We will have occasion to consider terms of the form ;7, v jdy. The time

: avcragé of such a term is zero, as the following shows:
: v, o1 -= v, — .1 de, ,
L, Adﬂ;’ s 3::2 57 J:—T v, '6‘}; dr - v, Em‘: A J:..T d);’- dr
- 6.7
s 8 him a5 9% a0 5
’6 ]".sz T * ’Gy ] .

" We can take v, out of the integration because it is a constant, independent of

*This nomenclature is unfortunate, because we have previously used the prime to denote
& dexivative, but it is standard in the turbulence literature and is therefore uscd here.
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time, and we can take ¢/dy outside because we can interchange the order of
spatial djrffcrcntiation and time integration.* The derivative of v is zero
because v, itself is identically zero. This manipulation is easily gcnc:alizcd to
show that the time average of any term linear in a fluctuating quantity is zers,

When this equation is time-averaged, we have
“du, o dv,, o Ony v | o1, , 07

’(%?; + v, dv, 3 0, %% 4, _!) 2 207 Tl e

¢ ax dy 9z dx ' dx dy

The first term on the left, du,/d4, must be zero, since in a rundomly Auctuating
B, sysiem there is an equallikelihood of positiveand negative rates of change and
- the two will cancel each other over a sufficiently long time. The averages of
; the products need some care; note that the average of a product is nof the

16.2.2 Time-Averaged Continuity Equation

The continuity equation for an incompressible fluid is

v e 1o

¢ du, - product of the averages. For a Newtonian fluid the stress averages are simply
© dx + {16.8) i s of the average velocities; for example,
In rodtiung the Hmff averaged and fluctuating velocity components, v, w dv, (16.16
LA RN R Yy U, = U, ‘|- v, we have: : ax 10)

Lav, v ,
e %f_x | %Pz.|. %&.! %f_a

I the sum of terms on the left is always zero, then its time average must also
always be zero, so we can wrile

The last relation follows because of the lincurity of the'constilutive equation.

We now consider the product terms in Eq. (16.15) by examining a typical

¥ tam. Using the definitions of the mean and fluctuating quantitics, we can
- write

: _3____

= g, . do, o v,

0T — ,
fim L J (%rs 9y Oy i an 0 . G T
by I VA R A S ) LS (L AL A R Ly Ve ey
or, carrying out the integration (averaging) term by term, ) . oo o 06.17)
de, 4 Q”:i ‘?'_;; I v, | v, . o, o The first term in the sum is the average of a product of averages; thetwo terms
ox ' dx dy "9y 9z ' 9z (16.11) in the product arc independent of lime, so the averaging does not change

But the time averages of the fluctuating uantities are zero, so Eq. (16.11) eoything. Thus,

simplifies to ldn. - dv
ov, vl 1615
Jv. | o, i v, 0; v, ) v, dy ( )
B ol N SR B 16.1 ,
. dx . aV dz ( 2 The second term in the sum has already been shown Lo be rero in Eq. (16.7).

Thc'iﬁi‘(d term is also the time average of a quantity that is lincar fn a fluctuat-
ing component and is therefore also zero by an whentical proof. The last term
in the sum must be presumed 10 be nonzero in gencral, sice, even though

By subtracting Eq. (16.12) from Eq. (16.9) we also obtain a useful relation
between the fluctuating velocity components:

C?U; af?{ d“'
ox b 9; A gl = 0 (16.13) v jdy and v, have average values which arc zero, there 15 no reason to

. presume that their product has a zero average. A simple counterexample s
given by the case in which ), equals Fu.fdp: the product is then always posi-
tive and cannot have an average value which is zero.

The other nonlinear terms in Eq. (16.15) are treated in the same way, and
the time-averaged x component of the momentium equation can now be

written:

16.2.3 Time-Averaged Momentum Equation

The momenl‘um equation is most conveniently expressed in terms of thé
stresses. From Table 7-2 we obtain the x component in terms of the equIva-
lent pressure as
0| 9L I O

du, dv I ] d o, % ; :
Vi b oy, 0, S0 = ¢ g, 9, dr, w0 gy By 0 ) A 5
(G oS rugtug) = -0+ % Tyt (169 s Gy ! 27 R A S

R {16.19)
) O,

e, . du)

There are some techni nsideration (13 inte hat are dealr with ia
cal consid t1ons in such an interch 2 i

- o E ange t

COUFsES In calcu[us.
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The last group of terms can be rearranged by using Ey. (16.13)y and the fol-
lowing identities:

dn ‘ lanr

“ox T N (16209
:9;;7 da' W, ‘?yf | {16.20b)
(z;; . “’j;,._f" _ ‘?; (16.20¢)
Equation (16.19) then mkcs thc l%rm k
PRy a)w~%i+£ﬁ;~mﬂb
(16.21a)

g —
e A g ) (’" )

In a similar way, the v and z components of the momentum equation become

p(!’ du, | —dn, - (91:) (9(? d

ax gy LT e} T Ty L g T )
B (16.21b)
| ay(T" - p?,y.”y) t az(r p”:"y)
- r?v; i 6'1": d” . (96‘ 4 — o T
P(!?, dr ir, dy t az) ST 4, i 0’)"_(1'" pras)
{16.21¢)

0 R
! ay( 22 pt,‘ﬂ‘) | "i(z’u — pu)

16.3 REYNOLDS STRESSES
16.3.1 Definition

Fquations (16.21) have a structure like the N.avtcr Stokes equations;
except that each ofthc t:mc averdgcd viscou ess terms has a Lorrcspondmg
inertial term assocnated w:th the lurbulem fluctuations (c.g..7,,in the Navier-
Stokes equations is replaced by -r_, e, v, ) These ﬂuctuaung terms play a
role analogous to stresses, and they are sométimes referred to as turbulent
stresses, or Reynolds siresses: The anatogy between the time- -averaged prod-
ucts of fluctuating velocities and the viscous stresses is reinforced by defining

“turbulent stress™ ag

f_____.___.__. i
[T = L, fi’i =1 = —pry, T = 79 = e U,

N . ¢ (16.22)
i "o wp?’ U T, < 1"” — ‘“P’f;,?-’, ‘[:’.’ e “P ?i?
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"Ihc time-averaged momcntum cqud!mns can thcn b<, wrHten

p(ﬁ dv, _!.-v—ai;; | ;;3?;:')' L -

<3 7y . (r” b
x ay ar “ax b ax (16234)
- dn, | - 3:: dv . &55 6' R
: P(Ux et 1’;31 I o, ‘31) R i d‘x(r” ol
(16.23b)
E 4 6})(.{” | I-M) i a (T,, | r(n
”("‘a Loy ! a) ’ ""a; bt TR
(16.23¢)

_— | oy (r,. S| -3 (., | 1

|- e e

Lqu.mom (16 12} and (16 23) arc not wﬂluuil to p:ov:dc 2 solution to
any turbulent flow problem. The mean stresses r,,. arc casily related to the
mean velocily through the appropriate constitutive equation, as in Eqg. (16.16)
for a Newtonsan fluid. We need 1o be able to say somcthing about the
Reynolds stresses tf), however, if we are to obtain a wmpluc set of equa-
tions. Determining the behavior of quantities such as # " is a ceatral prob-
lem of modern turbulence theory, and a ful] solution is not available,

16.3.2 Eddy Viscosity '

We might anticipate that the Reynolds stresses will depend on the inten-
sity of the mean flow, and hence on the mean velocity gradients. Boussinesg

suggested in 1877 that the Reynolds stresses be written in analogy to the vis-
cous stresses as

(16.24)

and similarly for the othcr componcnls The nuuou of an eddy viscosity is
often used in describing turbulent flows. Clearly, Ruey Cannot be a constant,
however, for otherwise we would simply recover the usual Navier-Stokes
cquations with 7 rep!accd by (31 & ffaas,), and we would lose the character of
the lurbu]ence Furthermore, ey MUst depend cxpi:cntly on position, forina
confined flow the fluctuating velocily ¥ must go to zero at a wall, and hence
all components 1,9 must vanish.:Some of the gradiehts of the mean flow in
Eq. (16.24) will be firiite at the wall, however, 50 s, MUt g0 10 Zero there.
Thus, the eddy viscosity is simply an alternative means of giving a name {o
our essential ignorance of the physics of the process. Morcover, it is a restric-
tive form of nomenclature in that it presumes that a single parameter or
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function which is independent of direction will suffice to describe the tur-
bulence. '

16.3.3 Mixing Length

We shall abandon any attempt at generality in our treatment of turbulence
and concentrate on one-dimensional shear flows, where the problem of direc-
tionality does not become important| The usual means of analyzing the
“shear™ Reynolds stress € is based on an approach of Prandtl, published in
1933. He reasoned that the motion of fluid eddies in a turbulent flow field is
analogous to the random motion of nolecules in a gas. Using results from
the kinetic theory of gases he was then able 1o reason that the eddy viscosity
in a confined shear flow should have the form

e cieme, P S

{16.25)

A AR BT AR A T8 S R L S

where x is the direction of mean flow andy the direction normal 1o the wall.
{ is known as the mixing length and is analogous to the mean free path ina
gas: the physical interpretation of ¢ is that it is the distance over which a
turbulent eddy retains its identity. The absolute value of dr fdy is required in
Eq. (16.25) to ensure that ¥ changes algebraic sign when the flow ficld
changes direction.

The analogy between turbulence and molecular motion in a gas 15, 11
fact, a poor one, but Iq. (16.25) is nevertheless quite useful. The equation
may be inferred from several other starting points, including a dimensional
argument which uses the fact that the turbulence is characterized by an eddy
length scale € and a fluctuating velocity o', The several approaches are
described in the references cited in the Bibliographical Notes. The problem
still remains of ensuring that 5., go to zero at the wall. In the context of
Eq. (16.24) this requires that the mixing length ¢ be a function of distance
from the wall. The simplest such function, which we may consider to be a
first-order estimate, 15 to take £ as proportional to the distance from the wall.
This is the assumption made by Prandil.

16.4 TURBULENT PIPE FLOW
16.4.1 Mean Flow Equation

We can now attempt 10 obtain the detailed mean veloaity ficld for fully
developed turbulent flow n a pipe. Although Egs. (16.23) were derived using
rectangular Cartestan coordinates, it is evident that the corresponding equa-
tions in cylindrical coordinates are obtained by replacing 7,, with T, + 19

in cach term of Table 7-5.
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We assume that there will be angular symmetry, and that there will be no
vanation in mean quantities in the z (flow) direction. In that case it follows
(comparc Secc. 8.4) that 9, is a function ouly or r, ¥, and 4, are zero, aP/or
15 a constant, and the time-averaged z component of the momentum cquation
is

a1 d
==y g (16.26)

This can be integrated once to obtain
74 i 247 ' (16.27)

If we perform a macroscopic momentum balance over a length of pipe
{!&z, we find, as in the footnote following Eq. {3.24), that the pressure gradient
1s balanced by the wall shear stress, 1. (recall that d@/dz ~ 0):

, le(-.- ;"g) Az == 2R Azt (16.28)

We can then equivalently write Eq. (16.27) as

i W r
T T - % - (16.29)

T}‘;c mean vIscous stress, T,,, is related to the mean velociy through the
constitutive equation for a Newtonian fluid, which simplifies to

bl dl;;
L {16.30)
Thc Reynolds stress, 117, is expressed in terms of the Prandil mixing length
Eq. (16.25), as .
d,
dr

d:z
dr
The mixing length, ¢, is required to be a function of distance from the

wall, so it s convenient to locate the origin of the coordinate system at
the wall, r = R, We therefore define distance from the wall, ¥, as

T o plt (16.31)

o= R — F L!)' == '—df (E632)
Equations (16.29) through (16.32) then combine to
o, \* dv,
£t (__ E - gl S e 2.
p dy) F s (t R)r, - 0 (16.33)

Wc have removed the absolute value sign by assuming that the flow is always
i the positive z direction; in that case, dv,fdy is always positive. Equation
(16.33) is a first-order, nonlinear, ordinary differential cquation for ».. The
boundary condition is no-slip, v, = 0 at ¥ == 0. Note that a solution c'annot
be obtained until the functional dependence of £ on y is defined.
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1 6.4:7 Turbutence Variables

Turbulence analyses and data are traditionally reported in terms of a
special set of dependent and mdependent vartables. These turbulence vari-
ables arise naturatly when one examines the important physical processes and
scales g pesteriori, but they may appear a bit strange on first exposure. We
shall use the traditional variables here in order 10 retain consistency with the
turbulence literature, fully recognizing that introduction of new v.grmb!c: at

this point might provide some initial difficulties. | .. S LN
It is customary to replace the wall shear stress with the fm tion ve.’uuty
u,, defined as it e
Ty e ‘/F- (16.34)

I we substitute the pressure gradient for 7, using Eq. (16,28}, and introduce
the Fanning friction lactor, £q. (3. 6} the friction velocity s equivalently
defined as 7 . .

(*’->\/'Jz'f' At (16.35)
Here; j;ls the {riction fat.tor and <2)J:5 the average w.louiy, defined as the

{low rate dmdcd by the pipe cross- sectional arca..
The time-averaged axial velocity 1s made dimensionless with respect to

(16.36)

The dimcnsiénfcss pipe radius, R,, is then
R, = R(P_‘{:) wre L (16.38)
7 8
Here, the Reynolds number, Re, is based on pipe diameter, Eq. (3.5). Simi-
larly, the dimensionless mixing length, £, is

(. = c(l’_"i‘:) (16.39)

Example 16.7

Estimate the range of u, and y,.
We will take Rc == 10 for the calculation. From Fig. 3-1 or Eq. (3.10), we
find that f is approximalely 4.5 x 1072, and (/f/2)'/? is a bit less than 0.05.
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Thus, from Eqg. (16.35),
i k] 1
Re — 10 B BpC. 2
c W, 0.05 <"'> 20{“,}

The maxunum velocity in turbulent flow will be about 209 greater than the
mean; compare Fig. 6-7. Thus, r, will reach a value of about 24 at the centerfine
for Re == 10!, At Re == 107 the friction factor drops to 2 x 1077, and in that
casc u, will reach a value of about 38 at the pipe centerline.

The maxtmum value of y, in a pipe is given by R,. From L£q. (16.38), for
Re = 10 and f == 45 % 1073, R, = 7.5 x 13*. For Re = 107, =22 % 1073,
and R, = 1.6 x 103, '

16.4.3 Velocity Profile

Equation (16.33) for the time-averaged velocity can be rewritien in terms
of the turbulence variables as

du du, T
% (d'y',) e (I IO (16.40)

+

The equation is a quadratic for du,fdy, and does not involve u, ; 1t can be
solved explicitly for du, fdy, 10 yield

du, VA4 CFJRY)
dyt o T Myt Sl (16.41)

This can be integrated from p, = 0, where the no-slip condition requires
u, = 0,10 yickd

I AE N CIE (16.42)

An alternative form that will be helpful 13 to integrate from the centerline,
Y. = R,, 10 yield

u oty o | j 1 «ZLJJJ’“ CVARY b (16.43)

|

U, mex 1s the maximum dimensioniess velocity, which decurs at the centerline.
Note that in Egs. (16.42) and (16.43) we have used the same symbol, y,, for
the limit of integration and the dummy variable. This should cause no diffi-
culty, since the integration limit does not appear in the integrand.

Equations {16.42) or {16.43) cannot be integrated until we have specified
the functional dependence of the mixing length on the distance from the
wall. Available experimental data, which we shall discuss subsequently,
suggest that £, is g unigue function of y,, and further that £, is of the order
of y,. Prandtl hypothesized that £, is proportional to y,:

Prandtl: ' £, = xy, {16.44)
This relationship works quite well for y, greater than about 30, with x == 0.4,
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but it greatly overestimates the value of £, closer 10 the wall, where the sohid
surface hinders the mixing mechanisms. Van Drest, in 1956, found that the
available data except near the pipe centerline were fit by a form
: i

Van Driest: * £, == xy, [l — exp{—y./4)] (16.45)
with x == 0.4 and A = 36. This approaches Prandil’s equation for y,
greater than A. The integration can be carried out numerically for a given
function £,. but it is more useful to consider analytical retationships that are
derived from asymptotic equations in the following sections.

16.4.4 Universality

The only way in which the process length scale enters the integral for the
velocity profile, Eq. (16.42), 1s through theterm | — y [R,. Aslongas y, is
small compared to K, we may neglect y. /R, relative to unity. From Example
16.%, the ratio y. /R, will be ncgligibtd for ¥, upto about 10? for Re = ¥
and up to about 10* for Re — 107, When y, is small compared to R,, we can

write Eq. (16.42) as '
y. € R, = Re/f]8:

e Jrran o, dr
umj S e = 2 T T A

9

(16.46)

Equation (16.46) involves only distance from the wall, and thus it can be
cxpecied 10 apply to gny sieady turbulent flow necar a wall, not just flow near
the wall of a circular pipe. We are thus led to the notion of a universal velocity
profile, where measurements from a variety of Hows should coincide when
plotted in the form of 1, versus y,.

16.4.5 Viscous Sublayer
)

If we are willing to start with the hypothesis that the mixing lengih is of
the order of the distance from the wall, then we can obtain the veloeny profile
directly adjacent to the wall without any further approximation. Close 1o the
wall we have y, < R,, so the starting point 15 £qQ- (16.46). For £, <}
{which corresponds to y, & 10 if we use the empirical Van Driest relation for
.. Eq. (16.45), with x = 0.4 and A = 36}, the term {1 1 4L i close to
unity, and we can write Eq. {16.46) as

(€1 u, = J"(; 4 order of {3)dy, =~ v, (16.47)
o

The same resuft can be obtained divectly from Eq. (16.40). The Reynolds
stresses must go to zero al the wall, so the viscous terms must dominate there.
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'l;]hus,. the turbulent stress term, pf3{du, }dy ), must be negligible refative to
the viscous stress term, du,fdy,. In that case, together with the fact that
¥.[R, < I, we can write Eq. (16.40) as

|
adjacent to wall: du,
j 2 i (16.48)
which, of course, has the solution u, = Yo
ad.'B.cczzlusq: of the vdomination of the viscous stresses, the region dicectly
_ _]d(,cpl_lo the walhis ?mown as the viscous sublayer. The lincar velocity profile
15 reminiscent of laminar plane Couette flow, and this region is sometimes

called the laminar subla , L _
avoided. yer, but the name is misleading and should be

16.4.6 Turbulent Core

rm:;:hza\:ar;:)\; osla;n a solution for the ximc-uvcragcd velocity profile away
fron . 43. : > L and y, 3 10. The most convenient starting point here
: q. ( 43). For £, 1, as long as y, < R,, thg square root term is
apprgxrmzucly equal to 20 {1 — p, /R, which is, in turn, lar

10 unity. Thus, we can write , e compared

AP - JTRROI = Ry~ 20,00 - p RN (16.49)
Equation (16.43) can then be written

o u, =~ I U N
Uy B Uy i f ~%-7+—’-’---2-7 dy, (16.50)

. E;qfuationh(!(;).SO) also follows directly from Ey. {16.40) if we assume that
ay from the lammar sublayer the turbulent siress i i

. sses dominate the vise
stresses. In that case the term du,/dy, can be neglected 1n Eq. (16 4015(-0'.JS
Eq. (16.30) then follows. (100, end
e \IF:::: shaii_ ha\fc !E specify u form for the mixing tength in order to carry out

cgration 1n Eq. (16.50). Following the h Sk

‘ Eq . ypothesis of Prandil, we shall
x:ls;:uglc H;gt;hc ;uxmg length is proportional to distance from the wall and
; q- (16.44), £, = xy,; the Van Driest relation, Eq. (16.45), is equivalent
or y, 2> 4. We therefore have ,

c+>> ],‘; = Ky, o, = _— ..(t - f.'!R 1/
+ U, max : _,Lm.ﬁ;’_;_i.)_,ﬁ d}’, (]651)

The integral can be evaluated analytically to yield

2 L TR JTT L1 VTR
+ . + +, ohak —— . 3 l ——En - ,/R'
X R, X [ I — y./R, (16.52)

Equati .
quatton (16.52) contains two constants, x and H, aas; the former should
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be independent of flow conditions if the constitutive hypothesis regarding £,

1s correct, while the latter will decind on flow condittons. The equation cans
not apply in the region immediately adjacent to the wall, because the loga-
rithmic term becomes unbounded as y, - 0.

The comparison with experimental data is made easiest by considering
the region away from the pipe centerline, say y, /R, < 0.5, In that region we
can approximate the square root as

and write Eq. {16.52) as

LA G T -!—iny fl-[.-g——wlwintﬂ{ i u 1
+ + K + K [ ¥ +, max

4 order of (¥,/R,)

Equation (16.54) suggests that experimental data should be plotted as u,
versus the logarithm of y,. Figure 16-2 shows data of four Investigalors over
a three-decade range of Reynolds numbers, pletted as u, versus y, on &
base 10 logarithmic scule {(In p, = 2.303 tog,e »,)*. Data for y, less than
about 20 are very difficult to obtain because of the proximity to the wall. ltis
evident that «, is nearly lincar in log p, over three decades of ¥.- The daa
are fit by the straight line

Yo 10w, = 575 og p, 1 5.5 25y, | 55 {16.55}

It then follows from comparison of Egs. (16.54) and (16.55) that x and
U, o.. are given by

x==04 {16.56)
U, wae = 2500 Re/ T | 137 (16.57)

The constant x - 0.4 validates the assumption that, outside the viscous
sublayer, £ is of the order of the distance from the wall. Note that Eq. (16.35
does not involve the macroscopic scale of the process, and thus it should
apply universally to all turbulent shear flows near a wall. Equation (16.57)
cannot be expected to provide a very good value of the centerline velocity,
because we have excluded the centerline region in evaluating the parameters.
Note that if Eq. (16.55) is extended to the centerline, it does not give a zero
gradient. Nevertheless, the equation fits experimental data over nearly the
entire pipe cross section, although there is an apparent tendency for the data
to lie above the logarithmic profile at the largest values of y, for each set.

*The dashed horizontal lines on Nikuradse's data indicate 2 discrepancy between his
tabulated and graphed results. The difference is important onfy at small vafues of y,.

(1654 1
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Flgure 16-2. Turbulent mean velocity profile data, plotted as 1, versus y,,
compared with Eq. (16.55).

Example 16.2

Estimate the centerline velocity using Eq. (16.57).

We shall take Re == 0%, for which f == 0.0045. 1t then follows from Eqg.
{16.57) that v, .. = 23.4. From Example 16.1, &, = 200, /¢, at Re = 10°
30 ¥ max = 117¢ . This agrees reasonahly well With the value o, ., ==
1.23(v,> for the data in Fig. 6-7.
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16.4.7 Sublayer Thickness

We now lave two asymptolic equations to describe the velacity profile,
Eq. (16.47) for the viscous sublayer and Eq. (16.55) for the turbulent core:

sublayer: w, -+ p, {16.47}
core: w, =25Iny, + 55 (16.55)

There is clearly a transition region between these two asymptotes, as can be
seen in Fig. 16-2, so the thickness of the sublayer cannot be defined unambigu-
ously, but it is useful to think in terms of the two regions. We therefore define
the thickness of the viscous sublayer as the point at which the two asymptotes
intersect. We will call the sublayer thickness 8,.; we then obtain §,,, by
equating the right-hand sides of Egss (16.47) and (16.55):

&,, = 25Ind,, i 55 {16.58a)
This equation has a solution
5. = 116 (16.58b)

Some authurs define three regions, including an intermediate region
between the sublayer and the core. In that case the viscous sublayer thickness
is about 8,,, =~ 5. The difference is unimportant.

| Example 16.3

Esumaic the fraction of the pipe radivs occupied by the viscows subliayer.

We have 8,,/R —~ J,,./R,. At He = 107 we found in Example 16.1 that
R, =75 ¥ 10> With §,,, = [1.6, we therefore find that 5, /R = 11.6/7.5
* 107 = 1.5 x 1073 The fraction islcvcn an order of magnitude Tess at Re =
107, where R, — 1.6 x 105

16.4.8 Friction Factor-Reynolds Number
Relation

Now that we have un expression for the time-averaged velocity in turbu-
Jent pipe flow we can compute the relation between the friction factor and the
Reynolds number. We first express the average velocity in Eq. (16.35) in
terms of an integral over the cross section and write

u, - :{;(E) = JZ L J" 2arp, dr {16.59)

o

We now write u, = »,/u,, Eq. (16.36), and rearrange £q. (16.59) to

JE=2[ 2 " & d 16.60
_ 7 =51 T dr = 7 (R — yyu, dy (16.60)
<3 0
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v

The second equality in Eq. (16.60) is obtained by the substitution y - R - r
dy = — dr.

To carry out the integration indicated in Eq. (16.60), we should break
the integral up into three parts and use u, = p, from y = 0 toy==24, the
logarithmic velocity profile from ¥ = 4,, 16 a point about midway to the
centerline, and a function characteristic of the centerline region velocity over
the remainder of the radius. In fact, the viscous sublayer is so smalla fraction
of the pipe radius (compare Example 16.3) that there js neghigible error
involved in simply using the logarithmic profile right up 1o the pipe wall and
ignoring the correction in the sublayer; the logarithmic singularity at y == 0
causes no problems in the integration. Similarly, the error in using the
logarithmic velocity profile right up to the centerlipe is not large, and the
error is further minimized by the radial weighting of the integrand in Eq.
(16.20); the largest error is at the centerling, where R — y goes to zero. Thus,
for computational simplicity we replace 1, by Eq. (16.55) and rewrite Eqg.
{16.60) as

J% - %J; (R y}251n y, | 5.5)dy
1 (16.61)
zf (- 5)(2.5 InE 1551 25 RCJ{.) oE

The second equality follows from a change of variables from y 1o § ~ ¥R,
together with £q. (16.38), R, = Re./Fj&. o

The quadrature in £q. (16.61) is straightforward. as long as it is recalled
that the limit as € goes 10 zero of ¢ In ¢ 15 zero. The final result is

7’7. = 18I Re /7~ 0.60 = 4.1 log,, Re /T — 0.60 (16.62)

The experimental data are fit betier by shightly adjusting the coeficients 1o

:./‘7. =17 Re /7 - 040~ 40tog,, Re /[ - 040 (16.63)

Equation (16.63) is the von Kdrmiin- Nikuradse equution, which was first
introduced as Eq. {3.12). This equation is the line drawn through the turbu-
lent flow data in Fig. 3-1 and fits all available data for smooth pipes.

16.4.8 Rough Pipes

In a rough pipe the turbulent fuctuations will be damped by the surfuce
roughness. If the viscous sublayer extends into the flow beyond the surface
roughness, the flow should be like that in a smooth pipe. If 8, = 12is closer
lo the wall than the deepest penctration of the surface roughness, however,
then the turbulent eddies will be damped o a greater distance from the wall
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than in a smooth pipe. In that case the logarithmic profite in the turbulent
core given by g, (16.54) can extend only to the vicinity of the edge of the
surface roughness; that 1s, we expect the logarithmic profile to intersect the
straight bine », — p, when p := Kk, where & 18 the roughness parameter intro-
duced 1n Sec. 3.5.2. This leads to an intercept that is different from the 5.5 in
Eq. (16.55) and to a friction factor which depends only on &/ D and i3 inde-
pendent of Re, as found by Nikuradse at high Reynoids numbers; compare
Figs. 3-6 and 3-7. The detauls of the development are leflt as a problem.

16.4.10 Blastus Equation

i
Turbulent velocity profiles are often correlated empitically by power
equations of the form

e (J’ )" (16.642)
or, equivalently,
L m t )m 1 2) ( ¥ )"’ (16.64b)
Co 2z R
s usually in the range Jy <2 m ~2 k,’wnh a value of m — § often used 10
approximate behavior over several decades of Reynolds number, A typical

plot is shown in Fig. 6-7 at a Reynolds number of about 105,
Equation (16.64) can be written in terms of usual turbulence vaniables as

LG Dm 3 Dy N7 m L D L DT s
PG 2 (R,) 2 Rem(/f]8) (16.69)
This equation cannot be valid all the way to the wall, since, like the loga-

rithmic profile, it gives an infinite wall stress. If we match i to the viscous
sublayer w, — y, at y, = 4,,,, we oblain

_f oz (__‘I_!_[){___ ”__‘_3.).‘3_ et 6
(5,.”\/2 RE 2 Rc"‘(,\/f,"g)m (16. 6}
Or

= {['('31__}___*)(1?_'. 4 .2)\[§2f§:i‘}”‘"'”5:,=.~'“~~ ”} Re 2m/mr i (16.67)

For m = I we have

mo= bt f = 358731 Re" V4 (16.68)
This 1s the form of the empirical Blasius equation, Eq. (3.10),
J = 0.079Re™*/* {16.69)
fn that case we must have
8, - 12,6 (16.70)
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which is essentially the same as the sublayer thickness found with the loga-
nithmic profile, Fy. (16.58).
It is interesting to note that the relation
o 2\/‘[ (16.71)
15 a good approximation 1o available data on both smooth and rough pipes.

This gives only the exponent, however, and not the value of 8
be of order R, k[R in rough pipes.

which will

IR

16.5 TURBULENT BOUNDARY LAYER
OVER A FLAT PLATE '

Turbulent boundary layers are analyzed by means of the integral momentum
method. It s readily established that the Reynolds stress terms integrate 1o
rero and Fq. {15.44) applies to the time-averaged boundary fayer equations
over a flat plate at zero angle of incidence as long as we wse v, i place of v
We can therefore write

i dar
T, - ijJ; v (U —w)dy (16.72)

We shall use 4,, to denote the boundary layer thickness in order to avoid
confusion with the sublayer thickness.

It is inconvenient to perform the integrations in Eq. (16.72) using the
logarithmic velocity profile. The one-seventh power cquatton is an adequate
approximation and aflows the integrations to be carvied out casily. The
maximum velocity is the free stream velocity, U, at y = 8,,, so Eq. (16.64a)

with nr = } 15 written
o 7
7= a6
[ IR

If we neglect the viscous sublayer and assume that Eq. (16.73) applies right
up to the wall, Eq. (16.72) is written

o f [T () o e s

We need an independent expression for 7, in terms of 8,,. Equation
(16.73) cannot be differentiated at the wall 10 provide the stress because the
equation does not apply right at the wall. However, the one-seventh-power

equation can be wrilten _
u, = constant {y, )*/7 {16.75a)

and the requirement that », = y, at y, = §,,, = 12.6 fixes the constant at
{12.6)*7, or 8.8:

u, == 8.8yl (16.75b)
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At the edge of the boundary luyer, where w, = Ufu, and y, = pudg /1, we
then have

U Piiy 1T
Lo s_s(_q_a,,,) (16.76)
and setting uw, < (7./ )"}, we obtain an eguation for 7,.:
4
T = pub = 0.022pU - )
pul Ui (16.77)
Equattons {16.74} and (16.77) combine to give an equation for d,,:

174 dé B 1/4

Gy S0k - 023 (p’l?j) (16.78)

The equation can be integrated directly 10 yield

where x,, is the position of transition from a laminar to 2 turbulent boundary
layer, and &4,(x,,) Is given by Eq. (15.32) with Re, equal 10 about 2 x 10%
The four-fifths-power dependence of boundary layer growth is a very dif-
ferent paitern from that of a laminar boundary layer and results in markedly
different heat and mass transfer characteristics.

16.6 ENTRY LENGTH FOR TURBULENT
FLOW

It is instructive 1o repeat the entry lengih calculation in Sec. 15.7 for turbulent
flow. We set dy, == Df2, the pipe midpoint, and x = L_. Equation {16.79)
then becomes

9- . g 1/3% o
G~ 0_37(}5{7) L (16.80)

ar

1/4
%;z ;_4(2%9) == |4 Ret/ (16.81)

This resull 1s quite insensitive to Re. For Re -« 10* the estimate is L,= 14D,
while for Re == [0* the estimate is L, = 140D. The experimental rule of
1humb for turbulent entry lengths, Eq. (3.14b}, is L, = 40D, wiich is con-
sistent with this calculation.

16.7 CONCLUDING REMARKS

Time- averaging, with the mixing length theory for the Reynolds stresses,
provides considerable insight into the structure of turbulent shear flow. The
concepts of the viscous sublayer and the logarithmic core region provide
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wseful estimates of the scales over which phenomena oceur and the functional
forms to be expected. :

Time averaping must lose much of the information about the physicad
processes that is contained in the full fluctuating equations, and the resulis
obtained in this chapter give only the broadest picture of turbulent flow.
Much effort has been expended in measurements and analyses of the struc-
ture and spatial variation of the random processes that characterize turbu-
lence. Modern turbulence theory is closely related in method to the statistical
mechanics of dilute gases that is studied in advanced courses in physical
chemistry.
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PROBLEMS

16.1. Starting with Egs. (16.23}, and without making any specific assumptions about
the form of the Reynolds stresses, derive the velocity profile for pressure-
driven turbulent flow between parallel planes. Express your solution in the
form of a deviation from the parabolic profile:

R (i‘,’)ZJ % qﬁ(y,(}:, S ()

Show that ¢ == 0 at y = 0, H4/2. Can you also show that ¢o-0for 0y

< Hf2?
16.2. Von Karman suggested that the mixing length should have the form
do.jdy
[ AT T I S i
drv fdy?

Show that this form leads to the logarithmic universal velocity profile for
y/R < 1. (Hint: Tt is easier to solve this problem by working backwards
from the solution.}



328 Chap 16 hisbulence

£6.3. [n a pipe with uniform roughness &, the velocity profile in the turbulent core
15 found to have the tonm

[T -:E!n(y//l‘) | C

where Cis a constant and x = 0.4}

a) Justify the fact that & has the same value in both smooth and rough pipes.

b) Obtain the friction factor-Reynolds number relation, and evaluate C by
comparison with the Colebrook formula, Fq. (3.37).

€} This resubt can be expected to apply only when &, = kpuJfq > 12,
Explain, and compare to the estimate obtainuble from the Colebrook
formula,

16.4. Muliiply the v-component of the Navier-Stokes equations by v, and time-
average the rosulting equation. Show that this technique, applicd to cach
component cquation with each component of the velocily fluctuation, results
in a sct of cyuations for the Reynolds stresses. Describe the problem of solu-
tion of these equations, and (if you have studied statistical mechanics in physics
or physical chemistry) relate the problem 1o the “closure problem™ in classical
statistical mechanics.

16.5. Derive Bq. {16.72) 1or the integral momentum method for turbulent boundary

layers. ‘

Perturbation and -' 7

Numerical Solution

17.1 INTRODUCTION

It is somctimes necessary to oblain solutions to the Navier Stokes cquattons
for conditions that are outside the ranges of applicability of the approxima-
tions in Chapters 12 through 15, or for geometries for which analytical
solutions cannol be obtained even if the approxtmations do apply. Two
approaches arc commonly used, perturbation methods and numerical solu-
tion. Both procedures are time consuming and limited in scope.

We shall provide brief introductions to both approaches in this chapter.
The purpose is simply to illustrate these means of extending the analyst's
ability to obtain solutions to problems in luid mechanics. A full trcatment is
beyond the scope of this introductory text. Section 17.3 on numerical methods
does not depend on Sec. 17.2 on perturbation methods and can be read
scparately.

17.2 PERTURBATION SOLUTION

17.2.1 Comections to Creeping Flow

We will itlustrate perturbation solutions to the Navier-Stokes cquations
by considering steady flows for which the Reynolds number is small but
nonzero. We will suppose that a creeping flow solution exists and that it
applies over the entire flow field,

379 '
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The starting point s the dimensionless steady-state Navier Stokes equa-
tron, Fq, (12.1), which we write 1n the form

Re¥ -V | 0@ . V¢ -0 (7.1)

We assume that the solution can be expressed as a power series in Reynolds
number,
-9} Re®'" | Rel®l 4 ... (17.2a)

F v ReP | R (17.26)

The dimensionless functions ¥, §0, g Fo P P aree of arder
unity. Substituting into Eq. (17.1) and grouping terms by the power of Re
then gives

Re® [Q@um . Vzvtml 1 Ret [910) . vvum -t v(})n) _— VIVIN}

(17.3)
| Ret [qlm_vg(n P ST v 310 i v@'l"AVZV'“] N '

Equation (17.3) 15 a power series summing to zero that must be valid for
arbitrary (smally Re. Thus, the cocflicient of cach power of Re must sepa-
rately equal zero:

Red: Qe | ¥ 2 0 {17.4u)
Re': - 9@ Trgo oo go L Qo {(17.4b)
Rel: - ¢ f O\{vu) I TEYI v T T AL Ty (17.4¢)

Equation (17.4a) is the cquation for creeping flow, Eq. (12.3). Equation
{17.4b) is a finear equation for the first-order correction term, with a forcing
term depending on #'°". Each successive equation is linear and depends only
on the preceding solutions.

The normalization for cach order of solution 15 the same, so we can
rewrite Eqgs. (17.2) and (17.4) in dimenstonal form, which is sometimes more
convenient for actual solution: '

v = v | Rev' | Relv'™ § .. (17.5a)
@ = % 4 Re @'V |- Re? O | .. {17.5b)
Re®: V& § gViv® = O (17.6a)
Re': V@D | gVivi? = py® o Tyt® (17.6b)

Rcz: — Vﬁ)ll) i ’?VJ.‘.(M - p[‘.(O) . Ve { vy . Vvlm] ([76(3}
It readily follows that the continuity equation becomes
Vev? =0 0,12, ... (7.7

The boundary conditions must alsoibe expanded in Re and applied to the
appropriate order terms,
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17.2.2 Flow Between Rotating Disks

A creeping flow solution to flow between rotating disks was obtained
Sec. 12.2. The configuration is shown in Fig. 12-1. The zero-order solution is
given by Egs. {1211} and (12.12):

z .
vj” = rﬂ(l - -ﬁ) {17.84)

v = i =0 @ = constant {17.8b)

The first-order equation, Eq. (17.6b), is obtained by putting the z¢ro-order
solution into the left-hand side of the Navier-Stokes equations and writing
the right-hand side for the first-order solution. We assume that there is no &
vartation. From Table 7-7, we then obtain

. N N z Z . d(p(n d 1 6 d”ni” .
r prz(! H) = "3;— in k'&r( ;o rvf") i u(;li ~J (17.94)
N N oty '
9 0. ”Lar(?" 9 ,) + %ZZJ (17.9b)
; _ oo 1ody anv gralty
£0- =T () 02t (87.9¢)
The first-order term for the continuity equation is
tL}
,Lg;f”’i”) y 33;_‘ S0 (17.10)

vf® satisfies the boundary conditions for no-ship at the upper and lower
plates, so v§'", v§, .. . must be zero at both plates. Similarly, v, p'2!, we,
v, . . must be zero at both surfaces,

It readily follows from Eq. (17.9b) and the zero boundary conditions for
v§"? that 25" = 0. The remainder of the solution is obtained by assuming that
v, is a function only of z. The continuity equation can then be integrated 1o
give v’ in terms of vV

dot?

pUt e L et (7.11)
' 2 dz )

Equations (17.9a) and (¢} then become, ftspcc:ivcly,-

2 oz 1 B F; [vals rodret

prid (; _ﬁ) = T 4 St (17.12a)
a(‘ptl) dl "E”
St (17.12b)

We see from Eq. (17.12b) that 30%/dz is a funciion: only of z, so @ must

be a sum of r- and z-dependent terms. Thus, d0*/dr must depend only on r.
i



332 Chap. 17 Pertuibation and Numencat Selstion

Each of the other terms in By (17.12a) is proportional te r, 50 804/ dr must
be of the form

W e (17.13)
Equation (17.12a) then simplifies to
SENEE H
T pQ’(l ;}) -, (17.14)

Equation (17.14) can be integrated three times. The no-slip condition
requires that #88 and dnf*'fdz be 7ero at z = O and 7z = M the derivative con-
dimion follows from Eq. (17.11). We thus obtain

3
- 17.15:
)] s

P = Pfggf’f} 4(1 i{)l . 6(1 — ;{)1 2(1
eIy 3 S 5]
7 L.

o' is then obtained from Eq. (17.11):
The velocity ficld can thus be written

| ng

v, ,Q(l ~ 2} 1 order or(t?ijlf?)’ (17.162)

L L S R G S S
{ order of (p”lﬂ)l

, pmn HQL 1 | 6(! B ';’_): § 2(, ;{)’] _—

1
4 order of (‘_’ifﬂ)

We shall not carry the expansion out any further. The next term in v, s
sccond order in {pH*Q)/p). while the next term in v, and v, is third order. The
v, and v, terms describe a radial secondary flow superimposed on the primary
circular streamlines, with inflow along the upper (stationary) plate and
outflow along the lower (rotating) plate, The secondary flow could play a role
in parallel plate viscometry. This point is discussed by Savins and Metzner,
who present data that are well described by Egs. (1716},

17.2.3 Comments on Penurbation Methods

The procedure outlined here is tedious, and solutions are rarely carried
beyond first- or sccond-order corrections. While it reduces the original non-
lincar problem 1o a sequence of lincar. problems, even these linear problems
can rarely be solved in complex geometries.
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Only regular problems can be solved by the s%raighlt’orward CXPANSION
method. Regularity requires that the highest derivative be retained at each
order and that the lower-order solutions be uniformly valid over the entire
flow regime. We noted in Sec. 12.3.4 that the crecping tlow solution for flow
past a sphere is not self-consistent at large distances from the sphere surface.
A first-order correction to this problem cannot be obtaied from tiq. (17.7b)
by substituting the Stokes flow solution for v'*, and special techniques must
be used. This apparent paradox regarding flow past a sphere was one of the
reasons for the development of the modern theory ol matched asymptotic
expansions. The material in Sec. 1.8 on singular perturbations is relevant
to thes topic, which requires different perturbation expansions in different
regions of the flow field.

17.3 NUMERICAL METHODS

17.3.1 Finite Differences and Finite Elements

Numerical methods are approximate procedures by which dafferential
equations are represented by a set of algebraic cquations that define the
process variables at discrete points over the flow ticld. The solution to the
algebraic cquations then provides an approximate sotution to the differential
equation. Most numerical methods for solution of the Navier Stokes cqua-
tions use cither finite differences or finite elements.

The underlying idea behind finite-differcnce methods is deceptively
simple. Suppose that the p coordinate extends from rero to ff, and we break
i into a grid with N points. The grid points are thus spaced & distance H{N
from one another. We can cstimate, say, the derivative dv,/dy at the ath grid
point by

dv, ~ Pafat (7 i Dist grid point) — v, (at mth grid point)
dy HIN

(17.17)

We carry out a similar process for all derivatives. In this way all derivatives
are expressed in terms of values of the function at neighboring grid points.
By doing such finite differencing at each grid point we obtain a set of alge-
braic equations that must be solved simultancously.

Because of the complexity of the Navier-Stokes equalions the finite dif-
ferencing must, in fact, be done in sophisticated ways that would not be
obvious to someone inexperienced in numerical computation. The difficulties
involve numerical instability and convergence. Instability is the tendency of
numerical approximations to “blow up™ even though the physical flow is
stable. Convergence is the requirement that the numerical solution approach
the true solution to the Navier-Stokes equations as the grid spacing gels
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closer and closer. Note that a large grid spacing means a poor approximatlion
10 the derivative, while a very close giid spacing can lead to computer round-
off problcns.

Very few threc-dimenstonal finite-difference solutions of the full Navier-
Stokes equations have been carried out. I each coordinate direction requires
10 grid points for an adequate approximation, for example, then each equa-
tion must be written in finite-difference form at each of ene thousand points
in the three-dimenstonal grid. This méans solution of 4000 coupled nonlinear
algebratc equations for a complete solution. Clearly, problems of computer
time, storage, and accuracy are important considerations.

Fintte-element methods represent a different approach in principle to
numerical solution, although the magnitude of the ultimate computational
problem will be about the same as for finite dferences. Here, the spatial
region ts broken up 1to a number of smaller regions, usually triangutar in
shape. The solution is approximated in cach triangle by a function of specitied
form but with unknown cocfficients, usually using the method of weighted
residuals ; this method is briefly introduced in Sec. 9.6 and is a generalization
of the mtegral momentum method deseribed in Secs. 9.5 and 15.6. The
integration over cach volume, together with the requirement that the veloc-
itics and stresses be continuous on adjacent elements, gives rise to the

algebraic equations for the coefficients. Velocities are usually approxamated
i each element by quadratic functions and stresses by linear functions.

Rather general fimte-clement programs exist, and they enable the use of
small triangular elements in regions where rapid changes are taking place and
large clements in regions where there 1s bttle change, The programmmg logic
for a comparable uneven grid spaciag in a finite-difference solution 1s far
more difficult, although it is possible. Much has been made in the hterature
of the differences between finte-element and finite-difference methods, but
1n {act the diffcrences are more apparent than rexl. Basic finste-element and
finte-difference schemes lead to the same algebraic equations for solution
of Laplace’s equation {Eq. (14.8)} in a rectangular region, for example. The

finite-clemenl method probably has an advantage i terms of versatility in
the application of onc computer code to a vartety of problems.

In the next several sections we will show some numerical solutions to the
Navier-Stokes equations in order 1o give a flavor of this type of solution,
No details are included.

17.3.2 Flow Between Rotating Disks
i
A finite-difference solution of flow between rotating disks 15 shown 1n
Figs. 17-1 and 17-2 for disks with radii equal to twice and 10 times the spacing,
respectively, at pH*(/n —~ 1. The geometry is shown in Fig. [2-i. The com-
puted # component of velocity never differs from the solution given by Eq.
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Figure 17-1. Incrual secondary flow between rotating disks, K/ . 2.
Reproduced from McCoy and Denn, Rheol, Acta, 10, 408 (1971), copy-
right by Dr. Dietrich Steinkopff Verlag, by permission.
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Figure 17-2. Inertial secondary flow between rotating disks, R/# = 10
Reproduced from McCoy and Denn, Rheol. Acta, 10, 408 (1971), copy-
right by Dr. Dictrich SicinkopfT Verlag, by pcrmis;iion.
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{12.11) or (17.8a) by more than 1%, The inertial secondary flow is shown in
the figures as the projection of the velocity vector on an rz plane. The sizes

of the vectors are scaled to represent the refative magnitude of the velocity.

* The secondary flow consists of a single eddy, with outflow along the lower
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{rotating} plate and inflow along the upper (stationary) plate. For disks with
radii greater than five gap spacings, the secondary flow is well represented by
Eqgs. (17.16) unnl just before the outer edge, where the secondary flow must
turn around. The perturbation solution does not account for the finite
radius of the disks and contains a source and sink of fluid at infinite radius.
The solution shown here ts incomplete in that the problem was solved 11 a
rectangular cross-sectional plane, with the free surface constrained to be flat.
The free surface will, in fact, adjust 1o a curved shape in order to allow con-
tinuity of the normal stress at the mterface. An estimate of the surface shape
can be obtained from the radial stress variation, and the process could be
repeated ieratively until the assumed and computed surface shapes agree.
This type of aterative calcutation ts difficult with finite-diflerence methods.

17.3.3 Flow Through a Contraction

Flow through a plane contraction ts shown schematically in Fig. 10-1.
A fOnite-difference solution to the creeping flow equations in this geometry
is shown 1n Figs. 17-3 to 17-6. The flow is between two regions of fully devel-
oped Poiseuille flow. The numerical technique used here 15 one that exploits
the lincarity of the creeping flow equations 1n order 10 express the solution
entirely in terms of integrals over the boundary of the region, so the spatial
grid is only over the solid boundary &nd the fully developed cross sections.
The upstream and downstream boundaries were taken at one large and small
channel spacing, respectively. |

The streamhines and values of the stream function are shown in Figs. 17-3
and 174 for a 5:1 contraction with entry half-angles of 90° and 45°, respec-
tively. There is a weak recirculating corner eddy for the 907 contraction whase
approximate center is located along the dotted line in Fig. 17-3; the numerical

050 4 2.5
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Figure 17-3. Streamlines for flow througha 5:1 plane contraction, a == 90°.
Solid lines are the numerical solution, dashed lines are Hamel flow, Sec.
10.4. After Black and Denn, J. Noa-Newlonian Fluid Mech., 1, 83 (1976},
copyright by Elsevier Scientific Publishing Co., by permission.
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Flyure 17-4. Sireambings for flow througha 5:1 plane contracton, a = 45°,
Selid lnes are the numerical sofution, dashed lines are Hamed flow, Sec.
10.4 Reproduced from Black and Denn, J. Non- Newtonian Flald Mech. 1,
83 (1976), copyright by Flsevier Scientific Publishing Co., by permission.
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Figure 17-5. Velocity profile at entrance 1o downstream channel in a $: 1
planc contraction. Reproduced from Rlack, Denn, and Hstao, in Theoretical
Rheology, Applied Science Publishers Ltd., Barking, Essex, England, 1975,
by permission.

precision is inadequatc in that region to get a better definition of the cddy.
There is no recirculation for the 45° contraction.

The straight dashed lines in the figures are the correspondmg streamlines
obtained from the Hamel flow, Sec. 10.4. The Hamel flow approximation is
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Figure 17-6. Fniry losses in §5- 1 and 2: | plane contractions as a function
of entry angle. Reproduced from Black, Denn, and Hsiao, in Theoretical
Rheology, Applicd Science Publishers L., Barking, Fssex, England 1975
by permission.

adequate over much of the converging section for the 45° angle, but it s
quite poor for the 90° contraction. This is because the Hamel flow solution
cannot account for the recirculating region in the corner, which moves the
streamlines closer to the center of the channel,

The axial veloctty profile at the entrance to the downstream channel is
shown in Fig. 17-5. The fully developed laminar profile is the parabola grven
by Eq. (8.15). Evidently. the flow is nearly fully developed before it enters the
downstream section, even fur the large contraction angles.

The entry losses are shown in Fig. 17-6 for contraction ratios (CHofl2:]
and 3:1. The entry foss is defined here as the additional power beyond that
required for fully developed laminar low in the upstream channel followed
by fully developed taminar flow in the downstream channel. The result is also
given in terms of equivalent lengths of downstream channel. The insen-
sitivity of the cntry losses 1o angle of convergence is observed in practice.
The similarity in shape to Fig. 10-7 should be noted. The relevant equation
here 1s Eq. (10.62}, and in order to put the two figures on the same basis, the
scale on Fig. 17-6 should be divided by Ci/4(CL — 1), In that ease the curves
for the two contraction ratios are close o one another and 30 to 409/ below
the curve for P* in Fig. 10-7. The velocity profile development evidently
leads 1o lower entry losses then would be expected if Hamel flow occurred
over the entire contraction region.

17.3.4 Free Jot

The calculation of the diameter of a free jet is described in Sec. 6.7, and
the process is shown schematically in Fig. 6-10. That calculation is valid at
high Reynolds numbers, where the inertial terms dominate, and the con-
clusion is reached that the jet diameter is less than the tube diameter. At very
small Reynolds numbers, where inertial effects are negligible, the Jet is

‘ <
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obscrved 10 swell by about 139 after leaving the tube; the jet diameter
decreases as a function of Re, reaching the tube diameter only at Re = 20
and approaching the asymptotic value of 0.820 at Re ~ 80,

Figures 17-7 and 17-8 show the results of a fimite-element calculation of a
free Newtonian jet in the absence of gravity and surface tension effects; the
calculations shown here are for the limit Re -+ 0, although finite Reynolds
numbers have also been computed, The flow is taken Lo be fully developed
one diameter upstream of the exit.

The finite element grid is shown in Fig. 17-7. Note the close spacing near
the tube exit, where the major rearrangement s expected to occur, and the
large clements used away from the exit. The calculation is iterative because
of the existence of a free surface, and the program adjusts the location of the
frec surface after each calculation. The initial value of D,/ D was taken to be
1.000, followed by values of 1.116, 1.126, 1128, and 1128 on successive
mnterations,

Exit
I.ZOr Sotid Surtoce 1 Free Surtfoce
e VARV AV NS
o Iy
' SRR L] ]
o RSN
-2.00 -4.20 -0.40 Q40 I 20 2.00
/R f

Figure I7-7. Fipite clement grid for jer expansion, final iteratron. Repro-
duced from Nickell, Tanner, and Caswell, . Fluid Mech., 65, 189 (1974),
copyright by Cambridge University Press, by permission.

0.80
r/R

040

4]
~2.00 -L20 -040 0.40 1.20 2.00
/R

Figure 17-8. Contours of constant values of dimensionless shear siress,
TreRip{usy, for free jet problem. Contours | through 19 have values as
follows: (1) ~6.0; (2 --33;(3) ~4.7; (%) —4.0,(5) 346 2.7, (D
—20;(8) —1.4,(9 —0.7; (10) 0. Reproduced from Nickell, Tanner, and
Caswell, J. Fluid Mech., 63, 189 (1974), copyright by Cambridge Univer-
sity Press, by permission.
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Lines of constant value of the shear stress are shown in Fig. 17-8. Note
the deviation from the linear shear stress distribution 2t about one-half
diameter upstream from the exit, and the stress concentration near the tip of
the tube. There is a stress discontinuity at the tip, where an abrupt change is
required from the no-ship condition inside to the no-shear stress condition on
the free surface. The pressure at the exit plane is not uniform; the value at the
surface is positive and the centerline value is negative.

17.3.5 Comments on Numaerical Methods

The three examples of numerical solutions give some indication of the
types of problems that can be solved. Most numerical techniques have dif-
ficulties at high Reynolds numbers. Few three-dimensional or transient
problems have been solved, because of computer time and memory require-
ments. Turbulent flows can be handled only in a time-averaged sense, using
an cddy viscosity in place of 5.

New computer codes will probably emphasize the use of finite-element
methods because of the versatility for changes in geometry. Experience with
available programs indicates that the iterative procedures for dealing with
the nonlinear inertial terms and the free surfaces may not converge well for
flows that are qualntatively different from those for which the program was
developed and tested.

17.4 CONCLUDING REMARKS

The methods described in this chapter are generally beyond the scope of an
miroduction to process fluid mechaidics, but it is important {o be aware of
them. Perturbation solutions usually require a significant effort for what may
be small returns, but they do pmvk‘ic wmsight into the influence of the per-
turbation parameter. It is importamt to keep in mind that a perturbation
solution is good only as long as the terms of the next order are unimportant,
and these higher-order terms are ysually unavailable. Thus, perturbation
solutions should be interpreted with care.

The role of numerical solutions in engincering applications is changing.
It is not long since any numerical solution of the Navier-Stokes equations
comprised a complete graduate thesis. With the rapid developments in com-
puter technology and the growing availability of general-purpose codes, we
may be approaching the day when numerical solutions of the Navier-Stokes
equations will be obtainable with sufficient case 1o be widely applicable. We
have not arrived there yet, however,
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Two-Phase Gas-Liquid 18
Flow

18.1 INTRODUCTION

Many processing applications require cocurrent flow of a gas and a tiquid.
These two-phase flows are far more, complex than the flow of cither pure
phase, and two-phase flow is an area of current research interest. We shall
touch briefly on the subject in this chapter to give some insight into the present
understanding of pgas liquid configurations in a pipeline and of pressure
drop; the former information is essential for estimates of interphase mass
transfer, while the latter is required for even the most elementary designs.
The discussion will be iimited to flow of Newtonian fluids in horizontal
pipes; vertical flow is similar, but there are important differences in detail.

18.2 FLOW PATTERNS

A number of different flow patterns can be distinguished for cocurrent flow of
a gas and a liquid of low or moderate viscosity (up to about 0.1 Pa.s}. The
flow pattern can range from the extremes of dispersed gas bubbles in a con-
tinzous liquid phase at low relative gas rates to a mist, or dispersed liquid
droplets in a continuous gas phase, at high relative rates. The flow regimes
that are observed with increasing relative gas rate are sketched in Fig. 18-1.

*This chapler was coauthored by T. W_ F. Russell.
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Figure 18-1. Flow patierns in horizontal gas-liyuid flow in a pipe. Alter
Alves, Chem. Eng. Progr., 50, 449 (1954), copyright by the Amncrican Insti-
tute of Chemical Enginecrs, by permission.

Bubble flow occurs at high liguid to gas rates. The bubbles move with a
velocity that is close to the liquid velocity, and their size and distnibutton is
determined by the level of liquid turbuience. When the bubbles become
large, the flow is referred to as plug flow, the distinction between bubble and
plug flow is not well defined. '

In stratified flow there are continuous gas (upper) and hquid (lower)
phases, with a smooth interface. At sufficiently high gas velocities the inter-
face becomes wavy; when the wave crests are sulliciently high to reach the
top of the pipe, the flow is in the sfug regime. The liquid shugs move through
the pipe at a speed greater than the mean liquid velouaty, and the impact of
liquid slugs on bends and other fittings can cause dangerous vibrations.

Annular flow consists of a liquid film on the pipe wall and a high-velocity
gas stream containing entrained liquid droplets in the center. At very high
gas velocities nearly all the liquid is entrained as small droplets, and the
regime is called variously dispersed, spray, or mist.

Data from a large number of visual observations of flow regimes are
summarized in Fig. 18-2. The boundaries are not well defined, since the dis-
tinction between regimes is a matter of judgment and may vary from observer
to observer. Subscripts L and G denote liquid and gas phases, respectively.
The subscript co denotes a superficial velocity, calcolated by assuming that
cach phase occupies the entire cross section (i.e., 2. = 40, /xD*). Most of
the data used to construct Fig. 18-2 are for air -water systems in pipes of
diameters of 100 mm and less. The influence of physical properties is not
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Figure i18-2. Boundaries of flow regimes for cocurrent gas-liquid flow in
horizontal pipes. Reproduced from Mandhane, Gregory, and Aziz, Inr. J,
Multiphase Flow, 1, 537 (1974), copyright by Pergamon Press, Lid., by
permission. i
well defined, although it is included in some fow maps. Extrapolation to
large pipes and to systems with very different physical properties must be
done with caution.

18.3 LAMINAR-LAMINAR STRATIFIED
FLOW

18.3.1 Flow Between Parailel Plates

It is most convenient to begin the pnatytical treatment of two-phase fiows
with stratified flow between paraliel plates when both phases are laminar.
Such flow is not very important in practice, but it provides a good basis for
introducing some important concepts. The flow configuration is shown in
Fig. 18-3. The single-phase analog of this problem was considered in Sec.
8.2 .

We assume that the pressure drop is sufficiently small to take the gas
density as a constant. The Navier-Stokes equations for an incompressible
fluid thus apply to each phase. In laminar flow the streamlines will be paralle!

7
i
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Figure 18-3. Schematic of stratified flow between plane walls.
i
to the walls, so v, is the only ponzero velocity component in cach phase and
is a function only of y. The x components of the Navier- Stokes equations in
the gas and liquid phases are then, respectively,

No ‘-%;—)’g‘! = g'(}? = constant (18.18)
7 ‘.{.:};ii- = j(ij == constant {(18.1b)

Here we have made use of the fact that the y component reguires that & be
independent of . Furthermore, since o, must be continuous at the interfuce
== h, and 0,, == —p in this flow, it then follows that @& is continuous across
the plane interfuce and the equivalent pressure is theréfore the same in the two
phases at each value of x.
Equations {18.1) can each be integrated twice to give

[ 40 , L .
LT e s C (, l82d)
Vo 7T g Y I Cy 1 G (
J.4® . < (18.2b
Ver 7 an dx y ! Ird | 4 )

Two boundary conditions are thus required for each phase in order to
evaluate the constants €, to €, Each phase must satsfy the no-slip
condition:

Vogw= Datys==H {14.3a)

v, = 0at y=0 (18.3b)

Since the two phases must flow Logether without slipping at the interface, we
must have

Vg = ¥, at y = A (18.3¢)

Finally, the shear stress 7,, in the liquid phase and in the gas phase must be
equal at the interface:

deg _  dog

QU6 . g, = 18.3d

aty =~ h
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fquations (18.3a) through (18.3d} combine with LEqs. (18.2) te give,
respectively,
I d4®

1 .
0 bh;f.'f t CH |G, (18.4a)
0 - C, {18.4b)
|
! 1 ~ I L i
20 thhiC 2ndblChiC (18.4¢)
de Lae
(!-x h i rh;C; = dx h " r’LC.‘ (13'4(1)

Equations {18.4) can be solved for the constants C, through C,, although
we shall not record the results here. It is more convenient simply to express
the results for the average phase velocities, v, o) and (n, >, as follows:

TIPS T ! S . A (- F{G’)(“_L'IQ_E Rl !:) (18.5a)
0 kg Y 12{H - kg dx/\oyne oo, -
Pt " AP\ faym, | a,q)
sl s dy e Tofy 1 Xelle 18.5b
R j., T 12’1!1,_( dx)(a;rro | e ¢ )

The constants a, through &, are defined as follows:

e B0y
(

a, ,;"{ (18.6¢)
@t (18.6d)
o (1) (18.6¢)
L ) BT

The relative volumes of liquid and gas that are in the conduit are dif-
ferent {rom the feed ratio. The holdup* of each phase in the conduit deter-
mines the time available for interphase processes such as mass transfer, so it is
mmportant to have this information available in design calculations. For this
case the in sitie hiquid holdup, AfH, is simply related to the feed volumetric
ratio, Alv. ) /(H — k¥ v, 40, by climinating the pressure gradient between Eqs.

* Holdup is usually taken 10 mean the fraction of the pipe occupied by cach phase. Thus,
hquid hoidup is A/H and gas holdup is (H — k)/H.
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(18.5a) and (18.5b) 1o obtain

Qﬁ. s ( )t s(”[u/’h) I ao (18.7)
Qo o, (n1o/7:) [} a;

o, %, 0y, and o, are functions of Af f, 50 Eq. (18.7) can be solved for Af If as a
function of Q,/Q,; and the viscosity ratio, #o/q..

Example 18.1

Air and water flow cocurrently through a 30-mm plane chunnel ut closc to
atmospheric pressure and 20°C. The water flows at 0.24 kgfs per meter of
channel width and air at 0.017 kg/s per meter of widih, Compute the holdup
AIH of liquid in the channel.

We may take pp = 10%, po == 1.2, . = 1073, and 575 = 1.7 x 1073, Equa-
tion (18.7) can be written

Wi Pullel &y{folme) 1+ @,
wo  Ponii®(oln) v @y

or, substituting the given values,

9._;3_ GOHIT = 107317 » 107 2y R

0017 (207 H LT 0 e, A,
where the ¢, are given by Egs. (18.6). This fourth-order equation for A/ #H can be
sobved to give Af# ~ 1. Notc that the volumetric feed ratio QpfQy is thice orders
of magnitude smaller than the in sirn volumetric ratio! This is because the less
viscous gas moves much faster than the liquid under the same pressure gradient
and therefore requires less cross-sectional area.

Example 18.2

Verify that the flow described in Example 184 is stratified.

In the absence of a flow regime map for parallel plates we will use Fig. 18-2,
which was constructed entirely from pipe flow data. The liquid and gas super-
ficial velocities are obtained as follows:

v = (026 7 )(m“%gia“)(so—;:mm) Fr 48 % 1070 mfs

vo.- == (0017 “ )(l ) kig/m’)(SO 107 028 mis

Figure 18-2 shows that a flow with these superficial velocities is well within the
siratificd regime for flow in a pipe.

18.3.2 Interfacial Stress

The existence of the gas-liquid interface is what makes two-phase flow
different from the single-phase flows studied carlier, and the nature of the
mteractions determines the flow behavior of each phase. We can obtain some

|
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usclul tnsight into this mierfacial stress by examining the linnting behavior
for 7, 3> 1o, which corresponds to most situations of interest. We first con-
sider the gas phase and write Eq. (18.5a) for flow between paraliel plates in
the equivalent form

(o e (’,{,_‘.:‘._”_)_2(_ “’.‘"){ “J_'Io!%fk] 18.%
(a0 127, dx J{ 1} LS LN ( )

The term in brackets will be close to unity when o, g7,/e0, 77, and &, /e, 77, are
both small compared to unity; the former is the more restrictive and requires
that

F r{q)'“
£ < ('h (18.9)

For an air--water system, for example, {n,/n,.)* ~ 0.1, so we would require
that A/ H < 0.9 this ratio 1s always less than 0.6 for stratified flow in pipes.
When the term in brackets is close to unity, Eq. (18.8) is identical 10 Eq.
{8.14) for flow in a plune channel of height #f — A with two rigid no-slip
surfaces; that is, as long as the gas film is not too thin, the gas flows as though
the liquid had been repluced by a solid surface.

The behavior of the fiquid phase 1s unfortunately not as simple. Fquation
(18.5b) can be rearranged to

a2 17;( jf){}““}“%fmu:%—z—’;’ﬁ;ﬂ (18.10)

The term in brackets is neghgible provided that

A 1 7g
<< ] T (18.1H)
which is even less restrictive than Eq. (18.9).

Equation (I8.10) can be interpreted in terms of a somewhat different
problem, in which we require that the liquid phase experience a shear stress
1, at the interface. In that case we cvaluate the constants C, and C, in Eq.
(18.2b) from the no-slip condition and the condition

dn

fh_-'d;"’=1';3t)’:}' (1812)
The resuit is
o b de 2 fL
U s ( dx)(zhy AR (18:13)

It is useful 10 have an expression for the shear stress in the liquid at the walt,
Tor:

_ dv“: B _di? )
Ter = 1], “‘3}7 l"o :-" h( dx) Ll 9 (18.14)

Sec. 18.3 Laminar —1 aminar Steathied Flow 349

The average velocity for the problem with a specified stress at the interface
Is

B P
<:),L>,..A_f v, dy = ‘rh( dx)iZqL (18.15)

Comparison with Eq. (18.10) indicates that for [/h close to unity, but still
satisfying the mequality in Eq. (18.11), the interfacial stress is nearly zero.
Thus, for a thin gas film the liquid flows as though the upper surfuce were
nearly unstressed. Vhis last point can be made quantitative by use of Eq.
{18.14} to replace (-~ d@/dx) in Eqgs. (18.10) and (1K.15); we then find that T,
and 1., are related to HfA as follows:

iy
o Gy (18:16)

Thus, when the interfuce lies in the upper portion of the channel cross section,
the interfacial stress can be neglected relative 1o the wall shear siress and the

pressure drop can be attributed to wall drag. |

18.3.3 Hydraulic Diameter and Reynolds Number

It is necessary to be able 1o establish conditions under which the two
phises are laminar. The transition to turbulence in rectilinear flows usually
oceurs when the Reynolds number is about 2100, where Re is based on the
hydraulic drameter. The hydraulic diamcter is defined by Eq. (3.40):

D, ~ 4 % _cross-sectional area

: e 18.17
wetted perimeter ( )

The definition of the wetted perimeter for flow with a fluid-fluid interface is
not obvious, but the results of the preceding section prov:dc a reasonable
basis for selection.

We continue to focus on flow in a channel (Fig. 18-3). The gas flows as
though it were in a channel of depth #f -~ A with two no-slip surfaces. Thus,
both the upper and lower boundaries must comprise the wetted perimeter.
The wetted perimeter is then twice the channel width, while the area is the
width times 1he height. Thus,

Dyo = CA(H -~ h) x width _
2 % width

= 2(H ~ k) (18.18)

The Reynolds number for the gas phase is
- Dﬂo<”xa>Po _ AH - ’IKU,.G>PQ
Reg =
o Mo

According to Eq. (18.16) the interfacial shear stress is small relative to
the wall shear stress in the liquid for H/h < 2, while for Hih -+ oo the two
stresses become comparable. An effective wetted perimeter would then be to

(18.19)
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take the sobid surface and the fraction to the liquid - gas surface defined by Eq.
{18.16):

(R )
(Himy 41
The Reynolds number for the liquid phase is then

Re, = 2hUH -4};;}<m>pb (18.21)
L

liquid welted perimeter = [1 ¥ ] x width  (18.20)

Note that (H — A v, g0 p, and A, , > p, are the mass flow rates of gas and
liquid per unit width, respectively. These quantities are independent of the in
situ volumetric holdup. Thus, the gas-phase Reynolds number can be com-
puted by assuming that the gas phase occupies the entire channel cross section,
and the liquid-phase Reynolds number can be computed to within a factor of X
by assuming that the liguid occupies the entire channel cross section. 1t i
probably for this reason that the superficial velocities work as correlating
variables, since lor the narrow range of available physical properties the
Reynolds numbers for both phases are determined by v, .. and v ...

Example 18.3

Compute the gas- and liquid-phase Reynolds numbers for Examples 18.1 and
18.2. '
For the gas phase, (# — W o,g0Po = 0.017 kgfs/m of width, and 50 =
1.7 = 1073, Thus, ‘
AT K0Ty
Reo = =y 77zjpes ™ - 2000
The gas phase is probably Iaminar, but close 10 the transition. For the liguid,
Ao, OpL = 0.24 kgisfm and g, =< 1073 Thus,
2L 1 AHN2A4 % 107Y) ( k
10-3 == 480 [ | )7

Here we have used the result of Example 18.1 that A/#f = J. Without this infor-
mation we could have bounded Re, between 480 and 964, which 1s entirely in the
laminar range.

R — } = 640

18.3.4 Pipe Flow

The analysis has been limited thus far to flow between parailel plates,
because analytical solutions are available for this geometry, and these ana-
lytical solutions help in developing physical insight. The geometrical para-
meters for flow in a pipe are shown in Fig. 18-4. The axial velocity now
varies in both r and 8 directions, so the left-hand sides of Eqs. (18.1) must
now contain both r and 8 derivatives. The approach to solution of this prob-
lem for two laminar phases 1s identical to that for parallel plates, but a

[F%)
o
puiy

Saec. 18.3 Laminat-- Lamunar Stratified Fiow .
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Figure 18-4. Schematic of stratified flow 1o a pipe.
closed-form analytical solution can be obtained for the more complex pipe
flow geometry only when 7 - D/2. For ali other cases the solution must be
obtained by numerical methods of the type described in Chapter 17. Yu and
Sparrow have published such a solution, where the analogs of Eqs. (18.5) and
(18.7) for the flow rates and holdup are given in graphicaf torm.

The absence of an analytical solution for laminar Jaminar stratified pipe
flow requires that we rely on the analogy to the plane channel for computa-
tion of the phase Reynolds numbers. It is assumed for pipe ftow thal the
wetted perimeter for the gas phase includes both the wall and the gas hguid
interface: in that case the gas-phase Reynolds number becomes

: aw
pipe:  Reg == R (RS c; a2y (18.22)
The term in brackets is close to unity for /D <2}, so the gas-phase
Reynolds number may be estimated by assuming that the gas ovcupies the
entire pipe cross section and using the superficial gas velocity.

A result comparable to Eq. (18.16) does not exist for pipe flow, and i1
assumed that the stress at the gas-tiguid interface is negligible relative 1o the
wall shear stress. This assumption should be less serious in a pipe then in a
channel, since the gas-liquid surface area in a pipe will be simaller than the
liquid-solid surface. With the assumption that the wetted perimeter s simply
the arc length, Daj2, the liquid-phase Reynolds number is

o . dw,
pipe: Re, — wDnal %) (18.23)
The liquid-phase Reynolds number may differ significantly from that com-
puted assuming that the liquid fills the entire pipe 4 the liquid film is very
thin (¢ < 27), but the error will be less than a factor of 4for Al D > 0.1,

It is possible, using Yu and Sparrow’s numerical solution for pipe flow, to

compute k for various flow conditions, and then to use Eqgs. (18.22) and
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(18.23} to calculate the Reynolds numbers for points within the stratified
region on Fig. 18-2. There 15 a finite region in which onc or both phases may
he turbulent tn stratficd flow.

18.4 LOCKHART-MARTINELLI METHOD
18.4.1 Stratified Flow

Stratified flow in which one or both phases is turbulent can be treated ina
manner that follows from the development in Sec. 18.3. We will deal here
with the case in which both phases are turbulent ; the laminar tiquid -turbulent
gas is left as a problem. (Turbulent liquid-laminar gas is handled in an
identical way, but it 1s of no practical importance.) Turbulent- turbulent
stratified flow probably does not occur often, but the analysis of such a flow
configuration forms the basis for an approach by Lockhart and Martinell
that applies o nonstratified flows.

When both phases are faminar, the pressure drop-flow rate relationship
in each phase can be calculated from the Navier -Stokes equations, as in the
preceding section. When the phases ase turbulent, tt 15 necessary to use the
turbulent friction factor -Reynolds number correlation to obtain the same
information. We will limit ourselves here 1o cases for which the conduit is
smooth and Re <2 10%, so that we may usec the Biasius equation, Fq. (3.10),
writlen in ferms of the hydraulic diameter:

A® Dy “1e ( n

BTN A 0.079 ReT Yt = 0079

4 ( L )Zp'fr',y‘ 0.07 Re 00 pose
It is again convenient first 1o consider flow in a plane channel, Fig. 18-3.

As in the preceding scction, we assume that the wetted perimeter includes

both the solid surface and the liquid-gas interface, so Dyo = AN — h). The

friction factor equation for the gas phase is then

fo= (- -4‘—‘2) H-—h . 0.079[m——’19 ]'“ (18.25)
¢ L PO\”.-OSI 2AH - hYv.0)Pa

The wetted perimeter for the Jiquid phase includes the solid surface and a
portion of the gas- liquid interface, since the stress at the interface is Jess than
the stress at the solid surface. We thtrefore take Dy, = 4h/8, where f = |
for a no-shear interface with the gas and fi = 2if the stress at the gas interface
is equal to the wall stress: we generally expect B to be closer to unity. The
friction factor equation for the liquid phase is then

o ()i o ltg] oo

If & is known, the pressure drop can be computed from cither Eq. {18.25}

)'” (18.24)
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or {18.26). An cquation for & is obtaincd by climinating { - A®/L) between
Eqs. (18.25) and {18.26). The algebra is straightforward and lcads to the

explicit result
el BT e

The result is refatively inseasitive to f, since the factor (2/f)/' 7 ranges from
1.33 for f == | to 1.0 for f = 2; if we assume that § - 1.5 15 the "most
probable” value, the cocflicient equals 1.13.

An equivatent result follows for pipe flow, using the hydraulic diameters
in Fqs. (18.22) and (18.23). A simple expression for & cannot be obtained
because of the added complexity of the trigonomettic relationships in the
pipe, however, so the details of the calculation are more involved.

Example 18.4

Air und water flow cocurrently through a 50-mm plance channel st close to atmo-
spheric pressurc and 20°C. The water flows at 1.44 kgfs per meter of chanact
width and the air at 0.034 kgfs per meter of width. Compuic the refative hoidup
ki H of liquid in the channel.

“T'his is cssentially the same problem as Example 181, but the water flow has
becn increased by a factor of 6 and the air flow has been doubled., It then follows
from the calculation in Example 8.3 that Reg ~ 4000 and Rey 22 2900, so both
phases may be assumed to be turbulent. Substituting the numerical valucs for
densitics and viscosities, together with wg/w, = 0.034/1.44, into Eg. (1827)
gives AfH == 0,57 for § == 2 and AH = 0.50 for B ok 1, with B/} = 0.54 for
the “most probable” value of § = 1.5. We thus find that & == 27 mm. The super-
ficial velocitics are iy .. = 2.9 ¥ 1072 mfs and g . 7= 0.56, which is within the
stratified region in Fig. 18-2.

18.4.2 Nonstratified Flow

Satisfactory analytical procedures are not available for fows outside the
stratified regime, and empirical procedures must be used to predict holdup
and pressure drop. The most commonty used method is the corrclation by
Lockhart and Martinelli. The choice of correlating variables is best motivated
by a reformulation of the turbulent siratified flow cquations.

We shall be dealing with three diffcrent pressure g'radicn[s, so 1t is helpful
10 use subscripts. The pressure gradient for the two-phase flow is denoted
(—d®jdx}rs,. The pressure gradient that would exist if the liquid phase
occupied the entire pipe cross section and the gas were absent is denoted
(~d®/dx); .. The pressure gradient that would cxist if the gas phasc occu-
pied the entire pipe and the liquid phase were absent is denoted (d@/dx}o pp.

If we limit ourselves to smooth pipe and Re =5 107, we may compute
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(- d@dx); pp and { - d®jdx)g rp from the Blasius equation, Eq. (3.10) or
(18.24), as ‘

AT 32w} 1’9?1&)”‘
()., = 5 (] (1%.282)

d® 32wl (mDn )”'
LB = (0.079) 2% (e 18.28b
( d—")o.rr 007 ﬂzpoos( 4wq, ( )

The ratio of these two fictitious pressure drops is defined in the two-phase
literature as X2:

i G GGG s

According to Eq. (18.27), assuming that we can employ an analogy between
pipe and parallel plate low, the holdup in stratified turbulent-turbulent flow is a
unigue funclion of X,,.

Equation (18.24) is written for either phase in the two-phase flow, so the
pressure gradient that appears in that equation is { —d®/dx),,,. If we write
the cquation for the gas phase, and combine 1t with Eq. (18.28a) and the
definition of Dy, we obtain a ratio of pressure gradients defined in the two-
phase literature as ¢f,,:

2 (—d®[dx)y,, gas wetled perimeter\**/ pipe area \’
g, — LdCldx)yy ( : _ ) ( (18.30)
(—d®Pdx)g sr pipe perimeter gas flow area

The night-hand side of Eq. (18.30) depends only on the holdup; thus, in
stratified turbulent- turbulent flow the ratio of the 1wo-phase pressure gradient
to the pressure gradient that would be experienced by the gas phase alone in
the full pipe is a unique function of X,,.

In the Lockhart-Martinelli correlation it is assumed that the holdup and
Go,. are unique functions of X, for all flow regimes®. The resulting correlation
for ¢y, and the in situ tiquid volume holdup ratio, R, is shown in Fig. 18-5.
The correlation predicts pressure drops to within about 1+ 509 for pipesupte
100 mm in diameter. Predictions tend to be high for the pressure drop in
stratified, wavy, and slug flow, and low in annular flow.

Gas-liquid pipeline contactors for chemical reaction are usually designed
1o operate in the bubble regime for effective interphase mass transfer. Since
bubbles are normally approximately 4 to 5 mm in diameter, the cffective
interfacial arca can be cstimated from the holdup. The Lockhart-Martinelli
coreclation is adequate for holdup in the bubble regime, but a correlation by
Hughmark and Prestberyg is preferable,

*It is customary Lo define ¢3, and ¢, but these are not of interest 1o us, since the
> O an
approaches in Sccs. 18.3 and 18.4 can be used to deal with laminar-laminar and laminar—
turbulent flows.
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Figure 18-5. Correlation for horizontal gas-liquid flow. After Lockhart
and Martincth, Chenr. Eng. Progr., 45, 39 (1949), copyright by the American
Fighutute of Chemics) Engineers, by permission.

Example 18.5 '

Air and water flow cocurrently in a pipe with a mass Qow ratio wifwy - 42.4.
Estimate the liquid-phase holdup and the pressure gradient.

This is a slight modification of Example 18.4. We can compuie X, from the
Blasius equation, using the relation in Eq. (18.2%) and the air-water data in
Example 18.1:

(GG = G ) e s

From Fig. 18-5 we obtain &, = 0.27 and o, = 5.2. The pressure gradient is
then calculated from Eq. (18.28b).

d{?) R ( d(P) 32wk [ D\

_&y - 4 - 1 Lyi¥e (g

( dx rrr qSO" dx a.rr 5.2140.079) KTbGDj( 4wy )

Note that the pressure drop for the two-phase System is fwenty-seven times {§3,)
the pressure drop for the gas phase flowing alone.

18.5 CONCLUDING REMARKS

There are many other correlations for two phase flow in addition 1o the
Lockhart-Martinelli method, but the improvement in predictive ability is
not substantial. It has been our intention in this chapicr to present only an




Viscoelasticity 19

19.1 INTRODUCTION

We have assumed throughout this text that time-dependent effects of the type
shown in Fig. 2-13 are absent, and that the stress in the fluid responds
instantaneously to changes in the deformation rate. This assumption is an
excellent one for gases and for low-molecular-weight liquids, but it may be
quite poor for solutions and melts of high-molecular-weight polymers.

High-molecular-weight materials sometimes show stress behavior in the
hguid state that is similar to the behavior of ¢lastc solids. For this reason
these polymeric hiquids are often referred 10 as viscoelustic fluids. The study
of the flow behavior of viscoelastic fluids (and, in fact, all non-Newtonian
fluids) is a part of the branch of mechanics known as rheology. The complex
rheological behavior of such fluids can play an important role in their pro-
cessing.

The purpose of this chapter is (o provide a brief introduction to the
principal physical concepts and some examples. The interested reader can
then consult the more speciatized texts and periodical lterature for more
information about the flow behavior of this class of materials.

19.2 COMPLEX VISCOSITY AND MODULUS

Viscoclastic behavior is frequently studied experimentally in a flow with
mnduced oscillations. Consider a fluid contained between two plaics, as shown
in Fig. 19-1. The relative position of the bottom plate moves back and forth
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Figure 39-1. Schematic of oscillatory shear.

sinusoidally with a frequency w and a small amplitude £.; this displacement,
normalized with respect to the spacing, H, can be considered a strain, so we
have

. L .
strain = §f s w1 {19.1)

The velocity of the lower plate is simply the rate of change of displacement :
at y=20: », = Locoswr . (19.2)

In order to analyze this motion we must solve the momentum cquation,
We assume that the only nonzero velocity component is v,, and that v, is
independent of x and z. The momentum equation is then found from Table
7-2 to simplify to

du, dt
Y0 — Yl .
? 4 dy 9.3
The discussion on ordering in Sec. 11.5 can now be applied here, particularly
that leading to Egs. (11.17). For a2 Newtonian fluid we may neglect the inertial
term provided that

®< Ef}ff (19.4)

Clearly, this is not a very restrictive condition. For a polymer melt the vis-
cosity is very high, and even for dilute low-viscosity solutions we can make
extremely small. [Equation (19.4) is not rigorously correct for non-New-
tonian fluids, but it suffices for our purposes here.] If the inertial term can be
neglected, we have dr,,/dy = 0, or T,. &5 independent of position ut any time.
The behavior shown in Fig. 2-13 requires that T,, depend in some way on
time as well as on deformation rate. The simplest form we can hypothesize
that is consistent with the initial transient and ultimate steady state in Fig.
idis
i %’—‘ + T, = %’iy (19.5)
When the time constant 4 is zero, we recover the Newtonian fluid. A fluid
described by Eq. (19.5) is called & Maxwel! fluid,
For the experiment described in Fig. 19-1 we have established that, as long
as @ sauisfics the inequality in Eq. (19.4), the shear stress 1,. is independent
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of v If the lefi-hand side of Eg. (19.5) is independent of y, so must be the
right-hand side. Thus, do, /@y is independent of », so », must be linear. In
order to satisfy Fa. (19.2) at p = 0 and the no-slip condition at 3y — H, it
then follows that

v
s e S 19.6
v, La)(l H) cos w! (19.6)
dn,  Lw
oy T TH COs W (197

Equation (19.3} 1s now a rather clementary ordinary differential equation
for the shear stress:

147 P, -9 o5 ot (19.8)

Lew
i I

The solution for 1 greater than about 34, when any initial transients have
died ow, is

il i AnLaw? . )
e TS cosor e BTEOL i ot 19.9
tre F 1 23y ST T R 2ieh 199
Tlhis is often written in an alternative form,
Ao Lol
. -n (H- cux.cu:) G (H sin mr) (19.10)

Here, 77 and " arc called the real parts of the complex viscosity and modulus,
respectively, and are defined

7= t""“{',f‘(iiﬁi (19.11a)
1,32 ’
G = ;I T%"%Eéi (19.11b)

Note that the shear stress consists of two terms. The fiest is proportional
to the shear rate, as in a Newtonian fluid, and is in fact the only term remain-
ing in the limit A+ 0. The second term is proportional to the strain, which
is the type of behavior expected of a sohd. Al very high frequencies, lew -
oo, only the second, solidlike 1erm remains, and the stress is related to the
strarn through a modutus /2.

Data for 77 and &’ on a silicene polymer are shown in Fig. 19-2, where
the sobd lines represent Lgs. (19.11). This general gualitative behavior is
shown by all polymeric Liguids as long as the strain amphitude is smali, but
Eq. (19.5) is usually too simple for a quantitative representation and the
approach must be gencralized. The form of Eq. (19.10) is a consequence of a
small-amplitude (lincar} experiment, and is independent of the assumption
of a Maxwell fluid. (We shal} not prove this.} Thus, ” and G’ are defined by
Eq. (19.10}, but the experimental functions are not always well represented
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Figure 19-2. Oscillatory shear measurements on a silicone polymer. The
solid lines are Egs. (19.10) with 7 -~ 8 % 104 Pa-s and 1 .= 0.3l s, Dame
of F. N. Cogswell.

by Eqs. (19.11); equivalently, Eq. {19.5) represents the behavior of most real
liguids only qualitatively.

18.3 DEBORAH NUMBER

Equations (19.10) and (19.11) can be summarized as follows:
Aw € 1: stress ~ viscosily X shear rate {19.12a)
Aw > 1: siress ~ modulus X sirain (19.12b)

@ is the reciprocal of the time scale of the process, so we can conclude that
the nature of the material response depends on the ratio of fluid response (or
relaxation) time to process time. This ratio is often called the Deborah
number.* Thus, we conclude that a viscoelastic liguid will behave like a purely
viscous liguid when the Deborah number is small and like an elastic solid when
the Deborah number is large. All the flow problems described in the preceding
chapters apply only to small Debroah number situations.

N
*From the Song of Deborah, Judges V, 3: “The mountains quaked {(sometimes trans-
Jated ‘flowed’) 2t the presence of the Lord,” suggesting that even solid mountains flow like
& liquid on an appropriately long process lime scale.
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The relaxation tunc for commercially important molten polymers at
processing temperatures ranges from Jess than 1072 5 for polyesters such as
polyethylene terephthalate to one to 10 s for polyolefing such as polyethylene.
The process time is roughly the length scale in the flow direction divided by
the mean velocity. The DDeborah number for flow in an extruder will usually
be small, while the [D¢borah number for fiber drawing may sometimes be
targe. Each process must be analyzed individually, and simplifications may
be possible in various Limits, just as we found for Newtonian fluids in Chap-
ters 1i through 15,

18.4 OBSERVABLE VISCOELASTIC
PHENOMENA ‘

19.4.1 Turbulent Drag Reduction

Turbulent flow contains rapid fluctuations. Thus, even though the charac-
teristic response time for polymer solutions is quite small (107% to 1077 5}, the
Deborah number may sometimes be large. In that case there is at least one
additional dimensionless group, involving 4, that must be considered in any
dimensional analysis; a suitable independent group is (3>} D, which is some-
times called the Weissenbergy number, We. The friction factor cannot be
expected to be a unigue function of Reynolds number in that case, but must
be expected to depend on Re and We in a possibly complex way.
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Figure 19-3, Friction factor-Reynolds number data for distitled water and
a solution of 296 weight parts per mijlion of polyethylene oxide in distilled
water in an §.46-mm-diameter pipe. Note the significantly reduced fric-
tional drag in the polymer solution for Re greater than 104, Reproduced
from Virk, AJChES. 21,625 (1975), copyright by the American Institute
of Chemicat Engineers, by permission.
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Figure 19-3 shows friction factor-Reynolds number data for a very dilute
aqueous polymer solution. The data deviate from the single line characteristic
of turbulent flow of a Newtonian fluid, and in fact the friction factor {(and
hence the pressure drop) can be greatly reduced; drag reduction of more than
90 % has been observed. There is often a strong pipe diameter effect, however,
and lower levels of drag reduction are obtained in large-diameter pipes. This
drag reduction was first reported in the open literature by Toms in 1948, and
is sometimes known as the Toms effect, but it had been observed carlier by
Myscls and others and described in World War H documents that were not
declassified uatil later.

The onsct of an influence of fluid elasticity should occur when the “clastic™
term in Eq. (19.9) becomes comparable to the viscous term, say when lw is of
order unity. In that case the “clastic”™ stress is of order g/i [Eq. (19.11b)]; the
viscous stress in turbulent flow is most casily represented by the wall shear
stress, T, We thus expect the deviation from Newtonian turbulent behavior
10 occur when the dimensionless ratio At [y (or, more usually, Apulin}is of
order unity, and this s indeed the case. A scale-up procedurc by Savins is
based on this dimensional analysis consideration and allows pressure drops
in large-diameter pipes to be estimated from convenient laboratory measure-
ments on small systems.

19.4.2 Dis Swel

When a Newtonian liguid is extruded from a fowg, round tube into air at
very small Reynolds number, the emerging jet expands to a diameter that is
about 1010 5% larger than the tube diameter; comparc Sec. 17.3.4. Polymer
melts and concentrated solutions, on the other hand, may expand to two or
more times the tube diameter. Expansion in a horizontal jet 1s shown in Fig.
19-4, where the “droop™ is caused by gravity,

This expansion of the extruded jet, vsually called die swell, is clearly of
processing significance ; consider, for example, the problem of designing a die
to produce an extrudate of a desired shape aad size. If the Reynolds number
15 indeed negligible, then the only remaining independent dimensionless
group 15 the Weissenberg number, We = 1{v>/D. The die swell ratio does
correlate with We and follows an approximate theory developed by Tanner:

D At tie
Zi=0 . i 4 9

The group Ar_/n is proportional to We. A comparison of some data and the
theory is shown in Fig. 19-5. The theoretical analysis follows from the discus-
sion of principles in Sec. 19.5.
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Figure 19-4. Expansion of a jet of 87, polyisobutylenc in decafin, Photo-
graph of Ginn, reproduced from Metzner, White and Denn, (herr, Eng.
Progress, 67, No. 1281 (Dec., 1966), copyright by the American Institule
of Chemical Engincers, by perimession.

0O 6.8% polyisobutytena In decalin { Tanner)
© silicone rubber { Benbow &t ol.})
a polysiyrene { Groessley}
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Figure 19-5, Dic swell data for three viscoelastic liquids and the theore-
tical curve of Tanner. Reproduced from Tanner, J. Polymer Sci., A-2, 8.
2067 {1970), copyright by John Wilcy and Sons, Inc., by permission.
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19.4.3 Moelt Fracture

Extruded molten polymers and concentrated solutions exhibit a flow
instability at a critical throughput rate. The instability manifests itself in a
distorted extrudate. An cxample is shown in Fig. 19-6, where a low-density

Figure 19-6. tixirudates of low-density polyethylene from a circular Jdie
at increasing throughput rates, Note the transwstion from a smooth extnd-
afc to a helical distortion, Data of F, N, Cogswell.

polycthylene has been extruded through a round die. At sufliciently low
throughput the surface is smooth, but with increasing shear rate a helical
distortion can be scen on the surface, and gross irregularities appear at stifl
higher throughputs. This instability is often called melt fracture, because the
liquid sometimes seems to fracture with accompanying crackling noises. The
term “elastic turbulence” is also used, but il should be avoided in view of the
fact that turbulence cannot be a factor; Reynolds npmbers are always much
less than unity, typicaily of order 10 * and melt fracture has been observed
in polytetrafluoroethylene at Re = 10131

From dimensional-analysis considerations, in the absence of a Reynolds
number effect, melt fracture might be expected to vecur at a critical value of
We. The instability is usually observed for We of order unity, although there
is a range of reported critical values of about an order of magmitude. A
quantitative theoretical explanation is still facking. Melt fracture is a himiting
factor in throughput for many polymer processing operations.

19.4.4 Normal Stresses

i

When a viscoelastic liquid is sheared between two plates, a stress is
generated in the fluid that tends to push the plates apart. This normal stress
can be measured as a function of shear rate by simply measuring the force
necessary to keep the plates at a constant spacing, as in Fig. 19-7. Com-
mercial instruments are available 10 make such measurements,

Normal stress measurements on a relatively viscous polymer solution are
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Figure 19-7. Schematic of normal stress in shear flow of a viscoelastic

higuid.
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Figure 19-8. Shear and normal stresses functions for a 6'4 by weight
aqueous solution of a sodium ccllulose sulfate polymer. G is calculated
from Eq. (1914). Data of J. C. Chang.

. i .
shown in Fig. 19-8, together with shear stress measurements for comparison.
Most data follow the refationship

normal stress = -é.—(shcar stress)? {(19.14)

where G is a constant modulus that is equa! to the ratio n/A. Equation {19.14)
is, in fact, the usual means of measuring 4, since the shear and normal
siresses can be measured simultancously in a shearing experiment. Thcr_e is
some theoretical basis for Eq. (19.14), as discussed in the next section.
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This normal stress phenomenon provides a qualitative explanation {or
dic swell. At the end of the tube there is no wall to support the stresses normal
to the direction of flow, so the fluid “pushes out™ against the nonresistant
atmosphere and swells until the normal stresses have relaxed. This stress
relaxation requires a time of order 1.

19.5 MAXWELLIAN LIQUIDS
19.5.1 Constitutive Equation

The Newtontan fluid was introduced for one-dimensional steady shearing
flows in Sec. 2.4.2 and generalized 1o arbitrary three-dimensional motions in
Sec. 7.4.2. We have similarly introduced the Maxwell matertal through Eq.
{19.5) in terms of a small amplitude one-dimensional oscillatory motion, and
this constitutive cquation must also be generalived. The procedures for the
generaiization use symmetry arguments ftke those for the Newtonian flued,
as well as certain invariance principles that are discussed in specialized (exts.
The requirement that the stress state be independent of the frame of reference
of the observer gives rise to certain nonlinear terms that may be uncxpected.

The generalization of the Maxwell fluid 10 arbitrary motions is not unique,
in that several similar forms satisfy all mathematical invariance requirements
and reduce to Eq. (19.5) for small amplitude one-dimensional oscillations.
We shall present the form that has some basis in molecular theories of
pelymer solutions, For stmplicity we will write the equation for two-dimen-
sional motions; we will assume that v, = 0 and that all z dertvatives are zero.
We then have '

Toe = —pt 1, (19.15a)
0= plz, (19.15b)
4o -d"'t.u , gt#g . gr& — é‘l_?_, — Ju! ] - 32},
Tt G[_?f o ox by, a—y Zaxr“ 23}!1" 2n dx
AL I 4y 90y Wre,, 292 —J'_: 5
AR AR s e ARt
(19.16b)
nldr., | dr,, | 311___{9115 _ v ]; &z_r£ Jv
T ¥ G[:??z F o 3;2 b, ?y! ay T Jx T ﬂ(ay + 3;!)
{19.16¢)
Ty = T, {19.16d)

The Ruid s taken to be incompressible, and we have writicn § in place of p in
Egs. (19.15) to emphasize that the isotropic pressure term need not satisfy
Eq. (7.40); compare Sec. 74.3. 1 may be a function of deformation rate, as
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for example in the power law viscosity defined by Eq. (8.86). The modulus,
G, 13 taken as a constant, which is only approximately in accordance with
experimental data. The relaxation time, 4, equals 4/G. Nole that in the
absence of nonlinear terms, as would be appropriate for small amplitude
oscitlations, Eq. (19.16¢) reduces to Eq.i(19.5).

A small number of flow problems has been solved for Egs. (19.16) and
similar, sometimes more general, constitutive cquations. The die swell result
in Fig. 19-5 is one such result, although some severe approximations have
been made there.

19.5.2 Viscometiic Flow

Consider steady shearing between two plates, as shown in Fig. 19-7. The
bottom plate moves with a velocity U relative to the top plate. If the only
nonzero component of velocity is v,, and v, is assumed to depend only on y,
the momentum equation in Table 7-2 simplifies to*

¢ | dr,, " dr,,

0 = N P e (19.17a)
. d®  ar Jr,
0 - ~ % + ,J;z S (19.17b)

We can assume that @ 15 independent of x, since there is no imposed pressure
gradient and no change in arca. We can further assume that t,, and T,, AT
independent of x. since the stresses depend only on the velocity gradient and
v, is independent of x. Thus, the momentum equation simplifies to

0= 2% T,. 7 constant {19.18a})

Q - ;‘,(———d’ I 1,,) o, - | T,, -+ conslant {19.18b)

At some powmi the flow field must come to an end, and in the absence of
surface tension effects we can assume that o, is balanced across an interface
by atmospheric pressure, which can be taken as zero. Since ¢, is independent
of x, we therefore obtain

O = 0= 7, {19.19a)
or
® -, {19.19b)

It then follows from Eq. (19.18Db) that the total stress normal to the upper
plate1s
normal stress = —¢g,, = 1,, ~ T,, {19.20)

*We denote the equivalent pressure by ¢ to emphasize that the pressure portion, §,
does not necessanly follow Eq. (7.40).
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The negative sign is required by the stress convention adopted in Sec. 7.3.2.
Note that the development thus far is perfectly general and is independent
of the choice of constitutive equation. For a Newtonian fluid, 7, = 7,, = 0
in this flow, 5o the normal stress is zero.

When we substitute into Egs. (19.16), using the fact that v, is a function
only of y, and x derivatives are zero, we obtain

(- dn, ) - ‘
Tex | & 2 Jy 1., 0 (19.21a)
T, = 0 (19.21b)
: JL(_ g, ) = g 9V .
T, b & 2 35 T,, n " {19.21¢)

Combination of Egs. (19.21b) and (19.21¢) gives
dv

oy I ek 19.22
T n {:7y { )

This equation is expected, for it simply states that the shear stress eguals
viscosity times shear rate. Since the shear stress is a constant, and the VisCOsity
depends only on shear rate, the right-hand side of Eq. (19.22) states that a
function of dv,/dy is independent of y; this can only be true if dv fdy 1s
independent of y, s0 we have established that the velocity profile is lincar
regardiess of the viscosity-shear rate refation.
Equations (19.20} through (19.22) combine 1o give

2 dn,
T —G—,’ _6‘)?
We thus obtain Eq. (19.14), which represents much experimental data. G s
typically of order 10* Pa for polymer melts at processing conditions.

normal stress = —eg,, =1, — 1T T,, = w(g; (r.,)* (19.23

19.6 CAPILLARY VISCOMETER

The use of flow rate-pressure drop measurements in a long capillary to obtain
the viscosity of a Newtonian fluid was first described in Sec. 8.4. The develop-
ment was extended to fluids with a power-law viscdsity in Sec. 8.7. We now
show how the viscosity function for any fluid can be obtained. We assume
that the pipe is sufficiently long that entrance and exit effects can be neglected,
including viscoelastic effects in the developing region. The Deborah number
18 A(v)/L; this can be written (A(v)/ DX D/L), and, since A(v)/ D will usually
be of order unity and DJL of order 10°2, the Deborah number will be suffi-
ciently small to neglect fluid clasticity.

We assume that v, is the only nonzero velocity component, and that v,
depends only on radial position, 7. We know from the analysis in the preced-
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ing scction and the existence of normal stresses that @ may depend onrin a
viscoclastic liquid, but i is reasonable to assume that ¢@jdz 1s independent of
r. and no contradiction results from this assumption. The axia! component of
the momentum equation in Table 7-5 is then

90 d (19.24)
0= =57 F rgtesd
This s integrated once to obtain
o 290 1 (éf) (19.25)
o 2 4z 2\ L
The shear stress at the wall, 1., is
= R(_A® 19.26)
~=2(-%) (

Note that the wall stress is taken by convention to be a positive numbg
(A® < 0). When we measure flow rate versus pressure drop we therefore obh:un
the wall shear stress for a given flow rate. We now need the corrcspon(.img
shear rate at the wall in order 1o obtain the sh=ar stress-shear rate relation-

ship that provides the viscosity. e
The viscosity is defined as the ratio of shear stress to shear rate, so q.

(19.25) can be writien

a8

We now mulliply both sides by nr?, divide by viscosity, and integrate from
zero to R;

- (A(P) j'nr’d 2
2000 g o {2 - dr = jrtp,
['andoa () [z

Equation (19.28) is combined with Eq. (19.26) 10 write

Q:%J.%ir; dr (19.29)

. b4
e j prn,dr = —Q  (19.28)
o 0

The integration cannot be carried out if # is a funcu'on' of shear rate, since
dv,[dr varies in an unknown manner over the cross _scctlon. . _

’Thc solution 1s now obtained through a clever trick. _Thc viscosily can be
considered to be a function of the stress. We can combmc‘ Egs. (19.25) a}'l:
{19.26) to express r in terms of 1,, and 1_, where the latter is a constant wit

respect to the integration:

r=-Re, 4=—Rg, (19.30)

The integral in Eq. (19.29) can therefore be written in terms of integration

i

Sec 19.7 Concluding Remarks 371

with respect 10 1,,:

i, [TRRG Rdr,  aR o 1), dr,,
Q= ‘E“J; Iptd T TR s n (19.31)
We presumably have data for ¢ versus 1, 50 we can obtain a slope if
desired. If we differentiate ¢ in Eq. {19.31) with respect 1o 1, we obtain two
lerms, one from the €77 term and one from the 7. in the upper Hmit; the latter

occurs from application of the Leibnitz rule for differentiation of an inte-
gral. Thus,

W MR wdn, ok 30 e
dr.” T . T‘ + _’TT =5 { e (19.32)

Here, 5. is the viscosity evaluated at the wall shear rate. We now have almost
the required result, for the ratio T/, gives the wall shear rate, I", . Equation
(19.32) is casily rearranged to give

8>/ L dinQ
Fo=5 R T L "
R AR s (19.33)
Equation (19.33) is somectimes known as the Rabinowitsch equation. The
procedure, then, is to plot Q versus A® on logarithmic coordinates. The
shear stress is given by Eq. (19.26) and the shear rate by Eq. (19.33). The data

viscometer.

The modutus and normal stresses cannot be measured conveniently in
pipe flow, although some authors believe that they can be inferred from cntry
and exit losses. There is a theoretical basis for the measurement from exit
losses, but the experiment is difficult and has never been carried out with the
required precision in a range where the theory applies. There is no existing
theoretical basis for the measurement from entry lbsses.

Experiments must often be carried out in capillarics thut are 1oo short to
neglect the entry and exit losses, Techniques exist for removing these effects
from the data. These are discussed in the literature on viscometry cited in the
Bibliographical Notes: sce also Problem 5.5,

19.7 CONCLUDING REMARKS
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problems, and scale-up and process ahalysis can frequently be based on a
group like A(e>/ D.

The Maxwell liquid described in this chapter is often an adequate descrip-
tion of the siress-deformation behavior of real polymeric materials, but it
cannot describe some phenomena quantitatively. There is, in fact, a distribu-
tion of response times characteristic of any polymeric liquid, and the portions
of the distribution respond in different ways in different types of flows. The
Maxwell iquid does describe most of the important qualitative observations
about polymer fluid flow, however, and it has been used most often in the
solution of flows of engineering significance, Fluid characterization and the
solution of flow problems are both active areas of current research, and much
rematins 10 be learned.

i
4
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