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Flow Configuration

Consider the case of laminar Poiseuille flow in a plane channel (see

Fig. 1). Assume incompressible and steady flow of a Newtonian

fluid.
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Figure 1: Fluid velocity profile for laminar channel flow.
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Balance Equations

The Navier-Stokes equations are:

ρ
Du

Dt
= −grad p + µ∇2u (1)

In the mean flow direction, the governing momentum equation

becomes:

0 = −∂p
∂x

+ µ
∂2u

∂y2
. (2)

This equation states that the pressure gradient balances viscous

forces.
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Derivation of the Energy Equation

Multiply by u to obtain the energy equation:

0 = −u∂p
∂x

+ µu
∂2u

∂y2
. (3)

Let τ = µ∂u
∂y . We may write:

∂(τu)

∂y
= τ

∂u

∂y
+ u

∂τ

∂y
= µ

(
∂u

∂y

)2

+ µu
∂2u

∂y2
. (4)

Since u = u(y), we may also write:

u
∂p

∂x
=
∂(pu)

∂x
− p

∂u

∂x
=
∂(pu)

∂x
. (5)
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Physical Meaning of Terms I to III

Thus, we end up with the following energy balance:

0 = −∂ (pu)

∂x︸ ︷︷ ︸
I

+
∂ (τu)

∂y︸ ︷︷ ︸
II

−µ
(
∂u

∂y

)2

︸ ︷︷ ︸
III

. (6)

The terms in the equation represent the following:

Term I = work by pressure forces (per unit volume, time)

Term II = work by viscous forces (per unit volume, time)

Term III = viscous dissipation (per unit volume, time)
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The momentum equation can be solved for:

u (y) =
3

2
Uave

[
1−

(y
a

)2]
. (7)

The average velocity is:

Uave =
Q

A
=

1

2a

∫ +a

−a
udy . (8)

The shear stress is:

τ = µ
∂u

∂y
= −3µUave

a2
y . (9)

The pressure comes from:

∂p

∂x
=
∂τ

∂y
= −3µUave

a2
. (10)
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Behavior of Terms I to III

Substitution into the energy equation yields:

0 =
9µU2

ave

2a2

(1− y2

a2

)
︸ ︷︷ ︸

I

+

(
3y2

a2
− 1

)
︸ ︷︷ ︸

II

−
(

2y2

a2

)
︸ ︷︷ ︸

III

 . (11)

Fig. 2 shows the behaviour of terms I to III across the channel.
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Figure 2: Energy contributions in laminar flow.
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Physical Interpretation

Maximum energy dissipation occurs at the wall, where work done

by the fluid is minimum. To understand the work done by shear,

examine the shear exerted on a fluid parcel (Fig. 3).

Near the wall (where u < Uave), the parcel feels a net acceleration.

Away from the wall (where u > Uave), it feels a net deceleration,

which is maximum in the center (where the parcel moves at Umax).
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Figure 3: Shear forces acting on a fluid particle.
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